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Abstract
In the paper, by virtue of the Faá di Bruno formula, properties of the Bell polynomials of the second kind, and the inversion formula for the
Stirling numbers of the first and second kinds, the author finds simple, meaningful, and significant forms for coefficients in two families of
ordinary differential equations.
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1. Motivation and main results

2. the expressions in (4) and (5) are too complicated to be remembered, understood, and computed easily,

In [2, Theorems 2.1] and [3, Theorem 2.1], it was established inductively and recursively that the differential equations
(n − 1)!e−nF(t) = (−1)n−1

n

∑ λ n−k (1 + λ t)k ak (n)F (k) (t)

(1)

we will provide a nice and standard proof for [2, Theorems 2.1]
and [3, Theorem 2.1] and, more importantly, discover simple, meaningful, and significant forms for the quantities ak (n) and Hn, j .
Our main results can be stated as the following theorem.
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F (n) (t) =
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for n ∈ N have the same solution
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Hn,1 = Hn =

ak (n) =

∑

∑

ik−1 =0 ik−2 =0

···

∑

kik−1 · · · 2i1 ,

2. Proof of Theorem 1

2 ≤ k < n,

The famous Faà di Bruno formula reads that

i1 =0

(4)
n

Hn, j =

Hk−1, j−1
,
k
k= j

∑

2 ≤ j ≤ n.

(7)
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∑ k,

k=1
n−k−ik−1 −···−i2

n−k n−k−ik−1

∑ λ n−k (1 + λ t)k S(n, k)F (k) (t) = (−1)n−1 (n − 1)!e−nF(t) ,

where s(n, k) and S(n, k) stand for the Stirling numbers of the first
and second kinds.

where
an (n) = a1 (n) = 1,

Theorem 1. For k ∈ N, the function F(t) defined by (3) satisfies

n n
λ
(−1)k−1 (k − 1)!
F (n) (t) =
s(n, k)
(6)
∑
1 + λ t k=1 [λ + ln(1 + λ t)]k

(5)

Hereafter, the expressions in (4) and (5) were employed in the whole
papers [2, 3].
In this paper, since
1. the original proofs of [2, Theorems 2.1] and [3, Theorem 2.1]
are long and tedious,

n

dn
f ◦ h(t) = ∑ f (k) (h(t)) Bn,k h0 (t), h00 (t), . . . , h(n−k+1) (t) (8)
dt n
k=1

for n ∈ N, where the Bell polynomials of the second kind
Bn,k (x1 , x2 , . . . , xn−k+1 ) for n ≥ k ≥ 0 are defined [1, p. 134, Theorem A] and [1, p. 139, Theorem C] by
Bn,k (x1 , x2 , . . . , xn−k+1 ) =

∑

1≤i≤n,`i ∈{0}∪N
∑ni=1 i`i =n
∑ni=1 `i =k

n!
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i!

.
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Applying u = h(t) =

F

(n)

ln(1+λ t)
λ
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and f (u) = ln(1 + u) to (8) gives

n
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1
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,...,
k
1
+
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+
λ t)2
d
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.
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In light of two identities
Bn,k abx1 , ab2 x2 , . . . , abn−k+1 xn−k+1



= ak bn Bn,k (x1 , x2 , . . . , xn−k+1 )
and
Bn,k (0!, 1!, 2!, . . . , (n − k)!) = (−1)n−k s(n, k)
in [1, p. 135], we acquire
F (n) (t) =
=

n
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The formula (6) is thus proved.
The inversion theorem [31, p. 171, Theorem 12.1] reads that
n

an =

∑ S(n, α )bα

n

if and only if

α =0

bn =

∑ s(n, k)ak .

(9)

k=0

Combining (9) with (6) arrives at
n
(−1)n−1 (n − 1)!
(1 + λ t)k (k)
=
S(n, k)
F (t)
∑
[λ + ln(1 + λ t)]n k=1
λk

which can be rewritten as (7). The proof of Theorem 1 is complete.

3. Remarks
Finally, we list several remarks on our main results and closely
related things.
Remark 1. Comparing (1) and (2) with (7) and (6) reveals that
ak (n) = S(n, k)
and
Hn−1,k−1 = (−1)n−k

s(n, k)
(n − 1)!

(10)

for n ≥ k ≥ 1. These two expressions are simpler, more meaningful,
and more significant than the forms in (4) and (5). The expression (10) was also found in [18, 20].
Remark 2. We note that [3, Theorem 2.1] has also been discussed
in [27, Thorem 2].
Remark 3. The motivations in the papers [4, 5, 6, 7, 9, 10, 12, 11, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 32]
are same as the one in this paper.
Remark 4. This paper is a slightly modified version of the
preprint [8].

[1] L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite
Expansions, Revised and Enlarged Edition, D. Reidel Publishing Co.,
Dordrecht and Boston, 1974.
[2] G.-W. Jang, J. Kwon, and J. G. Lee, Some identities of degenerate
Daehee numbers arising from nonlinear differential equation, Adv.
Difference Equ. 2017, Paper No. 206, 10 pp. Available online at https:
//doi.org/10.1186/s13662-017-1265-4.
[3] T. Kim and D. S. Kim, Some identities of degenerate Daehee numbers
arising from certain differential equations, J. Nonlinear Sci. Appl. 10
(2017), no. 2, 744–751; Available online at https://doi.org/10.
22436/jnsa.010.02.35.
[4] F. Qi, A simple form for coefficients in a family of nonlinear ordinary
differential equations, ResearchGate Preprint (2017), available online
at https://doi.org/10.13140/RG.2.2.13392.81928.
[5] F. Qi, A simple form for coefficients in a family of ordinary differential equations related to the generating function of the Legendre polynomials, ResearchGate Preprint (2017), available online at
https://doi.org/10.13140/RG.2.2.27365.09446.
[6] F. Qi, Explicit formulas for the convolved Fibonacci numbers, ResearchGate Working Paper (2016), available online at https://doi.
org/10.13140/RG.2.2.36768.17927.
[7] F. Qi, Notes on several families of differential equations related to
the generating function for the Bernoulli numbers of the second kind,
ResearchGate Preprint (2017), available online at https://doi.org/
10.13140/RG.2.2.13291.23843.
[8] F. Qi, Simple forms for coefficients in two families of ordinary differential equations, ResearchGate Preprint (2017), available online at
https://doi.org/10.13140/RG.2.2.10692.73602.
[9] F. Qi, Simplification of coefficients in two families of nonlinear ordinary
differential equations, ResearchGate Preprint (2017), available online
at https://doi.org/10.13140/RG.2.2.30196.24966.
[10] F. Qi, Simplifying coefficients in a family of nonlinear ordinary
differential equations, Acta Comment. Univ. Tartu. Math. (2018),
in press; ResearchGate Preprint (2017), available online at https:
//doi.org/10.13140/RG.2.2.23328.07687.
[11] F. Qi, Simplifying coefficients in a family of ordinary differential
equations related to the generating function of the Laguerre polynomials, ResearchGate Preprint (2017), available online at https:
//doi.org/10.13140/RG.2.2.13602.53448.
[12] F. Qi, Simplifying coefficients in a family of ordinary differential equations related to the generating function of the Mittag–Leffler polynomials, ResearchGate Preprint (2017), available online at https:
//doi.org/10.13140/RG.2.2.27758.31049.
[13] F. Qi, Simplifying coefficients in differential equations related to generating functions of reverse Bessel and partially degenerate Bell polynomials, ResearchGate Preprint (2017), available online at https:
//doi.org/10.13140/RG.2.2.19946.41921.
[14] F. Qi, The inverse of a matrix and several identities related to the
Catalan numbers and the Chebyshev polynomials of the second kind,
ResearchGate Presentation (2017), available online at https://doi.
org/10.13140/RG.2.2.22832.46081/1. (Chinese)
[15] F. Qi and B.-N. Guo, A diagonal recurrence relation for the Stirling numbers of the first kind, Appl. Anal. Discrete Math. 12 (2018),
no. 1, in press; Available online at https://doi.org/10.2298/
AADM170405004Q.
[16] F. Qi and B.-N. Guo, Explicit formulas and recurrence relations
for higher order Eulerian polynomials, Indag. Math. 28 (2017),
no. 4, 884–891; Available online at https://doi.org/10.1016/
j.indag.2017.06.010.
[17] F. Qi and B.-N. Guo, Some properties of the Hermite polynomials and their squares and generating functions, Preprints 2016,
2016110145, 14 pages; Available online at https://doi.org/10.
20944/preprints201611.0145.v1.
[18] F. Qi and B.-N. Guo, Viewing some ordinary differential equations from the angle of derivative polynomials, Preprints 2016,
2016100043, 12 pages; Available online at https://doi.org/10.
20944/preprints201610.0043.v1.
[19] F. Qi, D. Lim, and B.-N. Guo, Explicit formulas and identities for
the Bell polynomials and a sequence of polynomials applied to differential equations, Rev. R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat.
RACSAM (2018), in press; Available online at https://doi.org/
10.1007/s13398-017-0427-2.
[20] F. Qi, D. Lim, and B.-N. Guo, Some identities relating to Eulerian polynomials and involving Stirling numbers, Preprints 2017,
2017080004, 10 pages; Available online at https://doi.org/10.
20944/preprints201708.0004.v1.
[21] F. Qi, D. Lim, and A.-Q. Liu, Explicit expressions related to degenerate Cauchy numbers and their generating function, HAL archives
(2018), available online at https://hal.archives-ouvertes.fr/
hal-01725045.
[22] F. Qi, D.-W. Niu, and B.-N. Guo, Simplification of coefficients in
differential equations associated with higher order Frobenius–Euler
numbers, Preprints 2017, 2017080017, 7 pages; Available online at
https://doi.org/10.20944/preprints201708.0017.v1.

Global Journal of Mathematical Analysis

[23] F. Qi, D.-W. Niu, and B.-N. Guo, Simplifying coefficients in differential equations associated with higher order Bernoulli numbers of the
second kind, Preprints 2017, 2017080026, 6 pages; Available online at
https://doi.org/10.20944/preprints201708.0026.v1.
[24] F. Qi, D.-W. Niu, and B.-N. Guo, Some identities for a sequence
of unnamed polynomials connected with the Bell polynomials, Rev.
R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Math. RACSAM 112
(2018), in press; Available online at https://doi.org/10.1007/
s13398-018-0494-z.
[25] F. Qi, X.-L. Qin, and Y.-H. Yao, The generating function of the Catalan numbers and lower triangular integer matrices, Preprints 2017,
2017110120, 12 pages; Available online at https://doi.org/10.
20944/preprints201711.0120.v1.
[26] F. Qi, J.-L. Wang, and B.-N. Guo, Notes on a family of inhomogeneous
linear ordinary differential equations, Adv. Appl. Math. Sci. 17 (2018),
no. 4, 361–368.
[27] F. Qi, J.-L. Wang, and B.-N. Guo, Simplifying and finding nonlinear
ordinary differential equations, ResearchGate Working Paper (2017),
available online at https://doi.org/10.13140/RG.2.2.28855.
32166.
[28] F. Qi, J.-L. Wang, and B.-N. Guo, Simplifying differential equations
concerning degenerate Bernoulli and Euler numbers, Trans. A. Razmadze Math. Inst. 172 (2018), no. 1, 90–94; Available online at
https://doi.org/10.1016/j.trmi.2017.08.001.
[29] F. Qi and J.-L. Zhao, Some properties of the Bernoulli numbers of
the second kind and their generating function, ResearchGate Working
Paper (2017), available online at http://dx.doi.org/10.13140/
RG.2.2.13058.27848.
[30] F. Qi, Q. Zou, and B.-N. Guo, Some identities and a matrix inverse related to the Chebyshev polynomials of the second kind and the Catalan
numbers, Preprints 2017, 2017030209, 25 pages; Available online at
https://doi.org/10.20944/preprints201703.0209.v2.
[31] J. Quaintance and H. W. Gould, Combinatorial Identities for Stirling
Numbers. The unpublished notes of H. W. Gould. With a foreword
by George E. Andrews. World Scientific Publishing Co. Pte. Ltd.,
Singapore, 2016.
[32] J.-L. Zhao, J.-L. Wang, and F. Qi, Derivative polynomials of a function related to the Apostol–Euler and Frobenius–Euler numbers, J.
Nonlinear Sci. Appl. 10 (2017), no. 4, 1345–1349; Available online at
https://doi.org/10.22436/jnsa.010.04.06.

9

