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Abstract 
 

This paper explore pulsating Curves of zero velocityof the infinitesimal mass around the triangular equilibrium points with oblate and 

triaxial rigid body in the elliptical restricted three body problem(ER3BP). 
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1. Introduction 

This paper analyzed the effects of triaxiality and oblateness of 

both the primaries on the pulsating Curves of zero velocityof the 

infinitesimal mass moving around the triangular equilibrium 

points in the elliptical restricted three body problem . It is general-

ly considered that the heavenly bodies are spherical in shape, but 

actually it has been observed that these bodies are oblate spheroid 

or triaxial rigid body. There are many planets such as Earth, Jupi-

ter and Saturn which are sufficiently oblate to some degree .Not 

only this, there are some stars namely Archid, Archerner, Antares, 

Altairand and Luyten which are either sufficiently oblate or triaxi-

al rigid bodies . The study of these heavenly bodies is significant 

in study of celestial mechanics and stellar system. The lacks of 

sphericity of heavenly bodies is one of the reasons of large pertur-

bation. In addition to oblateness of the celestial bodies the triaxial-

ity, atmospheric drag, and solar wind are some other causes of the 

perturbations. 

Many authors such as [1-5] have studied the elliptical restricted 

three body problem in detail. The influence of eccentricity of or-

bits of the primaries with or without radiation pressure,oblateness 

and triaxiality of the primaries are studied by [6-21]. 

The present study is an attempt to derive the differential equation 

governing the motion of the triangular equilibrium points on the 

assumption that both the primaries are oblate triaxial rigid body. 

The zero velocity curve is plotted by using simulation technique 

by varying one or more of the parameters. 

This paper has five sections, section-1 provides the introduction, 

section-2 the equation of motion;section-3 describes the location 

of the triangular equilibrium points;section-4 describes pulsating 

zero velocity curves; section-5 draws discussion and conclusion.  

2. Equation of motion 

Consider two bodies S1  and S2 of masses m1 and m2 with m1 ≥
m2which moves in a plane about their common centre of mass O 

in Keplerian elliptical orbit having eccentricity e. It is further as-

sumed that the bigger and the smaller primaries having masses m1 

andm2 and both are oblate triaxial rigid body. A third body p of 

infinitesimal mass moves in the plane of motion S1 andS2 under 

their gravitational attraction without affecting the motion of pri-

maries. The motion of both the primaries affects the motion of the 

infinitesimal mass. The equation of motion is considered in a fixed 

co-ordinate system using dimensional quantities and variables 

.The dimensionless variables has been introduced by using the 

distance r between the primaries which is given as: 

 

r =
a(1 − e2)

1 + ecos ν
 

 

where a and e are semi-major axis and the eccentricity of the ellip-

tical orbit of the either primary around the other and ν is the true 

anomaly. Suppose p(x, y) are the co-ordinate of the infinitesimal 

mass of the primaries and the line joining the primaries is taken as 

X-axis. The Y-axis is taken as the line passing through O and 

perpendicular to the X-axis. Let R1 and R2 be the dimensionless 

distance between the primaries. The equation of motion of the 

system with the minor modification as solved by [17,21]) is given 

as: 

 

d2x

dt2 =  −
1

n2 [
m1k2(x − x1)

R1
3 + 

m2k2(x − x2)

R2
3

+  
3 k2m1(x − x1)(2σ1 − σ2)

2R1
3r1

2

−
15 k2m1(x − x1)(σ1 − σ2)y2

2R1
3r1

4

+
3 k2m2(x − x2)(2σ1

′ − σ2
′)

2R2
3r2

2

−
15 k2m2(x − x2)(σ1

′ − σ2
′)y2

2R2
3r2

4
] 
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d2y

dt2
=  −

1

n2
[

m1k2(y−y1)

R1
3 +  

m2k2(y−y2)

R2
3 + 

3 k2m1(y−y1)(2σ1−σ2)

2R1
3r1

2
+

 3k2m1(y−y1)(σ1−σ2)q1 

2R1
3r1

2
−

15 k2m1(y−y1)(σ1−σ2)y2

2R1
3r1

4
−

15 k2m2(y−y2)(σ1
′−σ2

′)y2

2R2
3r2

4
+

3 k2m2(y−y2)(2σ1
′−σ2

′)

2R2
3r2

2
+

3 k2m2(y−y2)(σ1
′−σ2

′)

R2
3r2

2
]                                                                     (2.1) 

 

where σ1 = (A1 − A2) ; σ2 = (A2 − A3) ; A1 =
a2

5R2
 ; A2 =

b2

5R2
 

;A3 =
c2

5R2
anda, b , c are the axis of the triaxial rigid body of bigger 

primary of mass m1. whereas σ1
′ = (A1

′ − A2
′ ) ; σ2

′ = (A2
′ − A3

′ ) ; 

A1
′ =

a′2

5R′2  ; A2
′ =

b2

5R′2  ; A3
′ =

c′2

5R′2 σ2  where σ1 , σ2, σ1
′ and σ2

′  are 

oblatenessparameter 

wherea′, b′, c′  are the axis of the triaxial rigid body of smaller 

primary of mass m2, k the Gaussian constant , t∗is the dimension-

less time. 

 

n2 = 1 +
3

2
(2A1 − A2 − A3) +

3

2
(2A1

′ − A2
′ − A3

′ ) 

 

where 

 

R1
2 = (x − x1)2 + (y − y1)2 

 

And 

 

R2
2 = (x − x2)2 + (y − y2)2                                                      (2.2) 

 

 
 

We shall introduce a rotating co-ordinate system (x̅, y̅) by substi-

tuting 

 

Z =  z̅eiν 
 

where 

Z = X + iY 

 

And 

 

z̅ = x̅ + iy     ̅̅ ̅̅ ̅                                              (2.3) 

 

After introducing the complex vector, the equation of motion (2.1) 

takes the following form: 

 
d2z

dt∗2 =  −
1

n2 [
m1k2(z−z1)

R1
3 +  

m2k2(z−z2)

R2
3 +  

3 k2m1(z−z1)(2σ1−σ2)

2R1
3r1

2 +

3 k2m2(z−z2)(2σ1
′−σ2

′)

2R2
3r2

2 +
 3k2m1(z∗−z∗

1)(σ1−σ2)

R1
3r1

2 +

3 k2m2(z∗−z∗
2)(σ1

′−σ2
′)

R2
3r2

2 −
15 k2m1(z−z1)(σ1−σ2)y2

2R1
3r1

4 −

15 k2m2(z−z2)(σ1
′−σ2

′)y2

2R2
3r2

4 ](2.4) 

 

where z∗ = iy ,z1
∗ = iy1  and z2

∗ = iy2  .Now differentiating equa-

tion(2.3) twice with respect to t∗ and taking help of (2.4), we get: 

 

d2z

dt∗2 + 2i
dν

dt∗
 ∙

dz

dt∗
=  −

1

n2
[

m1k2(z−z1)

R1
3 + 

m2k2(z−z2)

R2
3 +

 
3 k2m1(z−z1)(2σ1−σ2)

2R1
3r1

2
+

3 k2m2(z−z2)(2σ1
′−σ2

′)

2R2
3r2

2
+

 3k2m1(z∗−z∗
1)(σ1−σ2)

R1
3r1

2
+

3 k2m2(z∗−z∗
2)(σ1

′−σ2
′)

R2
3r2

2
−

15 k2m1(z−z1)(σ1−σ2)y2

2R1
3r1

4
−

15 k2m2(z−z2)(σ1
′−σ2

′)y2

2R2
3r2

4
] + z (

dν

dt∗
)

2
−

iz
d2ν

dt∗2             (2.5) 

 

In equation (2.5), the second term in the left hand side represents 

the Coriolisacceleration. The complex position vectors z1 and z2 

are the location of the primaries, which are permanent on the real 

axis (x̅, y̅)of the system, we have: 

 

z1 = x1̅ = (
−p1

1+e cosν
) , z2 = x2̅̅ ̅ = (

p2

1+e cosν
)                      (2.6) 

 

where p1 and p2 are positive and 

 
p1

p2
=

a1

a2
=

m2

m1
                                                                (2.7) 

 

where a1 and a2 are the semi major axis of the elliptical orbits of 

the massive primaries described about their centre of mass, and 

m1, m2 are the masses of the respective bigger and smaller prima-

ries. Further introducing a dimensionless pulsating coordinate 

system given by: 

 

ρ = (
z

r
) = x + iy                                           (2.8) 

 

where 

 

r =
a(1−e2)

1+ecos ν
                                                   (2.9) 

 

Is the distance between the primaries in which a is a semi-major 

axis of the one primary around other? From equation (2.8) and 

(2.9), we get: 

 

                             X =  
x̅(1+ecos ν )

a(1−e2)
 

 

                                                                                    

                                 y =               
y̅(1+ecos ν )

a(1−e2)
                        (2.10) 

 

Since these primaries are fixed in the coordinate system, we have 

form equation (2.6) and (2.10) 

 

x1 =  
x1̅(1 + ecos ν )

a(1 − e2)
=

−p1

a(1 − e2)
=

−a1

a
= −μ 

 

x2 =  
x2̅̅ ̅(1 + ecos ν )

a(1 − e2)
=

p2

a(1 − e2)
=

a2

a
= 1 − μ 

 

Here =
m2

m1+m2
 . Therefore, the fixed location of these primaries in 

terms of coordinate (x, y) system are represented as (−μ, 0) and 

(1 − μ, 0).The coordinates taken into consideration regarding the 

problem of two bodies moving in the elliptical orbit are that ,the 

orbit of m1 andm2 with respect to the centre of mass with semi-

major axis is a1 = aμ and a2 = a(1 − μ) respectively . In order to 

solve the equation of motion a true anomaly ν is introduced as an 

independent variable from equation (2.8) we havez = rρ, replac-

ing 

 
m1k2(z−z1)

R1
3 =

m1k2(ρ−ρ1)

r2r1
3                                            (2.11) 

 

where 

 

r1
2 = |ρ − ρ1|2 = (x + μ)2 + y2                                                (2.12) 
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Sinceρ1 = x1 = −μ 
m2k2(z−z2)

R2
3 =  

m2k2(ρ−ρ2)

r2r2
3                                  (2.13) 

 

where 

 

r2
2 = |ρ − ρ2|2 = (x − 1 + μ)2 + y2                               (2.14) 

 

Since 

 

ρ2 = x2 = 1 − μ 

 

And 

 
𝟑𝒌𝟐𝒎𝟏(𝒛−𝒛𝟏)(𝟐𝝈𝟏−𝝈𝟐)

𝟐𝑹𝟏
𝟑𝒓𝟏

𝟐
=  

𝟑𝒌𝟐𝒎𝟏(𝝆−𝝆𝟏)(𝟐𝝈𝟏−𝝈𝟐)

𝟐𝒓𝟐𝒓𝟏
𝟓

                             (2.15) 

 

Similarly 

 
𝟑𝒌𝟐𝒎𝟐(𝒛−𝒛𝟐)(𝟐𝝈𝟏

′−𝝈𝟐
′)

𝟐𝑹𝟐
𝟑𝒓𝟐

𝟐 =  
𝟑𝒌𝟐𝒎𝟐(𝝆−𝝆𝟐)(𝟐𝝈𝟏

′−𝝈𝟐
′)

𝟐𝒓𝟐𝒓𝟐
𝟓                   (2.16) 

 

Again 

 
𝟑𝒌𝟐𝒎𝟏(𝒛∗−𝒛∗

𝟏)(𝝈𝟏−𝝈𝟐)

𝑹𝟏
𝟑𝒓𝟏

𝟐
=

𝟑𝒌𝟐𝒎𝟏(𝝆∗−𝝆∗
𝟏)(𝝈𝟏−𝝈𝟐)                             

𝒓𝟐𝒓𝟏
𝟓

(2.17) 

 

Also 

 
𝟑𝒌𝟐𝒎𝟐(𝒛∗−𝒛∗

𝟐)(𝝈𝟏
′−𝝈𝟐

′)

𝑹𝟐
𝟑𝒓𝟐

𝟐 =  
𝟑𝒌𝟐𝒎𝟐(𝝆∗−𝝆∗

𝟐)(𝝈𝟏
′−𝝈𝟐

′)

𝒓𝟐𝒓𝟐
𝟓                        (2.18) 

 

Similarly 

 
𝟏𝟓𝒌𝟐𝒎𝟏(𝒛−𝒛𝟏)(𝝈𝟏−𝜎𝟐)𝒚𝟐

𝟐𝑹𝟏
𝟑𝒓𝟏

𝟒 =  
𝟏𝟓𝒌𝟐𝒎𝟏(𝝆−𝝆𝟏)(𝝈𝟏−𝝈𝟐)𝒚𝟐         

𝟐𝒓𝟐𝒓𝟏
𝟕 (2.19) 

 

And 

 

15 𝑘2𝑚2(𝑧 − 𝑧2)(𝜎1
′ − 𝜎2

′)𝑦2

2𝑅2
3𝑟2

4
=  

 

𝟏𝟓𝒌𝟐𝒎𝟐(𝝆∗ − 𝝆∗
𝟐

)(𝝈𝟏
′ − 𝝈𝟐

′)𝒚𝟐

𝟐𝒓𝟐𝒓𝟐
𝟕

 

 

 

(2.20) 

 

Now taking 𝜈as an independent variable, substituting all required 

above values in equation (2.5), we get: 

 

𝑟 (
𝑑𝜈

𝑑𝑡∗)
2

[
𝑑2𝜌

𝑑𝜈2 +  2𝑖
𝑑𝜌

𝑑𝜈
] +  𝜌 [

𝑑2𝑟

𝑑𝑡∗2 − 𝑟 (
𝑑𝜈

𝑑𝑡∗)
2

] + (
𝑑𝜌

𝑑𝜈
+ 𝑖𝜌) ∙

[𝑟
𝑑2𝜈

𝑑𝑡∗2 + 2 
𝑑𝑟

𝑑𝑡∗

𝑑𝜈

𝑑𝑡∗]  =  −
1

𝑛2 [
𝑚1𝑘2(𝜌−𝜌1)

𝑟2𝑟1
3 +

𝑚2𝑘2(𝜌−𝜌2)

𝑟2𝑟2
3  +

3 𝑘2𝑚1(𝜌−𝜌1)(2𝜎1−𝜎2)

2𝑟2𝑟1
5  +

3 𝑘2𝑚2(𝜌−𝜌2)(2𝜎1
′−𝜎2

′)

2𝑟2𝑟2
5 +

 3𝑘2𝑚1(𝜌∗−𝜌∗
1)(𝜎1−𝜎2)

𝑟2𝑟1
5 +

3 𝑘2𝑚2(𝜌∗−𝜌∗
2)(𝜎1

′−𝜎2
′)

𝑟2𝑟2
5 −

15 𝑘2𝑚1(𝜌−𝜌1)(𝜎1−𝜎2)𝑦2

2𝑟2𝑟1
7 −

15 𝑘2𝑚2(𝜌−𝜌2)(𝜎1
′−𝜎2

′)𝑦2

2𝑟2𝑟2
7 ](2.21) 

 

We have= 𝑟 = [
𝑎(1−𝑒2)

1+𝑒𝑐𝑜𝑠𝜈
] , which is the solution of two body prob-

lem involving the primaries𝑆1and𝑆2. The integral of angular mo-

mentum of two body problem is given by: 

 

(𝑟2 𝑑𝜈

𝑑𝑡∗)
2

= 𝑎(1 − 𝑒2)𝑘2 (𝑚1 + 𝑚2)                                  (2.22) 

 

Differentiating the above equation (2.22), with respect to 𝑡∗, we 

get: 

 

𝑟
𝑑2𝜈

𝑑𝑡∗2 + 2 
𝑑𝑟

𝑑𝑡∗

𝑑𝜈

𝑑𝑡∗
= 0                                                     (2.23) 

 

The equation of motion ofthe two primaries is given by: 

 
𝑑2𝑟

𝑑𝑡∗2 − 𝑟 (
𝑑𝜈

𝑑𝑡∗
)

2
=  

−𝑘2 (𝑚1+𝑚2)

𝑟2
                                            (2.24) 

 

Using equation (2.22), the equation (2.24) becomes: 

 

𝑑2𝑟

𝑑𝑡∗2 − 𝑟 (
𝑑𝜈

𝑑𝑡∗
)

2
=

−1

𝑎(1−𝑒2)𝑟2
 ∙ (

𝑟2𝑑𝜈

𝑑𝑡∗
)

2

                                   (2.25) 

 

Substituting the value of (2.23), the equation (2.25) becomes 

 

𝑑2𝑟

𝑑𝑡∗2 − 𝑟 (
𝑑𝜈

𝑑𝑡∗
)

2
=

−𝑟2

𝑎(1−𝑒2)
 ∙ (

𝑑𝜈

𝑑𝑡∗
)

2
                           (2.26) 

 

Substituting the values of (2.23) and (2.26) in equation (2.21) we 

get 

 

(
𝑑2𝜌

𝑑𝜈2) + 2𝑖
𝑑𝜌

𝑑𝜈
=

𝑟

𝑎(1−𝑒2)
[𝜌 −

1

𝑛2 {
𝑚1

𝑚1+𝑚2

(𝜌−𝜌1)

𝑟1
3 +

𝑚2

𝑚1+𝑚2

(𝜌−𝜌2)

𝑟2
3 +

3 𝑚1

𝑚1+𝑚2

(𝜌−𝜌1)(2𝜎1−𝜎2)

2𝑟1
5 +

3 𝑚2

𝑚1+𝑚2

(𝜌−𝜌2)(2𝜎1
′−𝜎2

′)

2𝑟2
5 +

 
3 𝑚1

𝑚1+𝑚2

(𝜌∗−𝜌∗
1)(𝜎1−𝜎2)

𝑟1
5 +

3 𝑚2

𝑚1+𝑚2

(𝜌∗−𝜌∗
2)(𝜎1

′−𝜎2
′)

𝑟2
5 −

15 𝑚1

𝑚1+𝑚2

(𝜌−𝜌1)(𝜎1−𝜎2)𝑦2

2𝑟1
7 −

15 𝑚2

𝑚1+𝑚2

(𝜌−𝜌2)(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 }](2.27) 

 

Using 

 

𝑟 =
𝑎(1−𝑒2)

1+𝑒𝑐𝑜𝑠𝜈
 ,=  

𝑚2

𝑚1+𝑚2
 ,1 − 𝜇 =  

𝑚1

𝑚1+𝑚2
, 

 

The above expression will be reduced to the following form: 

 

(
𝑑2𝜌

𝑑𝜈2
) + 2𝑖

𝑑𝜌

𝑑𝜈
=

1

1+𝑒𝑐𝑜𝑠𝜈
[𝜌 −

1

𝑛2
{

(1−𝜇)(𝜌−𝜌1)

𝑟1
3 +

𝜇(𝜌−𝜌2)

𝑟2
3 +

3(1−𝜇)(𝜌−𝜌1)(2𝜎1−𝜎2)

2𝑟1
5 +

3𝜇(𝜌−𝜌2)(2𝜎1
′−𝜎2

′)

2𝑟2
5 +  

3(1−𝜇)(𝜌∗−𝜌∗
1)(𝜎1−𝜎2)

𝑟1
5 +

 3𝜇(𝜌∗−𝜌∗
2)(𝜎1

′−𝜎2
′)

𝑟2
5 −

 15(1−𝜇)(𝜌−𝜌1)(𝜎1−𝜎2)𝑦2

2𝑟1
7 −

 15𝜇(𝜌−𝜌2)(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 }](2.28) 

 

Replacing= 𝑥 + 𝑖𝑦 ,𝜌1 = 𝑥1 + 𝑖𝑦1  ,𝜌2 = 𝑥2 + 𝑖𝑦2  ,𝜌∗ = 𝑖𝑦 ,𝜌1
∗ =

𝑖𝑦1,𝜌2
∗ = 𝑖𝑦2 in the above Equation (2.28) and equating real and 

imaginary parts, we get: 

 

(
𝑑2𝑥

𝑑𝜈2
) − 2

𝑑𝑦

𝑑𝜈
=

1

1 + 𝑒𝑐𝑜𝑠𝜈
[𝑥

−
1

𝑛2
{

(1 − 𝜇)(𝑥 − 𝑥1)

𝑟1
3 +

𝜇(𝑥 − 𝑥2)

𝑟2
3

+
3(1 − 𝜇)(𝑥 − 𝑥1)(2𝜎1 − 𝜎2)

2𝑟1
5

+
3𝜇(𝑥 − 𝑥2)(2𝜎1

′ − 𝜎2
′)

2𝑟2
5

+ −
 15(1 − 𝜇)(𝑥 − 𝑥1)(𝜎1 − 𝜎2)𝑦2

2𝑟1
7

−
 15𝜇(𝑥 − 𝑥2)(𝜎1

′ − 𝜎2
′)𝑦2

2𝑟2
7 }] 

 

And 

 

(
𝑑2𝑦

𝑑𝜈2) + 2 
𝑑𝑥

𝑑𝜈
=

1

1+𝑒𝑐𝑜𝑠𝜈
[𝑦 −

1

𝑛2 {
(1−𝜇)(𝑦−𝑦1)

𝑟1
3 +

𝜇(𝑦−𝑦2)

𝑟2
3 +

3(1−𝜇)(𝑦−𝑦1)(2𝜎1−𝜎2)

2𝑟1
5 +

3𝜇(𝑦−𝑦2)(2𝜎1
′−𝜎2

′)

2𝑟2
5 + 

3(1−𝜇)(𝑦−𝑦1)(𝜎1−𝜎2)

𝑟1
5 +

 3𝜇(𝑦−𝑦2)(𝜎1
′−𝜎2

′)

𝑟2
5 −

 15(1−𝜇)(𝑦−𝑦1)(𝜎1−𝜎2)𝑦2

2𝑟1
7 −

 15𝜇(𝑦−𝑦2)(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 }]

       (2.29) 
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Hence the equation of motion of infinitesimal shall be reduced to 

the following form by replacing 

 

𝑥1 = − 𝜇 ,𝑥2 = 1 −  𝜇 ,𝑦1 = 0 ,𝑦2 = 0 

 

(
𝑑2𝑥

𝑑𝜈2
) − 2

𝑑𝑦

𝑑𝜈
=

1

1 + 𝑒𝑐𝑜𝑠𝜈
[𝑥

−
1

𝑛2 {
(1 − 𝜇)(𝑥 + 𝜇)

𝑟1
3 +

𝜇(𝑥 − 1 + 𝜇)

𝑟2
3

+
3(1 − 𝜇)(𝑥 + 𝜇)(2𝜎1 − 𝜎2)

2𝑟1
5

+
3𝜇(𝑥 − 1 + 𝜇)(2𝜎1

′ − 𝜎2
′)

2𝑟2
5  

−
 15(1 − 𝜇)(𝑥 + 𝜇)(𝜎1 − 𝜎2)𝑦2

2𝑟1
7

−
 15𝜇(𝑥 − 1 + 𝜇)(𝜎1

′ − 𝜎2
′)𝑦2

2𝑟2
7 }] 

 

And 

(
𝑑2𝑦

𝑑𝜈2
) + 2 

𝑑𝑥

𝑑𝜈
=

1

1+𝑒𝑐𝑜𝑠𝜈
[𝑦 −

1

𝑛2
{

(1−𝜇)𝑦

𝑟1
3 +

𝜇𝑦

𝑟2
3 +

3(1−𝜇)𝑦 (2𝜎1−𝜎2)

2𝑟1
5 +

3𝜇𝑦 (2𝜎1
′−𝜎2

′)

2𝑟2
5 +  

3(1−𝜇)𝑦 (𝜎1−𝜎2)

𝑟1
5 +

 3𝜇𝑦 (𝜎1
′−𝜎2

′)

𝑟2
5 −

 15(1−𝜇)(𝜎1−𝜎2)𝑦3

2𝑟1
7 −

 15𝜇(𝜎1
′−𝜎2

′)𝑦3

2𝑟2
7 }](2.30) 

 

The differential equation of motion of the third body 𝑃 in non-

dimensional barycentre, pulsating and non-uniformly rotating 

coordinate system (𝑥, 𝑦) is written in the form: 

 

𝑥′′ − 2 𝑦′′ =
1

1+𝑒𝑐𝑜𝑠𝜈
(

𝜕𝛺

𝜕𝑥
)                                             (2.31) 

 

𝑦′′ + 2 𝑥′′ =
1

1+𝑒𝑐𝑜𝑠𝜈
(

𝜕𝛺

𝜕𝑦
)                                                (2.32) 

 

Where ′ denotes differentiation with respect to 𝜈, and 

 

𝛺 =
𝑥2+𝑦2

2
+

1

𝑛2
[

(1−𝜇)

𝑟1
+

𝜇

𝑟2
+

(1−𝜇) (2𝜎1−𝜎2)

2𝑟1
3 +

𝜇(2𝜎1
′−𝜎2

′)

2𝑟2
3 −

 3(1−𝜇)(𝜎1−𝜎2)𝑦2

2𝑟1
5 −

 3𝜇(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
5 ]                                            (2.33) 

 

Where 

 

𝑛2 = 1 +
3

2
(2𝜎1 − 𝜎2) +

3

2
(2𝜎1

′ − 𝜎2
′)                                  (2.34) 

 

And 

 

𝑟1
2 = (𝑥 + 𝜇)2 + 𝑦2 

 

𝑟2
2 = (𝑥 − 1 + 𝜇)2 + 𝑦2                                          (2.35) 

 

Thus we have the equation of motion of an elliptic restricted three 

body problem in which both the primaries are oblate and triaxial.  

3. Location of equilibrium points 

The equilibrium points of the system are the stationary points, so 

are given by the equation 

 
𝜕𝛺

𝜕𝑥
=

𝜕𝛺

𝜕𝑦
= 0                                                              (3.1) 

 

where𝛺 is given in equation (2.32), so we get: 

 

𝜕𝛺

𝜕𝑥
= 𝑥 −

1

𝑛2
[

(1−𝜇)(𝑥+𝜇)

𝑟1
3 +

𝜇(𝑥−1+𝜇)

𝑟2
3 +

3(1−𝜇)(𝑥+𝜇)(2𝜎1−𝜎2)

2𝑟1
5 +

3𝜇(𝑥−1+𝜇)(2𝜎1
′−𝜎2

′)

2𝑟2
5  −

 15(1−𝜇)(𝑥+𝜇)(𝜎1−𝜎2)𝑦2

2𝑟1
7 −

 15𝜇(𝑥−1+𝜇)(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 ] = 0(3.2) 

 

And 

 
𝜕𝛺

𝜕𝑦
= 𝑦 [1 −

1

𝑛2
{

(1−𝜇)

𝑟1
3 +

𝜇

𝑟2
3 +

3(1−𝜇) (4𝜎1−3𝜎2)

2𝑟1
5 +

3𝜇 (4𝜎1
′−3𝜎2

′)

2𝑟2
5 −

 15(1−𝜇)(𝜎1−𝜎2)𝑦2𝑞1

2𝑟1
7 −

 15𝜇(𝜎1
′−𝜎2

′)𝑦2𝑞2

2𝑟2
7 }](3.3) 

 

Since 𝑦 ≠ 0,we have from equation(3.3): 

 

1 −
1

𝑛2 [
(1−𝜇)

𝑟1
3 +

𝜇

𝑟2
3 +

3(1−𝜇) (4𝜎1−3𝜎2)

2𝑟1
5 +

3𝜇 (4𝜎1
′−3𝜎2

′)

2𝑟2
5 −

 15(1−𝜇)(𝜎1−𝜎2)𝑦2

2𝑟1
7 −

 15𝜇(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 ] = 0                                   (3.4) 

 

Using the above equation (3.2) and (3.4), we get: 

[−𝑛2(1 − 𝜇) +
(1−𝜇)

𝑟1
3  −

 15(1−𝜇)(𝜎1−𝜎2)𝑦2

2𝑟1
7  −

 15𝜇(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 +

3(1−𝜇) (2𝜎1−𝜎2)

2𝑟1
5 −

3(1−𝜇)(𝑥−1+𝜇)(𝜎1−𝜎2)

2𝑟1
5 +

3𝜇(2𝜎1
′−𝜎2

′)

2𝑟2
5 −

3𝜇(𝜎1
′−𝜎2

′)(𝑥−1+𝜇)

𝑟2
5 ] = 0(3.5) 

 

And 

 

−𝜇 +
1

𝑛2 [
𝜇

𝑟2
3 +

3(1−𝜇)(𝑥+𝜇)(𝜎1−𝜎2)

𝑟1
5 +

3𝜇(𝑥+𝜇)(𝜎1
′−𝜎2

′)

𝑟2
5 +

 3𝜇(2𝜎1
′−𝜎2

′)

2𝑟2
5 −

 15𝜇(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
7 ] = 0(3.6) 

 

𝜎1,𝜎2 ,𝜎1
′ and 𝜎2

′ are small quantities hence we assume that the 

solution of the above equation if 𝜎1 ≠ 0  , 𝜎2 ≠ 0  , 𝜎1
′ ≠ 0  and 

𝜎2
′ ≠ 0 as 

 

𝑟1 = 1 + 𝜖1𝑟2 = 1 + 𝜖2                                                                     (3.7) 

 

where 𝜖1 and 𝜖2are less than 1. 

Substituting the values of 𝑟1 and𝑟2 in equation (2.34) we get: 

 

𝑥 =
1

2
− 𝜇 + (𝜖1 + 𝜖2) 

 

𝑦 = ±
√3

2
[1 +

2

3
(𝜖1 + 𝜖2)]                             (3.8) 

 

Further simplifying the coordinates of triangular equilibrium 

points are given by: 

 

𝑥 =  
1

2
− 𝜇 + + [

−3

8
−

(1 − 𝜇)

2𝜇
] 𝜎1 + [

7

8
+

(1 − 𝜇)

2𝜇
] 𝜎2

+ [
3

8
−

3𝜇

8(1 − 𝜇)
] 𝜎1

′ + [
−7

8
+

7𝜇

8(1 − 𝜇)
] 𝜎2

′ 

 

𝑦 = ± [1 +
2

3
{[

−19

8
∓

(1−𝜇)

2𝜇
−] 𝜎1 [

15

8
−

(1−𝜇)

2𝜇
] 𝜎2 + [

−19

8
−

3𝜇

8(1−𝜇)
] 𝜎1

′ + [
15

8
+

7𝜇

8(1−𝜇)
] 𝜎2

′}](3.9) 

4. Different curves of zero velocity 

In order to derive curves of zero velocity of the infinitesimal mass 

in elliptical restricted three body problem considering the triaxiali-

ty of both the primaries, multiply equation (2.31) by x ' and equa-

tion (2.32) byy 'and further add both the equation. Then we obtain 

 

𝑥′𝑥′′ + 𝑦′𝑦′′ =
𝜕Ω

𝜕𝑥
𝑥′ +

𝜕Ω

𝜕𝑥
𝑦′                                  (4.1) 
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1

2

𝜕

𝜕𝑣
[𝑥′2 + 𝑦′2] =

𝜕Ω

𝜕𝑣
                                                     (4.2) 

 

Equation (4.2) can be integrated to give 

 
1

2
[𝑥′2 + 𝑦′2] = ∫

𝜕Ω

1+𝑒𝑐𝑜𝑠𝑣
+ 𝑐                                         (4.3) 

 

The presence of the term (1+ecosv) in the denominator of equa-

tion (4.3) gives problem in integrating equation (4.3) to any de-

fined form. The Jacobi integral of the classical circular problem is 

not adjusted in elliptical restricted three body problem in usual 

sense. In elliptical restricted three body problem Jacobi integral 

does not exist and energy along any of the orbit depends on time. 

Now, consider the potential function which is represented as fol-

lows: 

 

𝜑(𝑥, 𝑦) =
Ω(𝑥 ,𝑦)

1+𝑒𝑐𝑜𝑠𝑣
+ 𝑐                                               (4.4) 

 

So, Ω(𝑥, 𝑦) depends on the position coordinate of the as well as 

the independent variable of the infinitesimal mass. In elliptical 

The Jacobi constant is defined as  

𝑥′2 + 𝑦′2 −
1

1+𝑒𝑐𝑜𝑠𝑣
[

𝑥2+𝑦2

2
+

1

𝑛2
[

(1−𝜇)

𝑟1
+

𝜇

𝑟2
+

(1−𝜇) (2𝜎1−𝜎2)

2𝑟1
3 +

𝜇(2𝜎1
′−𝜎2

′)

2𝑟2
3 −

 3(1−𝜇)(𝜎1−𝜎2)𝑦2

2𝑟1
5 −

 3𝜇(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
5 ]] = 𝐶(4.5) 

 

The above equation (4.5) describes the curve of zero velocity. The 

zero velocity curves pulsate with the frequency of the elliptical 

motion of the infinitesimal mass in elliptical restricted three body 

problem. Hence, in planar elliptical restricted three body problem, 

the zero velocity curves is given as: 

 

[
𝑥2+𝑦2

2
+

1

𝑛2
[

(1−𝜇)

𝑟1
+

𝜇

𝑟2
+

(1−𝜇) (2𝜎1−𝜎2)

2𝑟1
3 +

𝜇(2𝜎1
′−𝜎2

′)

2𝑟2
3 −

 3(1−𝜇)(𝜎1−𝜎2)𝑦2

2𝑟1
5 −

 3𝜇(𝜎1
′−𝜎2

′)𝑦2

2𝑟2
5 ]] = 𝐶∗(4.6) 

 

where 

 

𝐶∗ = 𝐶(1 + 𝑒𝑐𝑜𝑠𝑣) 

 

The zero velocity curve is plotted in Figs.1-26 by varying the pa-

rameters. 

 

 
Fig. 1:Zero Velocity Curve when µ=.01, 

𝜎1=0.003;𝜎2=.0002;𝜎′1=0.0007;𝜎′2=0.0004. 

 

 
Fig. 2:Zero Velocity Curve when µ=.02, 

𝜎1=0.003;𝜎2=.0002;𝜎′1=0.0007;𝜎′2=0.0004. 

 

 
Fig. 3:Zero Velocity Curve When µ=0.3, 

𝜎1=0.003;𝜎2=.0002;𝜎′1=0.0007;𝜎′2=0.0004. 

 

 
Fig. 4:Zero Velocity Curve When µ=0.4, 𝜎1 =0.003; 𝜎2 =.0002; 

𝜎′1=0.0007; 𝜎′2=0.0004 

 

 
Fig. 5:Zero Velocity Curve when µ=0.5, 𝜎1=0.003; 𝜎2=.0002; 𝜎′1=0.0007; 

𝜎′2=0.0004. 
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Fig .6:Zero Velocity Curve when µ=0.01, 𝜎1 =0.0005; 𝜎2 =.0002; 

𝜎′1=0.0007; 𝜎′2=0.0004. 

 

 
Fig. 7:Zero Velocity Curve when µ=0.02, 𝜎1 =0.0005; 𝜎2 =.0002; 

𝜎′1=0.0007; 𝜎′2=0.0004. 

 

 
Fig. 8:Zero Velocity Curve when µ=0.3 

𝜎1=0.0005;𝜎2=.0002;𝜎′1=0.0003;𝜎′2=0.0002. 

 

 
Fig. 9:Zero Velocity Curve When µ=0.4, 

𝜎1=0.0005;𝜎2=.0002;𝜎′1=0.0003;𝜎′2=0.0002. 

 
Fig. 10:Zero Velocity Curve when µ=0.5, 

𝜎1=0.0005;𝜎2=.0002;𝜎′1=0.0003;𝜎′2=0.0002. 

 

 
Fig. 11:Zero Velocity Curve when µ=0.01, 

𝜎1=0.005;𝜎2=.002;𝜎′1=0.0005;𝜎′2=0.02. 

 

 
Fig. 12:Zero Velocity Curve when µ=0.02, 

𝜎1=0.005;𝜎2=.02;𝜎′1=0.0005;𝜎′2=0.02. 

 

 
Fig. 13:Zero Velocity Curve when µ=0.3, 

𝜎1=0.005;𝜎2=.02;𝜎′1=0.0005;𝜎′2=0.02. 
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Fig. 14:Zero Velocity Curve when µ=0.4, 𝜎1=0.005; 𝜎2=.02; 𝜎′1=0.0005; 

𝜎′2=0.02. 

 

 
Fig. 15:Zero Velocity Curve when µ=0.5, 𝜎1=0.005; 𝜎2=.02; 𝜎′1=0.0005; 

𝜎′2=0.02. 

 

 
Fig. 16:Zero Velocity Curve when µ=0.001, 

𝜎1=0.0003;𝜎2=.0002;𝜎′1=0.0005;𝜎′2=0.0002. 

 

 
Fig. 17:Zero Velocity Curve when µ=0.001, 𝜎1 =0.003; 𝜎2 =.002; 

𝜎′1=0.005; 𝜎′2=0.002. 

 

 
Fig. 18:Zero Velocity Curve when µ=0.001, 𝜎1=0.03; 𝜎2=.02; 𝜎′1=0.05; 

𝜎′2=0.02. 

 

 
Fig. 19:Zero Velocity Curve when µ=0.2, 𝜎1 =0.03; 𝜎2 =.02; 𝜎′1 =0.05; 

𝜎′2=0.02. 

 

 
Fig. 20:Zero Velocity Curve when 

µ=0.2,𝜎1=0.003;𝜎2=.002;𝜎′1=0.005;𝜎′2=0.002. 

 

 
Fig. 21:Zero Velocity Curve when µ=0.2, 𝜎1 =0.0002; 𝜎2 =.0001; 

𝜎′1=0.0003; 𝜎′2=0.0002. 
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Fig. 22:Zero Velocity Curve when µ=0.01, 𝜎1 =0.0002; 𝜎2 =.0001; 

𝜎′1=0.0003; 𝜎′2=0.0002. 

 

 
Fig. 23:Zero Velocity Curve when µ=0.3, 𝜎1 =0.0002; 𝜎2 =.0001; 

𝜎′1=0.0003; 𝜎′2=0.002. 

 

 
Fig. 24:Zero Velocity Curve when µ=0.4, 𝜎1 =0.0002; 𝜎2 =.0001; 

𝜎′1=0.003; 𝜎′2=0.002. 

 

 
Fig. 25:Zero Velocity Curve when µ=0.04, 𝜎1 =0.0008; 𝜎2 =.0002; 

𝜎′1=0.004; 𝜎′2=0.002. 

 

 
Fig. 26:Zero Velocity Curve when µ=0.4, 𝜎1 =0.0008; 𝜎2 =.0002; 

𝜎′1=0.004; 𝜎′2=0.002. 

5. Discussion and results 

The differential equation governing the motion of the triangular 

points in elliptical restricted three body has been derived consider-

ing the oblate and triaxial rigid body. The problem is model under 

the assumption that the eccentricity of the orbit of the gravitating 

bodies is small. 

The zero velocity curves considering oblateness and triaxiliaty of 

the rigid body has been studied using simulation technique by 

varying the parameters. From Fig 1-26 it has been observed that 

oblateness and triaxiliaty of either or both the primaries affect the 

nature of zero velocity curves. From Fig 1-5 it is clear that by 

changing the mass ratio and by considering the other parameters 

as constant there is change in the nature of zero velocity curve. 
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