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Abstract 
 

This work is devoted to the investigation of Friedmann-Robertson-Walker (FRW) cosmological models with the help of the so-called 

Variational Iteration Method (VIM). For this end, we briefly recall the main equations of the cosmological models and the basic idea of 

VIM. In order to approbate the VIM in FRW cosmology and demonstrate the main steps in solving by this method, we consider the test 

example of the universe with dust for which the exact solution of the model is known. Then, a solution for the spatially flat FRW model 

of the universe filled with the dust and quintessence is obtained when the exact analytic solution cannot be found. A comparison of our 

solution with the corresponding numerical solution shows that it is of a high degree of accuracy. Moreover, the Dynamical System Anal-

ysis to the dynamics of the homogeneous and isotropic FRW universes is used as a special case of generalized Lotka–Volterra system 

where the competitive species are the barotropic fluids filling the Universe. With the help of VIM, we have found the iterative formulae 

for the density parameters of the cosmological analog of the generalized Lotka–Volterra set of equations. All solutions illustrated graph-

ically by means of Maple software. 
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1. Introduction 

This document can Cosmology is one of the most actual areas of research in the field of theoretical physics. Modern and generalized 

cosmological theories today are also actively supported by the experimental results of the observational constraints of the Universe. So, 

the relatively recent discovery of the present acceleration of our Universe is strongly supported by type Ia supernovae, cosmic microwave 

background radiation, and Sloan Digital Sky Survey [1]-[6]. This acceleration is caused by the fact that most of the matter consists of 

dark energy (DE), which is an exotic energy with negative pressure. Unfortunately, the nature of the DE is still unknown. In this regard, 

it is worth mentioning that one of the main problems in theories of gravity is the difficulty of finding analytical solutions due to the high-

ly nonlinear nature of the equations of the gravitational field, and therefore comparison with observations cannot be easily implemented. 

Therefore, it is important that other methods be effectively used to solve such equations, at least in approximate form. 

This problem becomes especially complex in the presence of various non-linear sources of gravity. Under these conditions, various ap-

proximate solution methods can be used, such as the weak field approximation in the General Theory of Relativity [7], the slow-roll ap-

proximation in inflationary cosmology [8, 9], etc. It should be noted that in such approximations, one has to ignore some of the terms in 

the main equations of the theory, that yields losing the universality of the solutions obtained. The basic equation governing the dynamics 

of cosmic evolution is known as the Friedmann equation. Since this equation applies to many cosmological models, any approach to its 

solution is always of great interest (see, for example, [10, 11] and references therein).  

Early, we have studied some cosmological models in Friedmann-Robertson-Walker space-time by means of the so-called Homotopy 

Perturbation Method [12, 13]. First, we considered the specific example in order to approbate the HPM in cosmology and present the 

main steps in solving the Friedmann equation by this method [14]. Then, we obtained a solution for the spatially flat FRW model of the 

universe filled with the dust and quintessence. A comparison of our solutions with the corresponding numerical solutions shows that it is 

of a high degree of accuracy. Moreover, we have applied HPM to some other problems of General Relativity and cosmology [15]-[17]. 

Variational iteration method (VIM) is another well-known analytical approach for solving the nonlinear equations [18]-[20]. Its greatest 

advantages are that the method is meshless, the solution is an explicit function, and the iterations converge to the exact solution very 

rapidly [21]-[23]. We have used this method in some problems of General Relativity and cosmology (see, for example, [24, 25]). The 

purpose of the present paper is the application of He's VIM in obtaining the approximations for the Friedmann equation in FRW cosmol-

ogy. 

The well known alternative method to investigate the set of cosmological equations is the Dynamical System Analysis (DSA). The ap-

proach of this method is to find the numerical solutions and help in understanding the qualitative behavior of a given physical system 

[26]-[28]. For this purpose, the effective form of cosmological field equations describing the whole cosmic evolution history in a homo-

geneous and isotropic cosmological background is constructed as the autonomous system of the first order dynamical equations. The 

most important concept in Dynamical System Analysis is to find out critical points of a set of first-order ordinary differential equa-

tions.The application of Dynamical System Analysis to cosmology has been widely discussed in literature [29, 30]. 

http://creativecommons.org/licenses/by/3.0/
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The interesting feature of DSA approach in cosmology is the fact that the dynamics of homogeneous and isotropic FRW universes is a 

special case of generalized Lotka– Volterra system where the competitive species are the barotropic fluids filling the Universe [31, 32]. 

Without coupling between those fluids, Lotka–Volterra formulation offers a simple way to interpret usual FRW cosmological dynamics. 

At the same time, one can find the investigations of Lotka– Volterra system in biology in which VIM is actively used [33]-[37]. So, we 

can apply some of those results to the cosmological FRW model. In this paper, we show the way of doing so. 

2. A brief introduction to VIM 

The VIM has been proposed by J.-H. He [18]-[20], and can be successfully applied to the linear, nonlinear, and boundary value prob-

lems. Dealing with this method, one has to construct a correction functional by a general Lagrange multiplier. Then, the Lagrange multi-

plier can be identified optimally using the variational theory. Being different from the other non-linear analytical methods, such as per-

turbation methods, this method does not depend on small parameters. It is why VIM can find wide application in non-linear problems 

without linearization or small perturbations. In order to demonstrate a general idea of VIM, we can consider the following general non-

linear equation: 

 

[ ( )] [ ( )] ( ),L u x N u x g x+ =                                                                                                                                                                               (1) 

 

Where L  and N  are linear and nonlinear operators respectively, and ( )g x  is a known function. The correct functional for the equation 

(1) can be given by 
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Is a Lagrange multiplier, that can be identified optimally using the variational iteration method. At this, 
n

u  is considered to be a restricted 

variation which means that 0
n

u =  . Making the correct functional (2) stationary, one can obtain  
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The stationary conditions, 
1
( ) 0

n
u x

+
=  , can be derived using integration by parts in equation (3) and noticing that (0) 0

n
u =  . The La-

grange multipliers can be easily and precisely obtained for linear problems. However, for nonlinear problems, it is not as trivial. The 

nonlinear terms are treated as restricted variations such that the Lagrange multiplier can be determined as a simpler form. 

The importance and the very utility of method is endowed with the choice of assumption of considering even highly nonlinear and com-

plicated dependent variables as restricted variables thereby synchronizing the error occurring due to process of finding solution to equa-

tion (1) to its minimum magnitude. Eventually, after   is determined as desired, a proper selective function, may it be a linear or other-

wise with respect to equation (1) is assumed as an initial approximation for finding next successive iterative function by equation (2) 

recursively. 

The successive approximations 
1
( )

n
u x

+
 of the solution will be readily obtained upon using the obtained Lagrange multiplier and by using 

any appropriate function for 
0
( )u x  . The zeroth approximation 

0
( )u x  may be selected by any function that just meets, at least, the initial 

and boundary conditions. Therefore by starting from 
0
( )u x  , the exact solution may be obtained as 

 

( ) lim ( )
nn

u x u x
→

=                                                                                                                                                                                                (4) 

 

Thus, in applications of VIM to differential equations, one should undertake the following three steps: (i) establishing the correction 

functional; (ii) identifying the Lagrange multipliers; (iii) determining the initial iteration. For the convergence criteria and error estimates 

of the VIM, one can refer the reader to [21]-[23]. 

3. FRW cosmological models 

The Einstein's gravitational equations with a constant cosmological term   can be written as follows  

 
1/3

2 3
( ) sinh .

2
( )exact m

a  


 
 =  
 
  

                                                                                                                                                                         (5) 

 

Where for the sake of simplicity we assume that the gravity coupling constant 8 1G =  and the speed of light 1c =  . All other symbols 

have their usual meanings in the Riemannian geometry. Considering all kind of matter in the universe as perfect fluids with the energy 

densities 
m

  and pressure 
m

p  , one can write down the following energy-momentum (EMT) tensors for all matter components  
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( ) ( ) ,m

ik m m i k m ik
T p u u p g= + −                                                                                                                                                                              (6) 

 

Where (1,0,0,0)
i

u =  is 4-velocity of the co-moving observer, satisfying 1i

i
u u =  . The general assumption of standard cosmology is to 

use the FRW metric as an isotropic and uniform description of the Universe. The line element of FRW space-time has the following form  
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Where ( )a t  is a scale factor, and 1,0, 1k = −  for a closed, spatially-flat, open universe respectively. Given this metric and equation (6) for 

each component of the total EMT ( )m

mik ik
T T=  , we can reduce (5) to the following set of equations: 
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Where a
aH =  is the Hubble parameter, and the overdot stands for differentiation with respect to cosmic time t  . 

In the case of non-interacting components of matter, the continuity equation for each of them follows from (7) and (8) as: 

 

( )3 0.
m

H p
m m

 + + =                                                                                                                                                                                    (9) 

 

From the assumption of barotropic equation of state (EoS) 
m m m

w p =  for each components of the matter, the continuity equations (9) 

with a constant EoS parameters 
m

w  can be integrated explicitly, providing  

 
3(1 )

0
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Where 
0m

  is a constant of integration. 

Let us consider now a spatially flat model of the Universe. By putting 0k =  and substituting (10) into the Friedmann equation (7) along 

with the Hubble parameter, we obtain the following main equation of the model  
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=  , and  
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Is the dimensionless density parameter of the m  -component of matter, and / 3

=   is the vacuum energy density. By introducing the 

dimensionless cosmic time H t


=  , we can rewrite the Friedmann equation (11) as  

 
(1 3 )2 2 ,mw

m
m

a a a
− +


 =  +                                                                                                                                                                                     (13) 

 

Where the prime stands for the derivative with respect to   . The Friedmann equation (13) is substantially non-linear, excluding the 

obvious case of quasi-vacuum EoS, 1
m

w = −  . So, the method for solving this equation proposed in this paper cannot be directly applied, 

since it assumes the presence of the linear part in the non-linear equation. Therefore, we can provide a differential consequence of equa-

tion (13) which is the following second-order equation  
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 − = − +                                                                                                                                                                      (14) 

 

Provided that 0a   . 

4. Solving the FRW models by VIM 

Comparing equation (1) with the main equation (14), we can write down the correction functional (2) as follows  
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Where ( )

n
a s  is considered to be a restricted variation. By using the stationary condition for the correction functional (15), we get  

2
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                                                                                                                                                  (16) 

 

Using integration by parts in equation (16), and noticing that (0) (0) 0
n n

a a  = =  , we can rewrite this equation as follows  
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The stationary conditions 
1
( ) 0

n
a 

+
=  applied to this equation yield the following equations for the Lagrange multiplier  
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These equations can be readily solved that yields the following Lagrange multiplier  

 

( ) sinh( ).s s

 = −                                                                                                                                                                                           (19) 

 

Then, according to (15) and (18), the successive approximations ( )
n

a   of the solution for the main equation (14) can be readily obtained 

upon using the obtained Lagrange multiplier (18) and by using any appropriate function for 
0
( )a   as  
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The zeroth approximation 
0
( )a   should satisfy the initial conditions for (0)a  and (0)a  . Thus, by starting from 

0
( )a   , the exact solution 

for equation (14) can be obtained as  

 

( ) lim ( )
nn

a a 
→

=                                                                                                                                                                                               (21) 

4.1. The test example of the universe with dust 

Let us consider the case of FRW cosmology with the only form of matter represented by the pressureless dust. The EoS of such a matter 

is known as 0
m

w =  . Therefore, the Friedmann equation (13) becomes as follows 

 
2 1 2 ,

m
a a a−


 = +                                                                                                                                                                                             (22) 

 

Or, according to equation (14), 
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 − = −                                                                                                                                                                                           (23) 

 

The exact solution to equations (22) and (23) can be readily found in the following form  
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In order to determine a possible free parameter in the initial approximation 
0
( )a   , one can compare our approximate solution of equation 

(23) with a series expansion of the exact solution (24) in exp( )−  represented by 
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Now on, we consider the VIM of solving equation (23). In this case, equation (20) becomes as follows 
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We can start with initial approximation 
0 0
( )a b e  =  where 

0
b  is a constant. Then using the iteration formula (26) with 0n =  and 1n =  , 

and Maple software, we can obtain the first approximation as follows  
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In the same manner, the next approximations can be obtained using the iteration formula (26) and the Maple software. Since parameter 

0
b  in this solution remains free, it can be specified with the help of some additional conditions. Here we consider only one simple condi-

tion as an example. For this end, we equate the coefficients in the first terms of the equations (25) and (27). As a result, we have the fol-

lowing equation 3
0 2

0

.
12 4

m mb
b

 
 

− =   

 

 
Fig. 1: Shows The Approximate Solutions for the Scale Factor, Given by Equations (25) (Red Line of Points) and (28) (Blue Dashed Line) Compared to 

the Exact Solution (24) (Black Line), where We Put 3 / 4 1
m

 =  for the Sake of Simplicity. 

 

Solving the latter, we have 
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Substituting this value of 
0

b  in equation (27), we get the following approximate solution 
1

( ) ( )a a  : 
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The graphical comparison of the approximate solutions (25) and (28) with the exact solution (24) is shown in Fig. 1. Besides, Fig. 2 

shows the percentage of relative errors of the approximate solutions compared to the exact one. 

 

 
Fig. 2: Shows the Percentage of Relative Errors of the Corresponding Approximations to A (Τ) Given by Equations (25) (In Red) and (28) (In Blue) 

Compared to the Exact Solution (24). 

4.2. The model with dust and quintessence 

In this case, we have in equation (14) one more term compared to the previous case. This term is due to a quintessence with equation of 

state 1/ 3
m q

w w=  −  . If we consider 1
q

w  −  in equation (14), then we can obtain the following Friedmann equation instead of (23) 
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Where 

m
  is defined by (12), and 0

23

q

q H




 =  being the quintessence energy density. 

The Friedmann equation (16) can be solved only in quadratures, and does not have an exact analytical solution. So the attempt to solve 

this equation with the help of VIM, and a comparison of this solution with the corresponding numerical solution are of certain interest. 

Therefore, we consider the VIM of solving equation (29). In this case, equation (20) becomes as follows 
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Once again, we can start with initial approximation 
0 0
( )a b e  =  where 

0
b  is a constant. Then using the iteration formula (30) with 0n =  , 

we can obtain the first approximation 
1

( ) ( )a a   as follows 
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At this, the condition 1
m q 

 + =  should be valid. 

With the analytical solution for the scale factor (31), we are able to study the model in more detail since almost all kinematics parameters 

of the model can be expressed by means of the Hubble parameter a
aH =  . In view of relation H t


=  and equation (31) for the scale 

factor in our approximation, it is easy to derive that 
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As one can see from (32), the approximate solution (31) is valid for any 
q

w  , excluding 1
q

w = −  , and equation (33) shows that 

( )H H


→ =  regardless of the value of 1
q

w  −  . Moreover, using equations (31)-(33), one can readily verify that ( 0)H H


= =  like-

wise regardless of the value of 1eq  −  . 

In the case of 1/ 3
q

w = −  , the general solution (31) coincides with the scale factor represented by the formula (27). This is a rather obvi-

ous result, since the last term in the equation (29), which is proportional to 
q

  , is zero in this case.  

For the case of quintessential equation of state 2 / 3
q

w = −  , we get according to (31)-(33) that 
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The time behavior of the Hubble parameter in accordance to (33) for some values of 
q

w  and 0.3
m

 =  , 0.7
q

 =  is shown in Fig. 3. 

 

 
Fig. 3: The Time Behavior of the Hubble Parameter in Accordance to (33) with 1H


= , 

0
1b = , 0.3

m
 = , 0.7

q
 =  and for Different Equation of 

State: 1/ 3
q

w = −  (In Red), 1.34 / 3
q

w = −  (In Black) and 2 / 3
q

w = −  (In Blue). 

 Figure  
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As well known, one of the most important observational parameter in cosmology is the deceleration parameter defined by 
2

2 21a a H

a H
q = − = − −  where the sign of q  indicates whether the model accelerates or not. For a decelerating model we have 0q   , whereas 

for an accelerating model of the universe 0q   . The deceleration parameter 2

( )

( )
( ) 1 H

H
q H 


 


= − −  can be obtained with the help of equation 

(33), and it can be expressed by 
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                                                                            (36) 

 

Where we have simplified all notation for the coefficients (32), omitting the index 
q

w  . Fig. 4 shows the evolution of ( )q   as a function 

of cosmic time  . 

 

 
Fig. 4: The Time Behavior of Deceleration Parameter Q of the Model in Accordance to (33) with 1H


= , 

0
1b = , 0.3

m
 = , 0.7

q
 =  and for Differ-

ent Equation of State: 1/ 3
q

w = −  (In Red), 1.34 / 3
q

w = −  (In Black) and 2 / 3
q

w = −  (In Blue). 

5. Solving FRW model as a jungle universe by VIM 

As known [31, 32t], formally, one can investigate the interesting fact that the dynamics of homogeneous and isotropic Friedmann–

Robertson-Walker universes is a special case of generalized Lotka– Volterra system where the competitive species are the barotropic 

fluids filling the Universe. Without coupling between those fluids, Lotka–Volterra formulation offers a simple way to interpret usual 

FRW cosmological dynamics. A physical coupling between cosmological fluids can be proposed which preserves the structure of the 

dynamical equations as the standard system of Lotka–Volterra equations. In such a way, we can obtain the system of equations when one 

of the fluids is coupled to dark energy. This provides a generic behavior for cosmic expansion in presence of coupled species. 

In the paper [31], the authors present FRW Universe containing fluids in interaction as a particular case of the well known Lotka–

Volterra system. This formulation is possible when one considers the system in term of in terms of density parameters for matter  
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8
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3
m m

G

H


 =                                                                                                                                                                                                 (37) 

 

Evolving through the variable lna  where a  is the scale factor of the Universe. This makes us able to use a lot of standard techniques of 

dynamical systems analysis in the context of cosmology. Following standard procedure, one can rewrite the set of equations (7)-(9) in 

terms of density parameters for matter (37), cosmological parameter 


  and curvature 
k

  , given by  
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k

k
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 =  = −                                                                                                                                                                              (38) 

 

Taking into account equations (7)-(9) and (37)-(38), and changing the independent variable to the number of e-folding ln( )N a=  , one 

gets 
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                                                                                                                                                               (40) 

 

Where a prime stands for N  -derivative, and 

 

1.
m k

 + + =                                                                                                                                                                                             (41) 

 

The system of equations (39)-(40) formally coincides with the general form of the model of the population dynamics of two species, that 

is a peculiar Lotka–Volterra system. In the case of the constancy of EoS 
m

w  , this system coincides up to notations with the system 

solved by the VIM in [33]. 

 Figure  
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The correction functionals of the system (39)-(40) are  

( )

( 1) ( ) 1 ( )
0

2

( ) ( ) ( )

( )
( ) ( ) ( ) (1 3 ) ( )

(1 3 ) ( ) 2 ( ) ( ) ,

N
m n

m n m n m m n

m m n m n n

d s
N N s w s

ds

w s s s ds


+




 =  + + +  



− +  +   

                                                                                                                            (42) 

 

( ) 2

( 1) ( ) 2 ( ) ( )
0

( ) ( )

( )
( ) ( ) ( ) 2 ( ) 2 ( )

(1 3 ) ( ) ( ) ,

N
n

n n n n

m n m n

d s
N N s s s

ds

w s s ds

 

 +   




 =  + −  +  



− +   

                                                                                                                         (43) 

 

Where 
( )m n

  and 
( )n

  are considered to be restricted variations with 
( ) ( )

0
m n n

 


 =  =  . From the latter and equations (42)-(43), we ob-

tain  

 

( )

( 1) ( ) 1 ( )
0

( )
( ) ( ) ( ) (1 3 ) ( ) ,

N
m n

m n m n m m n

d s
N N s w s ds

ds
   

+

 
 =  + + +   

 
                                                                                                                  (44) 

 

( )

( 1) ( ) 2 ( )
0

( )
( ) ( ) ( ) 2 ( ) .

N
n

n n n

d s
N N s s ds

ds
    

 +  

 
 =  + −   

 
                                                                                                                             (45) 

 

Using integration by parts in equations (44) and (45), we can find out that the Lagrange multipliers 
1
( )s  and 

2
( )s  can be obtained by 

solving the following system as the stationary conditions: 

 

1
( ) 1 0, ( ) (1 3 ) ( ) 0,

1 1 || s N

s N

s s w s
m

  
=

=

 + = − + =
  

 

 

2
( ) 1 0, ( ) 2 ( ) 0.

2 2 || s N

s N

s s s  
=

=

 + = + =
  

  

 

Therefore, the Lagrange multipliers are 

 

1 2
( ) exp[(1 3 )( )], ( ) exp[ 2( )].

m
s w s N s s N = − + − = − − −                                                                                                                               (46) 

 

Hence, it is follows from equations (42), (43) and (46) that the variational iterations for system (39)-(40) are given by:  
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( 1) ( ) ( )
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2
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w s s s ds
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                                                                                                   (47) 
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                                                                                                   (48) 

 

The solution to system (39)-(40) in linearized form (taking 0n =  ) is as follows: 

 
(1 3 ) 2

(0) 0 (0) 0
( ) , ( ) ,mw N N

m m
N e N e

− +

 
 =  =                                                                                                                                                  (49) 

 

Where 
0m

  and 
0

  are constants of integration. Substituting the initial approximations (49) along with 0n =  into the system (47) and 

(48), we have the following equations 

 

(1 3 ) (1 3 ) (1 3 )2 2

(1) 0 0 0 0
0

(1 3 )2 2 2 2

(1) 0 0 0 0
0

( ) (1 3 ) 2 ,

( ) 2 (1 3 ) ( ) ,

m m m

m

N
w N w N w s s

m m m m m

N
w sN N s

m m

N e e w e e ds

N e e e w s e ds

− + − + − +



− +

   

 = + +  −     

 = −  − +     

 
 

Which after integration yield the first-order approximation:  

 

( )(1 3 ) (1 3 ) 2

(1) 0 0 0 0 0
( ) 1 ,m mw N w N N

m m m m
N e e e

− + − +

 
 = + + − −                                                                                                                          (50) 

 

( )(1 3 )2 2

(1) 0 0 0 0 0
( ) 1 ,mw NN N

m m
N e e e

− +

   
 = + + − −                                                                                                                                 (51) 
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The rest of the components of the iteration formulas (47) and (48) can be obtained using the computer algebra package Maple. We 

demonstrate the time behavior of the energy densities 
(1)

( )
m

N  and 
(1)

( )N


  due to equations (50)-(51) for two different equation of 

state: 
q

w  in Fig. 5. 

 
Fig. 5: Shows the Time Behavior of the Energy Densities 

(1)
( )

m
N  (Dashed Lines) and 

(1)
( )N


  (Solid Lines) in Accordance to (50)-(51) with 

0
0.95

m
 =  and 

0
0.05


 =  for Two Different Equation of State: 0

q
w =  (In Red) and 0.2

q
w = −  (In Black).  

6. Conclusion 

In this paper, the variational iteration method was employed successfully for solving the Friedmann-Robertson-Walker equation in cos-

mology. For the illustrative purpose, the exact solution are compared with the approximate solutions in Fig. 1 and Fig. 2 , which show 

that we can achieve a very good approximation to the exact solution of the Friedmann equation by using only few steps of the iteration 

formula (20). It is evident that the overall errors can be made smaller by calculating more terms of this sequence. 

Further, we have found the approximate solution (31) for the cosmological model of a quintessence field with the equation of state 
q

w  . 

Fig. 3 and Fig. 4 show the time behavior of the Hubble parameter ( )H   and deceleration parameter ( )q   as the functions of time   on 

the base of the found approximate solution. From these figures and equation (31), one can see the complex behavior of the model, in 

which the Hubble parameter starts to evolve from the value H


 and asymptotically tends to the same value H


 at  →  . 

Finally, we have explored the DSA approach in cosmology using the fact that the dynamics of the homogeneous and isotropic FRW uni-

verses is a special case of generalized Lotka– Volterra system where the competitive species are the barotropic fluids filling the Universe. 

We have found the iterative equations (47), (48) for the density parameters of the cosmological analog of the generalized Lotka–Volterra 

set of equations. Fig. 5 illustrates the first-order VIM approximation (50), (51) to the evolution of the matter densities in this model. 

The results of this work show that the variational iteration method is a powerful mathematical tool for finding the approximate solutions 

of the cosmological nonlinear equations. 
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