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Abstract 
 

Theipurpose of,thisipaper,is toiintroduce,aiconcept of generalizedinon_spreading,and define a new algorithm,for infinite,families of gen-

eralizedinon_spreading,and finite families of resolvent,mappings. Also, We study,the existence,solution of variational inequality,to a 

commonifixedipoint in Hilbertispaces. The main,results in this paper extendiand generalized,of many knowniresults initheiliterature. 
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1. Introduction 

Let K be ainonempty,boundediclosediconvex subset of a Hibertispace X. A mapping 𝒫: K →  K is said,to be nonexpansive if ‖𝒫 x −
 𝒫 y ‖ ≤  ‖x −  y‖, for all x, y ∈  K. On theiother hand,anyimultivaluedimapping 𝒢 is called monotone if: < z1 − z2 , w1 − w1 > ≥
0 ∀zi ∈  D( 𝒢), for all wi ∈ 𝒢(zi). And it is called maximalimonotone, (M,.M), if for all  (z, h) ∈ X × X, 〈z − w, h − k〉 ≥ 0  andifor 

all (w, k) ∈ gph(𝒢) then weiget, h ∈ 𝒢(z). The Monotoneimappings play,importantirole in,optimization Theory,see theibooks( [1]-[5]). 

It has beenishown that if X is uniformlyiconvex then everyinonexpansiveimapping 𝒫 ∶  K →  K has a fixedipoint (see Browder [6], cf. 

also Kirk [7]). In 1974, Ishikawaj [8] introduced,a new iterationjprocedure,forjapproximating,fixed points ofjpseudo-contractiveicompact 

mappings in Hilbertispaces Note thatithe normaliMann iteration procedure [9], is a specialicase of theiIshikawa one. For aicomparison of 

the two iterative processesiin the one-dimensionalicase we referithe reader toiRhoades [10]. For moreidetails andiliterature on thejcon-

vergence of IshikawajandjMannjiteratesjwe refer to [11–18]. Recently, Sastry and Babu [19] introducedithe analogs of Mannjand Ishi-

kawa iteratesifor multivaluedimappings and provediconvergence theoremsifor nonexpansive mappings whosejdomain is a compacticon-

vex subsetiof a Hilbertjspace. The convergenceiof the iterationjprocesses are studiedjbyjmanyjresearchers, see([20]-[29 ]). In this paper, 

wejgeneralizeiresults of Sastryjand Babu to uniformlyiconvex Banachispaces. We also introduceiboth of the iterationiprocesses in a 

newisenseiand proveia convergence theorem of Mann iteratesifor a mappingidefined on a non compactidomain. Now, we recall some 

definitionsjand lemmasjwhich will used in the proofs. Lemma (1.1): [7]  

If 〈an〉 be a sequenceiof non-negativeireal numberisuch that: 

an+1 ≤ (1 − γn)an + Sn , n ≥ 0, where 〈γn〉 is a sequence in (0, 1) and 〈Sn〉 is a sequence in ℝ, ∑ γn
∞
n=0 = ∞ and lim

n→∞
sup

Sn

γn
≤ 0 or 

∑ |Sn|∞
n=1 < ∞. Then an →  0 as n → ∞.  

 

Lemma 1.2: [15] If 〈𝑎𝑛〉 be a sequencejnonnegativejreal numbers such that: 

 

an+1 ≤ (1 − γn)an + γnSn+βn , n ≥ 0 , where 〈γn〉, 〈βn〉 and 〈Sn〉 are satisfies the following: 

1) γn ⊂ [0,1] ; ∑ γn
∞
n=1 = ∞ 

2) lim
n→∞

sup Sn ≤ 0  or ∑ |γnSn|∞
n=1 < ∞ 

3) βn ≥ 0 for each n ≥ 0 such that ∑ βn
∞
n=0 < ∞. Then lim

n→∞
an = 0. 

 

Lemma 1.3: [16] Let 𝐶 be a nonemptyiconvex closedisubset of real Hilbert space 𝑋and 𝒫 is non-expansiveimultivalued operator with 

𝐹𝑖𝑥(𝒫) ≠ ∅.If 〈𝑥𝑛〉 sequence in 𝐶 such that 𝑥𝑛 ⇀ 𝑥 and (𝐼 − 𝒫)𝑥𝑛 → 𝑦, 𝑥, 𝑦 ∈ 𝐶 .Then we have (𝐼 − 𝒫)𝑥 = 𝑦. 

2. Main results 

In thisisection, we define a newiiterations for sequenceiof generalized non_spreading mappingiand then study the convergenceifor these 

schemes. 
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Definition 2.1: A mapping 𝒫 is generalizedinon_spreadingimapping if for each 𝑥, 𝑦 𝑖𝑛 𝐷(𝒫), there exists positiveireal sequence 〈𝓏𝑛 〉 
then the followingiinequality holds 

 

||𝒫x – 𝒫y ||
2 ≤ ||x – y ||

2  +  𝓏n < x − 𝒫x, y − 𝒫y >    
 

Lemma 2.1: Let 𝒢1, 𝒢2 , , , , 𝒢𝑚; are M.Mimappings, 〈𝑓𝑛〉 be a sequenceiof generalized non_spreadingimapping on 𝐶. If ∑ 𝛼𝑛,𝑖 = 1 and 

𝒫ℴ𝑛 

𝑖 = ℴ𝑛 𝑓𝑛(𝑥) + (1 − ℴ𝑛 ) ∑ 𝛼𝑛,𝑖 𝐽𝑟𝑛,𝑖
𝑖𝑚

𝑖=1 (𝑥), where 〈𝛼𝑛,𝑖 〉 be a sequences in (0, 1] , 〈ℴ𝑛 〉 〈ℴ𝑛 〉 be a sequence of positive realinumbers 

and 〈𝐽𝑟𝑛,𝑖
𝑖 〉 be a sequenceiof resolvent mapping. Then 𝒫ℴ𝑛 

𝑖  are also generalized non_spreading on C 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 = 1,2, … … … . , 𝑚. 

 

Proof 

For all x, y ∈ C  

 

‖𝒫ℴn 

i (x) − 𝒫ℴn 

i (y)‖
2

= ‖ ℴn fn(x) + (1 − ℴn ) ∑ αn,i Jrn,i
im

i=1 (x) − ℴn  fn(y) −  (1 − ℴn ) ∑ αn,i Jrn,i
im

i=1 (y)‖
2
  

 

‖𝒫ℴn 

i (x) − 𝒫ℴn 

i (y)‖
2

≤ ‖ℴn (fn(x) − fn(y)) + (1 − ℴn ) ∑ αn,i ( Jrn,i
i (x) − Jrn,i

i (y)‖
2

 ≤ ℴn ‖fn(x) − fn(y)‖2 + (1 −

ℴn ) ∑ αn,i  
m
i=1  ‖Jrn,i

i (x) − Jrn,i
i (y)‖

2
  

 

= ℴn ‖x − y‖2 +  ℴn 𝓏n < x − 𝒫x, y − 𝒫y >  +(1 − ℴn )‖x − y‖2
 

= ‖x − y‖2 + ℴn 𝓏n < x − 𝒫x, y − 𝒫y >    

 

Theorem 2.2: let 𝒢1, 𝒢2 , , , , 𝒢𝑚  are M.Mimappings, 〈𝑓𝑛〉  be a sequenceiof generalized non_spreadingimapping on 𝐶  and 

(∩𝑖=1
∞ 𝐹(𝑓𝑛)) ⋂( ∩𝑖=1

𝑚 𝒢𝑖
−1(0)) ≠ Ø  𝑓𝑜𝑟 𝑎𝑙𝑙  𝑖 = 1,2, … … … . , 𝑚 . If the iteration process 〈𝑥𝑛〉  defined as the following 𝑥𝑛+1 =

ℴ𝑛 𝑓𝑛(𝑥𝑛) + (1 − ℴ𝑛 ) ∑ 𝛼𝑛,𝑖 
𝑚
𝑖=1  𝐽𝑟𝑛,𝑖

𝑖 (𝑥ℴ𝑛 
) , where 〈ℴ𝑛 〉 be a sequence of positive real numbersiconvergent to 0.Then there exist a solu-

tion of variationaliinequality 

 

〈(I − fn)(xnk+1 
), xnk 

− x̃ 〉 ≤ 0 ≤ 0  

 

Proof 

 

Let v ∈ (∩i=1
∞ F(fn)) ⋂( ∩i=1

m 𝒢i
−1(0)) 

 

‖xn+1  − v‖2  ≤ ℴn ‖fn(xt) − v‖2 + (1 − ℴn ) ∑ αn,i  
m
i=1 ‖Jrn,i

i (xk) − v‖
2
  

 

≤  ℴn ‖xk − v‖2+ ℴn 𝓏n 〈xk − fnx, v − fnv〉 + (1 − ℴn ) ∑ αn,i  ‖xk − v‖2 m
i=1   

 
‖xk+1 − v‖2 ≤ ℴn ‖xk − v‖2 + (1 − ℴn )‖xk − v‖2+ℴn 𝓏n 〈x − fnx, v − fnv〉 
 
‖xk+1 − v‖2  ≤  ‖xk − v‖2+ℴn 𝓏n 〈x − fnx, v − fnv〉  
 

Hence, ‖xk+1 − v‖2  ≤  ‖xk − v‖2 

 

So, 〈xk〉 is bounded sequence. 

 

‖xk+1 − ∑ αn,i Jrn,i
i  xk

m
i=1 ‖ = ‖ℴn  fn(xk) + (1 − ℴn ) ∑ αn,i  

m
i=1  Jrn,i

i (xk) − ∑ αn,i  
m
i=1  Jrn,i

i (xk)‖  

 

≤ ℴn ‖fn(xk) − ∑ αn,i  
m
i=1  Jrn,i

i (xk) ‖  

 

Since 〈fn( xk)〉 and 〈Jrn ,i
i (xk)〉 are boundediand 〈ℴn 〉 be a sequence of positiveireal numbersiconvergent to 0, then as n ⟶ 0 we get 

 

‖xk − ∑ αn,i  
m
i=1  Jrn,i

i (xk) ‖ ⟶ 0, then we get 

 

‖xk+1 − Jrn ,i
i  xk‖ ⟶ 0, for all i = 1,2, … … … . , m  

 

Now, since 〈xk〉 is boundedisequence then there exists 〈xkn〉 subsequenceiof 〈xk〉 such that 

 

xkn ⇀ x̌ . By lemma (1.3) ⟹  x̌ ∈ 𝒢i
−1(0) ∀ i = 1,2, … … … . , m 

 

xk+1 − x̌ = k( fn( xk) − x̌ ) + (1 − k) ∑ αn,i ( Jrn,i
i  xk − x̌) m

i=1  

 

Using xk − x̌ to make inneriproduct, we get 

 

‖xk  −  x̌ ‖2 = ℴn 〈fn (xk ) − x ̌, xk − x ̌ 〉 + (1 − ℴn ) ∑ αn,i 〈Jrn,i
i  xk − x̌ , xk −  x ̌ 〉 m

i=1   

 

≤ ℴn  〈fn (xk ) − x ̌, xk −  x ̌ 〉 + (1 − ℴn ) ∑ αn,i 〈xk − x̌ , xk − x ̌ 〉 m
i=1   

 

= ℴn 〈fn (xk ) − x ̌, xk − x ̌ 〉 + (1 − ℴn )‖xk  −  x̌ ‖2. 
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ℴ𝑛  ‖𝑥𝑘+1  −  �̌� ‖2  ≤ ℴ𝑛 〈𝑓𝑛  (𝑥𝑘  ) − 𝑥 ̌, 𝑥𝑘 −  𝑥 ̌ 〉  
 
‖𝑥𝑘+1  −  �̌� ‖2 ≤  〈𝑓𝑛 (𝑥𝑘  ) − 𝑥 ̌, 𝑥𝑘 − 𝑥 ̌ 〉  
 

≤  〈𝑓𝑛 (𝑥𝑘  ) − 𝑓𝑛(𝑥 ̌), 𝑥𝑘 − 𝑥 ̌ 〉 + 〈𝑓𝑛  (𝑥 ̌ ) − 𝑥 ̌, 𝑥𝑘 − 𝑥 ̌ 〉  
 

‖𝑥𝑘+1  −  �̌� ‖ ≤ ‖𝑥𝑘  −  �̌� ‖2 + 𝓏𝑛 ‖𝑥𝑘  −  �̌� ‖. 〈𝑥𝑘 − 𝑓𝑛𝑥𝑘 , 𝑥 ̌ − 𝑓𝑛𝑥 ̌〉 + 〈𝑓𝑛  (𝑥 ̌) − 𝑥 ̌, 𝑥𝑘 − 𝑥 ̌ 〉  
 

In particular, 

 

‖𝑥(𝑘+1)𝑛  −  �̌� ‖
2

≤ ‖𝑥𝑘𝑛  −  �̌� ‖2 + 𝓏𝑛 ‖𝑥𝑘𝑛  −  �̌� ‖. 〈𝑥𝑘𝑛 − 𝑓𝑛𝑥𝑘𝑛, 𝑥 ̌ − 𝑓𝑛𝑥 ̌〉 + 〈𝑓𝑛 (𝑥 ̌) − 𝑥 ̌, 𝑥𝑘𝑛 − 𝑥 ̌ 〉  

 

But 𝑥𝑘𝑛 ⇀ �̌�, then||𝑥𝑘𝑛 − �̌�||2 ⟶ 0 as 𝑛 ⟶ ∞ 

 

Now, since 

 

𝑥𝑘+1 − 𝑓𝑛( 𝑥𝑘+1) = ℴ𝑛 𝑓𝑛( 𝑥𝑘) − 𝑓𝑛( 𝑥𝑘) + 𝑓𝑛( 𝑥𝑘) + 𝑓𝑛( 𝑥𝑘+1) + (1 − ℴ𝑛 ) ∑ 𝛼𝑛,𝑖  𝐽𝑟𝑛,𝑖
𝑖  𝑥𝑘  

𝑚
𝑖=1   

 

Hence, 

 

𝑥𝑛+1 − 𝑓𝑛(𝑥𝑛) = (𝑓𝑛( 𝑥𝑘) + 𝑓𝑛( 𝑥𝑘+1)) + (ℴ𝑛 − 1)𝑓𝑛(𝑥𝑛) + (1 − ℴ𝑛 ) ∑ 𝛼𝑛,𝑖 
𝑚
𝑖=1  𝐽𝑟𝑛,𝑖

𝑖 (𝑥𝑛)  

 

𝑥𝑛+1 − 𝑓𝑛(𝑥𝑛) = −(1 − ℴ𝑛 ) ( 𝑓𝑛 − ∑ 𝛼𝑛,𝑖  𝐽𝑟𝑛,𝑖
𝑖  ) 𝑥𝑘  

𝑚
𝑖=1 + 𝑓𝑛( 𝑥𝑘) + 𝑓𝑛( 𝑥𝑘+1)  

 

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑧 ∈  (∩𝑖=1
∞ 𝐹(𝑓𝑛)) ⋂( ∩𝑖=1

𝑚 𝒢𝑖
−1(0))  

 

〈𝑥𝑛+1 − 𝑓𝑛(𝑥𝑛), 𝑥𝑘 − 𝑧 〉 =  −(1 − ℴ𝑛 )〈𝑓𝑛 − ∑ 𝛼𝑛,𝑖  𝐽𝑟𝑛,𝑖
𝑖  ) 𝑥𝑘 + (𝑓𝑛( 𝑥𝑘) + 𝑓𝑛( 𝑥𝑘+1))𝑚

𝑖=1 , 𝑥𝑘 − 𝑧 〉 ≤ 0  

 

(As (𝑓𝑛( 𝑥𝑘) + 𝑓𝑛( 𝑥𝑘+1) + ( 𝑓𝑛 − ∑ 𝛼𝑛,𝑖  𝐽𝑟𝑛,𝑖
𝑖  )(𝑥𝑘 ) 𝑚

𝑖=1 ) is monotoneimapping. It is true for anyisubsequence of 〈𝑥𝑘〉. 

And hence, as 𝑛𝑘 → ∞ we get, �̃� is a solutioniof variational inequality 

 
〈(𝐼 − 𝑓n)(xnk+1), xnk − x̃ 〉 ≤ 0 , as n → ∞. 
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