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Abstract 
 

Recently, there have been several works on the coefficients of the Fourier series expansions of a class of eta quotients by Williams, Yao, 

Xia and Jin, Kendirli, and Alaca. Some important explicit formulas have been discovered. Williams expressed all coefficients of one 

hundred and twenty-six eta quotients in terms of 𝜎(𝑛), 𝜎(
𝑛

2
), 𝜎(

𝑛

3
) and 𝜎(

𝑛

6
), and Yao, Xia and Jin, following the method of proof of 

Williams, expressed only even coefficients of one hundred and four eta quotients in terms of 𝜎3(𝑛), 𝜎3(
𝑛

2
), 𝜎3(

𝑛

3
) and 𝜎3(

𝑛

6
). The author 

has expressed the even and odd coefficients of the Fourier series expansions of a class of eta quotients in terms of 

𝜎𝑘−1(𝑛), 𝜎𝑘−1(
𝑛

2
), 𝜎𝑘−1(

𝑛

3
) and 𝜎𝑘−1(

𝑛

6
) for 𝑘 = 6,8,10,12,14,16,18,20,22,24. Meanwhile, Alaca has obtained the coefficients of the 

Fourier series expansions of a class of eta quotients in 𝑀2(Γ0, 𝜒) in terms of 𝜎(𝑛), 𝜎(
𝑛

2
), 𝜎(

𝑛

3
) and 𝜎(

𝑛

6
). Here, we will express the 

coefficients of the Fourier series expansions of a class of eta quotients in 𝑀4(Γ0, 𝜒) in terms of 𝜎3(𝑛), 𝜎3(
𝑛

2
), 𝜎3(

𝑛

3
), 𝜎3(

𝑛

6
) and Fourier 

coefficients of the four eta quotients. 
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1. Introduction 

The divisor function σi(n) is defined for a positive integer i by  

 
σi(n) ≔ ∑ di

d positive integer,d|n ,  if n is a positive integer,  and  

 
σi(n): = 0,  if n is not a positive integer.  
 

The Dedekind eta function is defined by  

 
η(z): = q1/24 ∏ (1 − qn)∞

n=1 ,  
 

where 

 
q: = e2πiz, z ∈ H = {x + iy: y > 0}  

 

and, an eta quotient of level n is defined by  

 
f(z): = ∏ ηm|n (mz)am , n, m ∈ ℕ, am ∈ Z.  

 

There have been considerable effort to determine explicit formulas 

for the Fourier coefficients of eta quotients since they are the 

building blocks of modular forms of level n and weight k. The 

book of Köhler [1] (Chapter 3, pg.39) describes such expansions 

by means of Hecke Theta series, and it develops algorithms for the 

determination of suitable eta quotients. One can find more 

information in [2], [3], [4], [5] and [6]. The author has also 

determined the Fourier coefficients of the theta series associated 

with some quadratic forms, see [8], [9], [10], [11], [12] and [13].  

Recently, Williams [14] discovered explicit formulas for the 

coefficients of Fourier series expansions of a class of one hundred 

and twenty-six eta quotients in terms of σ(n), σ(
n

2
), σ(

n

3
) and σ(

n

6
). 

One example is as follows:  

 
η2(2z)η4(4z)η6(6z)

η2(z)η2(3z)η4(12z)
= 1 + ∑ c∞

n=1 (n)qn,  

 

where  

 
c(n) = 2σ(n) − 3σ(n/2) + 4σ(n/4) + 9σ(n/6) − 36σ(n/12).  
 

Then Yao, Xia and Jin [15] expressed the even Fourier 

coefficients of one hundred and four eta quotients in terms of 

σ3(n), σ3(
n

2
), σ3(

n

3
) and σ3(

n

6
). One example is as follows: 

 
η25(2z)η4(3z)

η12(z)η5(4z)η3(6z)η(12z)
= 1 + ∑ c∞

n=1 (n)qn,  

 

where 

 
c(2n) = 65σ3(n) − 68σ3(n/2) − 81σ3(n/3) + 324σ3(n/6).  
 

Motivated by these two results, we find that we can express the 

even and odd coefficients of the Fourier series expansions of a 

class of eta quotients in terms of σk−1(n), σk−1(
n

2
), σk−1(

n

3
) and 

σk−1(
n

6
) for k = 6[16],8[17],10[18],12[19],14[20],16[21],  

18[22],20[23],22[24],24[25].  Meanwhile, Alaca [26] has 

obtained the coefficients of the Fourier series expansions of a class 

of eta quotients in M2(Γ0, χ) in terms of σ(n), σ(
n

2
), σ(

n

3
) and σ(

n

6
). 

Here, we will express the coefficients of the Fourier series 

expansions of a class of one hundred and fifty-six eta quotients in 

M4(Γ0, χ)  in terms of σ3(n), σ3(
n

2
), σ3(

n

3
), σ3(

n

6
)  and the Fourier 

coefficients of the four eta quotients.  

Here we give the following Lemma, see[ [27] Theorem 1.64] 

about the modularity of an eta quotient.  
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Lemma 1. An eta quotient of level N is a meromorphic modular 

form of weight 
1

2
∑ amm|N  on Γ0(N), with Dirichlet character χ, 

having rational coefficients with respect to q if  

 
a) ∑ amm|N  is even,  

 

b) ∑ mm|N am ≡ ∑
N

mm|N am ≡ 0 mod24,  

 

c)χ(m) = (
(−1)k ∏ mamm|N

m
) .  

 

In particular, since  

 
2a23a34a46a612a12 = 2a2+2a4+a6+2a123a3+a6+a12 ,  
 

an eta quotient of level 12 is a meromorphic modular form of 

weight 4 if  

 
a1 + a2 + a3 + a4 + a6 + a12 = 8  

 

and  

 
a1 + 2a2 + 3a3 + 4a4 + 6a6 + 12a12 ≡ 12a1 + 6a2 + 4a3 + 3a4 +
2a6 + a12 ≡ 0mod24.  

 

Since a2 + a6  is an even integer, we conclude that it is a 

meromorphic modular form iff a3 + a6 + a12  is an even integer, 

and it is a meromorphic modular form with χ3 iff a3 + a6 + a12 is 

an odd integer, where χ3  is the unique primitive Dirichlet 

character mod12 . On the other hand, the modular forms are 

holomorphic iff its order at cusps, 
1

1
,

1

2
,

1

3
,

1

4
,

1

6
 and 

1

12
 are 

nonnegative, see [1] i.e., 

 

∑
(gcd (c,m))2

mm|12 am ≥ 0 for c|12.  

 

Theorem 1: Let 𝜒0 be the trivial character mod 1, i.e., it sends 𝑛 

to 1, 𝜒1 be the primitive Dirichlet character mod 4, and 𝜒2 is the 

primitive Dirichlet character mod 3. Then the Eisenstein subspace 

of 𝑀4(𝛤0(12), 𝜒3) is generated by  

 

E4
χ1,χ2 = ∑ (∞

n=1 ∑ χ10<d|n (
n

d
) χ2(d)d3)qn = q − q2 + 41q3 + 113q4 −

124q5 + 155q6 + 874q7 + O(q8),  
 

E4
χ2,χ1 = ∑ (∞

n=1 ∑ χ20<d|n (
n

d
) χ1(d)d3)qn = q − q2 − 27q3 + q4 +

124q5 + 27q6 − 342q7 + O(q8),  
 

E4
χ0,χ3 = −

B4,χ3

8
+ ∑ (∞

n=1 ∑ χ00<d|n (
n

d
) χ3(d)d3)qn = 23 + q + q2 + q3 +

q4 − 124q5 + q6 − 342q7 + O(q8),  
 

E4
χ3,χ0 = ∑ (∞

n=1 ∑ χ30<d|n (
n

d
) χ0(d)d3)qn = q + 8q2 + 27q3 + 64q4 +

124q5 + 216q6 + 342q7 + O(q8)  

 

and, the cuspidal subspace S4(Γ0(12), χ3) is generated by 

 

f1: = ∑ f1
∞
n=0 (n)qn =

η2(2z)η10(3z)η(4z)η(12z)

η2(z)η4(6z)
,  

 

f2: = ∑ f2
∞
n=0 (n)qn =

η2(2z)η7(3z)η4(12z)

η(z)η4(6z)
,  

 

f3: = ∑ f3
∞
n=0 (n)qn =

η4(z)η7(4z)η2(6z)

η4(2z)η(12z)
,  

 

f4: = ∑ f4
∞
n=0 (n)qn =

η4(z)η2(4z)η7(6z)

η3(2z)η2(12z)
.  

Proof: 

Since  

 
χ3 = χ0 ∗ χ3, χ3 = χ3 ∗ χ0,  χ3 = χ1 ∗ χ2,  χ3 = χ2 ∗ χ1,  
 

the Eisenstein subspace of M4(Γ0(12), χ3)  is generated by 

E4
χ1,χ2 , E4

χ2,χ1 , E4
χ0,χ3  and E4

χ3,χ0 . 
Since f1, f2, f3  and f4  are in S4(Γ0(12), χ3) , linearly independent 

and dim(S4(Γ0(12), χ3))= 4, the result follows. Let  

 

δ(b1) = {
0 if b1 ≠ 0
1 if b1 = 0

.  

 

Now we can state our main Conclusion:  

 

Theorem 2: The coefficients of the Fourier series of one hundred 

and fifty-six eta quotients  

 
ηa1(z)ηa2(2z)ηa3(3z)ηa4(4z)ηa6(6z)ηa12(12z) = δ(b1) + ∑ c∞

n=1 (n)qn  

 

in M4(Γ0(12), χ3) are given in the form  

 

c1σ3(n) + c2σ3(
n

2
) + c3σ3(

n

3
) + c4σ3(

n

4
) + c6σ3(

n

6
) + c12σ3(

n

12
)  

 
+r1f1(n) + r2f2(n) + r3f3(n) + r4f4(n)  

 

As in the Table in Appendix. 

 

Remark 1: The coefficients of the Fourier series of the 104 eta 

quotients in 𝑀4(𝛤0(12)) are given in the form  

 

c1σ3(n) + c2σ3(
n

2
) + c3σ3(

n

3
) + c4σ3(

n

4
) + c6σ3 (

n

6
) c12σ3(

n

12
)  

 

+r1g1(n) + r2g2(n) + r3h(n), g1(2n) = g2(2n) = h(2n − 1) = 0,  
 

exactly as in [15]. But our method is obviously much simpler than 

it since we didn’t need to use (p, k) parametrizations. 

 

Remark 2: 𝑆4(𝛤0(12), 𝜒3) is 4 dimensional, see [28] (Chapter 3, 

pg.87 and Chapter 5, pg.197), and it is generated by 𝛥𝑠, and its 

three conjugates, where 𝑡 = √3 , 𝑠 = √−140 + 80√3  and 

 

Δs = q +
1

160
(−s3 + 2s2 − 300s + 280)q2 +

1

80
(s3 − 2s2 + 260s −

280)q3 +
1

40
(−s3 − 260s − 80)q4 +

1

40
(s3 + 300s)q5 +

1

160
(7s3 +

10s2 + 1940s + 440)q6 +
1

40
(−s3 − 260s)q7 +

1

40
(−s3 − 6s2 − 300s −

840)q8 +
1

40
(−3s3 − 900s − 120)q9 +

1

20
(s3 + 260s + 400)q10 +

1

4
(s2 + 140)q11 + O(q12).  

 

Here, s, −s, (4 ∗ t + 7) ∗ s  and −(4 ∗ t + 7) ∗ s  are distinct four 

conjugate roots of the irreducible polynomial x4 + 280x2 + 400. 
By simple calculation, we see that  

 

f1 = (
1

120
(7t + 15)s +

1

12
(−t + 3))Δs(z) + (

1

120
(−7t − 15)s +

1

12
(−t +

3)) Δ−s(z) + (
1

120
(11t + 21)s +

1

12
(t + 3)) Δ(4∗t+7)∗s(z) + (

1

120
(−11t −

21)s +
1

12
(t + 3)) Δ−(4∗t+7)∗s(z),  

 

f2 = (
1

80
(3t + 6)s −

1

24
t) Δs(z) + (

1

80
(−3t − 6)s −

1

24
t) Δ−s(z) +

(
1

80
(3t + 6)s +

1

24
t) Δ(4∗t+7)∗s(z) + (

1

80
(−3t − 6)s +

1

24
t) Δ−(4∗t+7)∗s(z),  

 

f3 = (
1

80
(−9t − 16)s +

1

8
(−t + 2)) Δs(z) + (

1

80
(9t + 16)s +

1

8
(−t +

2)) Δ−s(z) + (
1

80
(−t − 4)s +

1

8
(t + 2)) Δ(4∗t+7)∗s(z) + (

1

80
(t + 4)s +

1

8
(t + 2)) Δ−(4∗t+7)∗s(z),  

 

f4 = (
1

120
(−8t − 15)s +

1

12
(−2t + 3)) Δs(z) + (

1

120
(8t + 15)s +

1

12
(−2t + 3)) Δ−s(z) + (

1

120
(−4t − 9)s +

1

12
(2t + 3)) Δ(4∗t+7)∗s(z) +

(
1

120
(4t + 9)s +

1

12
(2t + 3)) Δ−(4∗t+7)∗s(z).  
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Appendix 

Table 

𝑁𝑜    𝑎1   𝑎2   𝑎3  𝑎4   𝑎6   𝑎12  𝑐1  𝑐2   𝑐3   𝑐4   𝑟1   𝑟2   𝑟3   𝑟4  

1    −10   20   10  −9   −10   7  
16

23
  0   0   −

1

23
   0   −

166

23
   

12

23
   −

27

23
  

2    −9   16   7  −2   −6   2  
36

23
  0   0   0   −

109

184
   −

205

92
   −

9

23
   

77

184
  

3    −9   20   −1  −4   2   0  
27

23
  0   

1

23
   0   −

21

46
   

42

23
   

16

23
   −

21

46
  

4    −8   14   4  1   −4   1  
27

23
  0   0   0   −

15

92
   −

51

46
   −

1

23
   

3

92
  

5    −8   9   12  2   −5   −2  
96

23
  

1

23
   0   0   

111

23
   

282

23
   −

40

23
   

16

23
  

6    −7   10   1  8   0   −4  
725

276
  0   

9

92
   

7

69
   

3769

736
   −

3371

368
   −

51

92
   −

289

736
  

7    −7   13   9  −7   −9   9  
8

69
  0   0   −

1

69
   

5

46
   −2   

14

69
   −

19

46
  

8    −7   17   1  −9   −1   7  
2

23
  0   0   

1

23
   −

43

184
   

21

92
   −

5

23
   

59

184
  

9    −7   18   9  −8   −8   4  0  0   0   
3

23
   −

22

23
   

376

23
   −

48

23
   −

90

23
  

10    −7   7   9  5   −3   −3  
72

23
  

1

23
   0   0   

221

46
   −

244

23
   −

34

23
   

1

2
  

11    −7   8   9  0   2   −4  
64

23
  

1

23
   0   0   

118

23
   −

216

23
   −

32

23
   

10

23
  

12    −6   9   6  0   −5   4  
6

23
  0   0   0   −

113

368
   −

53

184
   −

3

46
   

41

368
  

13    −6   13   −2  −2   3   2  
9

46
  0   

1

46
   0   −

133

368
   

167

184
   

9

46
   −

19

368
  

14    −6   16   6  −5   −6   3  
390

29
  0   

7

87
   

66

29
   −

1288

87
   −

13 869

29
   −

1035

29
   −

109

29
  

15    −6   20   −2  −7   2   1  −
806

29
  0   

1

87
   −

32

29
   

2600

87
   

29 289

29
   

3009

29
   

117

29
  

16    −6   6   6  3   4   −5  
48

23
  

1

23
   0   0   

110

23
   −

206

23
   −

28

23
   

7

23
  

17    −6   6   14  −3   −8   5  
64

207
  0   0   −

1

207
   −

5

23
   −

32

23
   0   −

2

23
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