
International Journal of Advanced Mathematical Sciences, 10 (2) (2024) 19-23

International Journal of Advanced Mathematical Sciences
Website: www.sciencepubco.com/index.php/IJAMS

Research paper

On some characterizations of classical operators of composition
Hardy type
Anupama Gupta1*

1 Govt. Degree College Marheen, District Kathua, 184148, J&K, India
*Corresponding author E-mail: anugup49@gmail.com

Abstract

In this paper, we study classical operators of composite Hardy type on Lp− space.Our focus is to discuss some operator theoretic properties
of the classical operators of composite Hardy type. An attempt has been made to compute the nth approximation number of classical
operators of composite Hardy type.
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1. Introduction

Let (X ,Ω,µ) be a σ−finite measure space. For 1 ≤ p < ∞, suppose Lp(µ) is a Banach space of all real valued Lebesgue measurable
functions f : X → R with usual norm, || f ||p = (

∫ 1
0 | f (x)|pdµ(x))1/p < ∞. Also, L2(µ), is the space of square-integrable functions is a

Hilbert space. For each f ∈ Lp(µ),1 ≤ p < ∞, there exists unique φ−1(Ω) measurable function E( f ) such that
∫

g f dµ =
∫

gE( f )dµ for
every φ−1(Ω) measurable function g for which left integral exists and the function E( f ) is called conditional expectation of f with respect
to the sub- algebra φ−1(Ω). Also,we have,

E( f )oφ
−1 = g ⇐⇒ E( f ) = g◦φ .

For wider perspective of expectation operator, one can refer to Parthasarthy [13]. Let φ : X → X be a non-singular measurable transformation

(µ(E) = 0 ⇒ µφ
−1(E) = 0,∀E ∈ Ω).

We can define a composition transformation, for 1 ≤ p < ∞, as Cφ : Lp(µ)→ Lp(µ) by

Cφ f = f ◦φ∀ f ∈ Lp(µ).

If Cφ is continuous, then Cφ is called as composition operator induced by φ . The composition operators are also known as substitution

operators or Koopman operators. Singh [15] established that Cφ is a bounded operator if and only if fd = dµφ−1

dµ
, the Radon-Nikodym

derivative of the measure µφ−1 with respect to the measure µ, is essentially bounded. In 1990, the adjoint of a composition operator was
computed by Campbell [1] on L2(µ) which is given by

C∗
φ f (x) = fd(x)E( f ◦φ

−1)(x).

Let θ : X →C be a function such that θ . f ∈ Lp(µ), for all f ∈ Lp(µ), then we can define a multiplication transformation Mθ : Lp(µ)→ Lp(µ)
by Mθ f = θ . f . If Mθ is continuous,we call it a multiplication operator induced by θ . We defined Volterra operator (Hardy operator) V, as
V : Lp → Lp

(V f )(x) =
∫ x

0
f (y)dµ(y), ∀ f ∈ Lp[0,1].

Thus, the Volterra operator V is an integral operator induced by the kernel k(x,y) defined as

k(x,y) =
{

0 x ≤ 0
1 x > 1.
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The adjoint of Volterra (Hardy operator) V is given by

V ∗ f (x) =
∫ 1

x
f (t)dµ(t).

Whitley [18] established the Lyubic’s conjecture [11] and generalized it to Volterra composition operators on Lp[0,1]. The Volterra
composition operator is a composition of Volterra integral operator V and a composition operator Cφ defined as

(Vφ f )(x) = (CφV f )(x) = (V f )◦φ(x)

(Vφ f )(x) =
∫

φ(x)

0
f (t)dµ(t)

for every f ∈ Lp[0,1], where φ : [0,1] → [0,1] is a measurable function. Gupta and Komal [2] defined the Volterra composite integral
operators using expectation operator as given below

(Vφ f )(x) =
∫ x

0
f (φ(y))dµ(y) =

∫ x

0
E( fdoφ

−1)(y) f (y)dµ(y).

For 1 ≤ p < ∞, classical Hardy operator (averaging operator/Cesaro operator),

H : Lp[0,1]→ Lp[0,1]

is defined by

H( f )(x) =
1
x

∫ x

0
f (y)dµ(y).

The adjoint of classical Hardy operator H∗ is given by

H∗ f (x) =
∫ 1

x

f (t)
t

dµ(t).

The classical Hardy operators have been extensively studied since their introduction in 1915, as they constitute simple examples of positive
integral operators. For x ∈ [0,1], the classical Hardy operator can be written as

H f (x) =
∫ 1

0
f (xu)du.

The classical Hardy operators can also be defined using convolution product as

H f (x) =
1∫ x

0 χ[0,∞)(t)dt
( f ∗χ[0,∞))(x);x ≥ 0.

For p > 1, the first Hardy inequality

(
∫

∞

0
(

1
x

∫ x

0
| f (t)|dµ(t))p)

1
p ≤ p

1− p
(
∫

∞

0
| f (t)|p)

1
p .

For detail about the history of Hardy-type inequalities upto 2007, one can refer to Kufner ([8][9]), Nikolova [12] and Krulic [7]. The concept
of classical operators of composite Hardy type was introduced by Gupta [3] in 2022. The definition of classical operators of composite
operator of Hardy type is motivated by Whitley [18], wherein composition operator with Volterra integral operator were composed to study
Lyubic’s conjecture. Gupta [3] composed composition operator Cφ with classical Hardy operator H, and the classical operator of composite
Hardy type is defined as

(Hφ f )(x) = (CφH f )(x) = (H f )◦φ(x)

(Hφ f (x) =
1
x

∫ x

0
f (φ(t))dµ(t)

for every f ∈ Lp[0,1], where φ : [0,1]→ [0,1] is a measurable function. From the recent literature available in operator theory and functional
analysis, we explore that multiplication operators and composition operators are very much intimately connected with classical Hardy
operators. There exits a vast literature on the properties of these operators in different function spaces. For more recent studies about these
operators, we refer to Singh and Manhas [16], Takagi [17], Halmos [4], Halmos and Sunder [5], Kreshaw[6], Lao and Whitley[10] and
Whitley [18]. Our focus in this paper is mainly on operator theoretic properties of classical operators of composite of Hardy type.
It has been proved that classical operators of composite Hardy type from Lp(µ)) into Lp(µ) is bounded. The conditions for classical
operators of composite Hardy type to be a contraction are explored. In addition, the spectrum of classical operators of composite Hardy
type is computed. The main purpose of this paper is to evaluate approximation number of classical operators of composite Hardy type.
The introduction conclude by recalling some standard notation in operator theory. Let H be a Hilbert space and B(H) be the algebra of all
bounded linear operators acting on H. For a pair p,q such that 1 ≤ p,q < ∞, and a continuous linear operator T : Lp → Lq, the norm of T is
given by

||T f ||= sup{||T f || : || f ||= 1}.

A mapping T : X → X is said to be contraction if ∥|T x−Ty|| ≤ d∥|x− y|| for some d < l and x,y ∈ X . For any natural number n, suppose
S ∈ B(X ,Y ), then the nth approximation number of P is defined as αn(S) = inf{||S−Q|| : Q ∈ B(X ,Y )}, where Q is one-dimensional
operator.



International Journal of Advanced Mathematical Sciences 21

2. Operator theoretic properties of Classical Operators of Composite Hardy Type (CCHO)

Theorem 2.1 Let φ : [0,1]→ [0,1] be a non-singular measurable transformation. For 1 ≤ p,q < ∞, if Hφ : Lp[0,1]→ Lq[0,1] is a linear
transformation, then Hφ is continuous and hence,a bounded operator.

Proof. We have make use of closed graph theorem in order to prove that Hφ is bounded operator. Let { fn},{Hφ fn} ∈ Lp[0,1] such that

fn → f ,Hφ fn → g

for some f ,g ∈ Lp[0,1]. That is,
1
x

∫ x

0
fnoφ(y)dy = g(x).

Then, there exists a dominated subsequence { fnk} of { fn} such that

fnk (x)→ f (x),Hφ fnk (x)→ g(x)

for µ− almost all x ∈ [0,1] Then, we have
1
x

∫ x

0
fnk oφ(y)dy → g(x)

for µ− almost all x ∈ [0,1]. Also, | fnk | ≤ h for some h ∈ Lp[0,1]. By using Lebesgue dominated convergence theorem and non-singularity
of φ , we have

1
x

∫ x

0
fnk oφ(y)dy → 1

x

∫ x

0
f oφ(y)dy

for µ− almost all x ∈ [0,1]. Thus, we get

Hφ f (x) =
1
x

∫ x

0
f oφ(y)dy = g(x).

This shows that graph of Hφ is closed and therefore, by using closed graph theorem,Hφ is continuous and hence, bounded.

In the following example, we have discussed bounded classical operators of composite Hardy type Hφ .

Example 2.2 Let X = [0,1]. Define φ : [0,1]→ [0,1] by φ(x) =
√

x,∀x ∈ [0,1]. Then φ−1(x) = x2 and fd(x) = 2x. Suppose f (x) = x2,∀x ∈
[0,1]. Then ∀x ∈ [0,1],we have

Hφ f (x) =
1
x

∫ x

0
f (φ(y))dµ(y)

=
1
x
(
∫ x

0
f (
√

y)dµ(y)

=
1
x

∫ x

0
ydµ(y)

=
x
2
.

Hence, Hφ is a bounded operator.
In the next result, we explore the condition for classical operators of composite Hardy Type (CCHO) to be a contraction on Lp(µ). In the the
proof the next theorem, we have make use of the result of Gupta[3] stated as follows:
For 1 < p,q < ∞, 1

p +
1
q = 1, let Hφ ∈ B(Lp(µ)). The Hφ is a bounded operator and

||Hφ f ||p ≤ α
p

1− p
|| f −g||p.

Theorem 2.3 For 1 < p,q < ∞, 1
p +

1
q = 1 and q is the conjugate exponent of p. Let Hφ ∈ B(Lp(µ)). Then Hφ is a contraction if

fd =
dµφ−1

dµ
≤ α < 1.

Proof. For f ,g ∈ Lp(µ), by using bounded condition from Gupta [3], we have

||Hφ f −Hφ g|| ≤ ∥|Hφ |||| f −g||p

≤ α
p

1− p
|| f −g||p

≤ α(−q)|| f −g||p.

Here we have used the given conditions, 1
p +

1
q = 1 ⇒ p

1−p =−q. and fd ≤ α < 1.
Thus, we have

||Hφ f −Hφ g|| ≤ α(−q)|| f −g||p.
Also, 1 < q < ∞ implies that 1 < q and −q < 1

||Hφ ( f −g)||
|| f −g||

≤ α(−q).

Hence, we get the required result
||Hφ f ||p ≤ α.

Therefore, Hφ is a contraction if fd ≤ α < 1.
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In the next result, consider a mapping Ta ∈ B(L2[0,1]) defined as Ta f (x) = f (x+a) for some fixed a.
Theorem 2.4 Let Hφ ∈ B(L2[0,1]). Then Hφ commutes with Ta.

Proof. Given f ∈ L2[0,1] and x ∈ [0,1] we have

Hφ Ta f (x) = Hφ (Ta f (x))

= Hφ ( f (x+a))

=
1

x+a

∫ x+a

0
f (φ(y))dµ(y)

= TaHφ f (x)

Again, we have
TaHφ f (x) = Hφ Ta f (x).

Hence, the result follows.

Theorem 2.5 Let Hφ ∈ B(Lp[0,1]). Then Cφ f (x) = 1 for all x ∈ [0,1] if and only if Hφ f (x) = 1 for all x ∈ [0,1].

Proof. Firstly, suppose Hφ (x) = 1 for all x ∈ [0,1]. Then, we have

1
x

∫ x

0
f oφ(y)dy = 1 =⇒

∫ x

0
f oφ(y)dy = x.

On differentiation, we have f (φ(x)) = 1, hence, we get Cφ f (x) = 1 for all x ∈ [0,1]. Conversely, suppose

Cφ f (x) = 1∀x ∈ [0,1] =⇒ f (φ(x)) = 1.

That is, ∫ x

0
f oφ(y)dy = x =⇒ 1

x

∫ x

0
f oφ(y)dy = 1.

Hence, we have
Hφ f (x) = 1

for all x ∈ [0,1].

In the next theorem, we have evaluated the spectrum of Hφ on Lp− space.
Theorem 2.6 Let Hφ ∈ B(Lp[0,1]). Suppose f (0) = 0, then the spectrum of Hφ is zero, σ(Hφ ) = {0}.

Proof. If possible, suppose σ(Hφ ) ̸= {0}.

Hφ f (x) = λ f (x) =⇒ 1
x

∫ x

0
f oφ(y)dy = λ f (x).

That is,
1
x

∫
φ(x)

0
f (y)dy = λ f (x).

On differentiation with respect to x, we have

1
x

f oφ(x)φ
′
(x)+(− 1

x2 )
∫

φ(x)

0
f (y)dy = λ f

′
(x).

Moreover, using given condition f (0) = 0, we have f
′
(0) = 0. Continue in this way, we get f ”(0) = 0, f

′”(0) = 0, ......... f n = 0. This shows
that f is a zero function, which is a contradiction. Hence,

σ(Hφ ) = {0}.

In the next result, we have to evaluate nth approximation number of classical composite operator of Hardy type. Consider an one-dimensional
opearator A on L1− space defined as

A f (x) =
1
2x

∫ 1

0
f oφ(y)dy.

Theorem 2.7 Let Hφ ∈ B(L1[0,1]). Suppose fd < 1. Then, for n ≤ 2,

σn(Hφ )<
1
2
.
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Proof. Let f ,g ∈ L1[0,1], we have

||Hφ f −A f || = sup
0≤x≤1

{|1
x

∫ x

0
f oφ(y)dy− 1

2x

∫ 1

0
f oφ(y)dy|}

= sup
0≤x≤1

{| 1
2x

∫ x

0
f oφ(y)dy− 1

2x

∫ 1

x
f oφ(y)dy|}

≤ sup
0≤x≤1

{ 1
2|x|

∫ x

0
| f oφ(y)|dy+

1
2|x|

∫ 1

x
| f oφ(y)|dy}

= sup
0≤x≤1

{ 1
2|x|

∫ 1

0
| f oφ(y)|dy

= sup
0≤x≤1

{ 1
2|x|

∫ 1

0
| fd f (y)|dy

< sup
0≤x≤1

{ 1
2|x|

∫ 1

0
| f (y)|dy

=
1

2|x|
|| f ||.

Thus, x ∈ [0,1], |x|< 1 we have

||Hφ −A||< 1
2
.

Hence,

σn(Hφ )≤
1
2
.

3. Conclusion

In this paper,we have studied classical operators of composite Hardy type. The characterizations for classical operators of composite Hardy
type to be contraction has been explored and the spectrum of classical operators of composite Hardy type is computed. The problem of
computing nth approximation number of classical operators of composite Hardy type is addressed. The study may open new horizons to
explore more properties of classical operators of composite Hardy type. One can investigate different applications of classical operators of
composite Hardy type.
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