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1. Introduction

Random nonlinear analysis is an important mathematical disci-
pline which is mainly concerned with the study of random nonlin-
ear operators and their properties and is much needed for the study
of various classes of random equations. Of course famously ran-
dom methods have revolutionized the financial markets. Random
fixed point theorems for random contraction mappings on separa-
ble complete metric spaces were first proved by Spacek [26] and
Hans [8-9]. Random fixed point theorems for contraction map-
pings on separable complete metric spaces have been proved by
several authors (Chang and Huang [5], Huang [11], Itoh [12], Liu
[16], Papageorgiou [18-19] Shahzad and Latif [25], Tan et al.
[27]). The stochastic version of the well-known Schauder’s fixed
point theorem was proved by Sehgal and Singh [24].

The aim of this paper is to establish some random common fixed
point theorems for mappings involving rational expression in the
framework of metric spaces endowed with a partial order using a
class of pairs of functions satisfying certain assumptions.

2. Mathematical preliminaries

The following preliminaries chosen from [13].
Let (X, Bx) be a separable Banach space, where By is a o -algebra
of Borel subsets of X, and let (2, B, ) denote a complete proba-
bility measure space with measure u and g be a o-algebra of sub-
sets of 2. A measurable mapping ¢:2 — X is said to be an X-
valued random variable if the inverse image under the mapping x
of every Borel set B of X belongs to j3, that is, §~1(B) € p for all
B € fx.A measurable mapping £: 2 — X is said to be a finitely-
valued random variable if it is constant on each finite number of
disjoint sets A; € B and is equal to 0 on 2 — (U}, 4). ¢ is called
a simple random variable if it is finitely valued and

p{w: 1§ ()l > 0} < oo.
A measurable mapping &:2 — X is said to be a strong random
variable if there exists a sequence {&,,(w)} of simple random vari-
ables which converges to &(w) almost surely, that is, there exists a
set Ay € B with u(A4y) = 0 such that lim,_, ép(w) = &E(w), w €

0 — Ay. A measurable mapping &:2 — X is said to be a weak
random variable if the function £*(é(w)) is a real-valued random
variable for each £* € X*, the space X* denoting the first normed
dual space of X. Let Y be another Banach space. A measurable
mapping f: 2 xX —>Y is said to be a random mapping if
f(w, &) = Y(w)is aY-valued random variable for every ¢ € X.
A measurable mapping f : 2 X X - Y is said to be a continuous
random mapping if the set of all w € 2 for which f(w,§) is a
continuous function of ¢ has measure one. A mapping
ble f: 2 XX —>Y is said to be demi-continuous at thef € X

if |[&, — &Il = 0 implies f(w, fn)w f(w, &) almost surely.
An equation of the type f(w,¢(w)) = é(w), where f : Q2 X X —
X is a random mapping, is called a random fixed point equation.
Any measurable mapping ¢ : 2 — X which satisfies the random
fixed point equation f(w, {(w)) = &(w) almost surely is said to
be a wide sense solution of the fixed point equation. AnyX-valued
random variable ¢(w) which satisfies p{w: f(w,é(w)) =
&(w)} = 1is said to be a random solution of the fixed point equa-
tion or a random fixed point of f. A measurable mapping é: 2 —
X is called a random fixed point of a random operator f: 2 X X —
X if&(w) = f(w,&(w)) for every w € 2. A measurable mapping
&:0 — X is called a random coincidence of random operators
T,fi2xX->XifT(w¢w)=f(w () for everyw € 2. A
measurable mapping &:2 — X is called a random common fixed
point of random operators T,f:2 X X - X if T(w,&(w)) =
f(w, &) = é(w) forevery w € Q.

Example 1 Let X be the set of all real numbers and let E be a non-
measurable subset of X. Let f:2 X X — Y be a random mapping
defined as f(w, ¢ (w),) = &%(w) + é(w)-1 for all w € N. In this
case, the real-valued function ¢(w), defined as é(w) = 1 for all
w € 2, is a random fixed point of f. However, the real-valued
function y(w) defined as

1, w&kE,

y@) = { 1 weE
Is a wide sense solution of the fixed point equation f(w, ¢ (w)) =
& (w) without being a random fixed point of f.
In this paper, we consider the following class of pairs of functions

& (see [20]).
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Definition 2: A pair of functions (¢, ¢) is said to belong to the
class &, if they satisfy the following conditions:

(a1).9, $: [0, 0) — [0, 00);

(@2).Fort,s € [0,00), p(t) < p(s)thent <s;

(a3).For {t,.} and {s,,} sequence in [0, o) such that lim,_, t,, =
lim,,e s, =a, if ¢(t,) < ¢(s,) for any n €N, then
a=0.

Remark 3 (see [20]) Note that, if (¢, ¢) € F and ¢(t) < ¢(t),
then t = 0, since we can take t,, = s, = t for anyn € N and by
(a3) we deduce that t = 0.

Example 4 The conditions (al)-(a3) of the above definition are
fulfilled for the functions ¢, ¢ : [0,00) — [0,00) defined by

5t+1 3t+1

o) =In (T) and ¢(t) = In (T) forall t € [0, ).

In the sequel, we present some interesting examples of pairs of
functions belonging to the class & which will be very important in
our study.

Example 5 (see [20]) Let ¢ : [0,0) — [0,00) be a continuous
and increasing function such that ¢(t) = 0 if and only ift =0
(these functions are known in the literature as altering distance
functions). Let ¢ : [0,00) — [0, ) be a non-decreasing function
such that ¢(t) = 0 if and only if t = 0 and suppose that ¢ < ¢.
Then the pair (¢, ¢ — ¢p) € .

An interesting particular case is when @is the identity mapping,
@ = 1jow) and ¢:[0,0) — [0, ) is a non-decreasing function
such that ¢(t) =0 if and only if t =0 and ¢(t) <t for any
t € [0, ).

Example 6 (see [20]) Let S be the class of functions defined
by S = {a:[0,0) > [0,1): {a(t,) > 1= t, > 0}}. Let us
consider the pairs of functions (1(g,m), @1fo,)), Where a € S and
@l is defined by(alpw)(t) = a(t)t,for t € [0,00). Then
(Ljo,00), @1[0,00)) € F-

Remark 7 (see [20]) Suppose that g : [0,) — [0, ) is an in-
creasing function and (¢, ¢) € . Then it is easily seen that the
pair (g o @, g @) €.

Definition 8 (see [4]) Let (X, <) is a partially ordered set and
f:X— X is said to be monotone non-decreasing if for all,
y €EX,x <y = fx < fy.

Definition 9 (see [2], [6]) Let (X, <) be a partially ordered set and
T and f be two self maps on X. An ordered pair (T, f) is said to
be weakly increasing if Tx < fTx and fx < Tfx forall x € X.

3. Main results

In this section, first we introduce the notion of monotone non-
decreasing and weakly increasing random operators.
Definition 10 Let (X, <, d) is a partially ordered separable metric
space.
1) A random operator f: 2 X X — X is said to be monotone
non-decreasing if forall x,y € X,
x=2y = flwx() 2 flo,y) e Q.
2) Two random operators T, f: 2 X X — X is said to be weakly
increasing if

T(w,x(w)) <f (w,T(w,x(w)))
and f(a),x(a))) <T (a),f(w,x(a))))

forall x € X and w € 0.

Now, we give our main result.
Theorem 11 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (£2, X, i) is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(,x) and f(.,x) are measurable mapping for all
X € X;
(iii) The pair (T, f) is weakly increasing such that there ex-
ists a pair of functions (¢, ¢) € & satisfying for all
comparable elements x,y € X,

¢ (AT, f(@9))
< max {qﬁ (d (x, y)), 0] (d(y'f(w'y))[lm(x'T(m'x))])} ()

1+d(x,y)
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, - u,
then x, < u, forall n € N.
Then T and f have a common fixed point.
Proof Let the function é,(w): 2 — X be an arbitrary measurable
mapping. We can define a sequence of measurable mappings
{&,(w)} from 12 to X as following:

$onsr(w) = T(erZn(w))r
Eoni2(@) = f(w,&En1 (@), w €21 =0,1,2, ... )
Since the pair (T, f) is weakly increasing mappings, we have
£1(@) = T(0,§() = f (0,7(w,&)))
= f(w,& (W) = & (w),
£2(@) = T(0,6 (@) = f (@,T(w,61(w)))
= f(w,& ) = &(w),
Continuing this process, we get
E2n01(©) = T(@, E20(@)) = f (0, (@, E2n(@)))
= f(a), fzml(‘“)) = &onia(w),
$onsz(@) = T(wr52n+1 (w)) =f (a),T(w, 52n+1(w)))
= f(a), fzmz(‘“)) = &Enez(w) (3)
Thus for all n > 1, we have &,(w) < &,41(w). Without loss of
the generality, we can assume that &,(w) # &,44(w)and since

&n(w) and &,,41(w) are comparable, applying the contractive
condition (1), we have

(Y (d(€2n+2 (@), €241 (a))))
= ¢ ((7(0 E2ner (@), £ (@ 20(@)))

< max {qb (d (&2n+1(), fzn(w)))'
¢ <d(§2n(w),f(w,fzn(w)))[1+d(fzn+1(‘“)rT(wrfzn+1(‘“)))]>}

1+d(&2n41(w),E5n (@)

= max {¢ (21 (@), E2n(@))),

¢ (d(fzn((ﬂ),fzn+1((‘)))[1+d($2n+1(w)§2n+2 (w))])} (4)
1+d($2n+1(w)§zn(w))

Now, we can distinguish two cases.

Case I. Consider

max {¢ (d(E2n (@), E2n41 (),
d(fzn(w):fznﬂ(w))[l‘*'d(fznﬂ(w)’fznn(w))]
¢ ( 1+d(fzn+1(w)rfzn(w)) >}
= ¢ (d(2n(@), E2n11 (@))) 5)
In this case from (4), we have
¢ (d(E2041(©), E2n12())) < ¢ (A(E2n(@), Eanas (@) (6)
Since (¢, ¢) € &, we deduce that
d(§2n+1(w): €2n+2(w)) < d(on(w). €2n+1(w))-
Case Il. If
max {¢ (d(E20(©), E2ne1 (@),
d(fzn(w)fzn+1((l’))[1+d($2n+1(w),fznn(w))]
¢ ( 1+d($2n+[1 (w).fzn((ﬂ)) ))]}
_ d(&on(0),2n4+1(@))[1+d (E2n41(w),E2n sz (W)
- d) ( 1+d(&an+1(w).E2n (@) ) (7)
In this case from (4), we have
(Y (d(onH (@), &2n42 ((U)))

d(&2n(©),Em+1(@))[1+d (E2n41(@).En a2 (w))])
<
¢ ( 1+d(E2n+1(@).E2n(w)) ®

Since (¢, ¢) € &, we get
d($on(@),§2n+1(@))|1+d (§an+1(@).éan+2(@)
d(§2n41(@), S2n42(w)) < (et 21:;é21[+1(m().;z:(1w;’) )

Since d(&yp41(®), E2ns2(w)) # 0, from the last inequality, we
have

d(€2n+1 (@), &2n+2 (‘U)) < d(on (@), Ean+1 (w))
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In  both cases, we conclude that the sequence
{d(&2n (@), E2n41(w))} is a decreasing sequence of non-negative
real numbers and is bounded below, there exists r(w) = 0 such
that
limy e d(€2n(w)'€2n+1(w)) =71(w),w € N. ©)

Now, we shall show that r(w) = 0.
Denote

A ={n € N : n satisfies (5)},

B ={n € N : n satisfies (7)}.
By (4), we have CardA = o or CardB = oo. Let us suppose that
CardC = oo.Then there exists infinitely natural numbers n satisfy-
ing inequality (6). Since (¢, ¢) € &, we infer from (9) and condi-
tion (a3) that r(w) = 0, w € N. On the other hand, if CardB = oo,
then from (4), we can find infinitely many n € N satisfying ine-
quality (8). Since (¢, @) € &, we obtain
d(52n+1(w);52n+2(w)) < d(&20(@),E 2041 (@))[14d(Ean41(0),Eanp2(@))]

1+d(§2n+1(w).fzn(w))
For infinitely many n € N. Letting the limit as n — oo and taking
into account that (9), we deduce that r(w) < r(‘“)i:—ig and

consequently, we obtain r(w) = 0, w € 2.Therefore, in both cases
we have
limy o0 d(&2n (@), Ens1 (@) = 0,0 € Q. (10)

Now, we will show that for w € £2, {é,(w)} is a Cauchy sequence,
it is sufficient to prove that {&,,(w)} is a Cauchy sequence. We
proceed by negation, suppose that {&,,(w)} is not a Cauchy se-
quence, then there exist e(w) > 0 for which we can find two sub-
sequences of positive integers {m;} and {n;} for positive integer i,
we

my > ;> 6,d (£, (), E3m (@) Z €(w),i 2 Lwen  (11)
Further, we can choose m; to be smallest integer with m; > n; for
which (11) holds. Then

d (£20, (@), E2m,2(@)) < €(@)

Using (10), (11) and the triangle inequality, we obtain

e(©) < d (&2n, (@), E2m (@)
<d (oni(w)ermi—z(w)) +d ('mei—z((U): EZmi—l(a)))
+d (£2m,-1(©), E2m, (@)
< €() + d (Eam—2(©), E2m—1 (@) )

+d (£2mp-1 (@), E2m, (@) (13)
On letting the limit as i — oo in the above inequality and using (9),
we get

(12)

15 d (£, (@), &, () = €(@), 0 € 0
In addition, by the triangle inequality, we have

d (£2n,(©), E2m,(©)) < d (2, (@), Eanp-1 (@)
+d (oni—1(w), $ami—1 (a)))
+ d (&2 (@), E2m, (@) )

(14)

And

d (§2n-1(©), E2m-1 (@) < d (2,1 (@), E2n, ()
+d (&2, (@), Exm (@)
+ d (&2, (@), 21 (@) )

Letting the limit as i — oo in the above two inequality, using (9)
and (14), we get

lim_.d (EZni_l(w),EZmi_l(w)) =e(w),w €N (15)
Since m; >n; and &pp,_1(w) and &ypm,—q(w) are comparable,
then by contractive condition (1), we get

0 (¢ (E2n (@), E2m,(@)))

=0 (d (7 (@ &anr @) £ (o fmi_l(m)))

< max { (d (£an 1 @), Eam 1 @) ),

(d(fmi_l(w),f(w,fmi_l(w)» 1+a(fmi_l(w),r(w,fmi_l(w)))])}
¢

1+d(§2ni—1(w)'§2mi—1(w))

= max {¢ (d (fzm—1 (w), $omi—1 (CU))> ,
0 (d(emi_l(w),smi(w))[1+d(62ni_1(w)&ﬂw))])}

1+d(§2ni_1(w),§2mi_1(w))

(16)
Let us put
¢ ={i €N (d (52, (@), E2m, @)
< ¢ (@ (E2nr @ Eomr (@) )}
D = {i € N (d (§an, (@), Eam (@)
- (d(emi_l(wmmi(w))[1+d(sz,,i_1(w).sz,,i(w))])}

14 En-1(©),E2my-1(@))

From (16), we have CardC = o or CardD = co. Let us sup-
posethat CardC = oo. Then there exists infinitely many i € N
satisfying

? (4 (62n (@), Eam, (@))) = 8 (@ (£2n, 2 (@), Eomr @)
Since (¢, ¢) € &, we infer from (14), (15) and condition (a3) that
e(w) = 0. This is a contradiction.
On the other hand, if CardD = oo, then we can find infinitely
many i € N satisfying

0 (¢ (E2n, @), Eom, (@)
< (d(smi_l(w»szmi(m))[1+d(sml._l(m,fmi(m))])

140 (Egn 1 (@) Eomy1(@))
and since (¢, ¢) € &, we obtain

d (£20,(©), 2, (@)
_ o @) 8am @)1+ 2@ fon ()]

- 140 Ea1 (@) Eamp-1(@))
Taking the limit as i — oo in above inequality, using (9), (14) and
(15), we obtain e(w) < 0, which is a contradiction. Therefore,
since in both possibilities CardC = oo, and CardD = o, we ob-
tain a contradiction, we deduce that {¢,,(w)} is a Cauchy se-
quence in X and so is {¢,,(w)}, then there exists é (w): 2 — X such
that

limy_e0 &n(@) = &(w). (17
Now, if T is continuous, then
f(w) = limn—mo €2n+1 (C())
= iMoo T(@, & (@) = T(w, ¢ (). (18)

Also since ¢é(w) < &(w), applying contractive condition (1) and
using (18), we have

¢ (d (s flwg (w>)))
=g (d (T(w, €@)), f(w, f(“’))))

< max {¢ (d(§(0),§()),
é <d(<’(w),f(w,§(w)))[1+d(é’(w).T(w.f(w)))]>}

1+d(§ ()€ (W)
= max{p(0).6 (d(s@). f(06@)))} @9
Consider
max {$(0), ¢ (d (£, f(0,6@)) )} = $(©
Then from (19), we have
0 (d(5@1f(05@))) < 6O
Since (¢, ) € F, we infer that d (f(w),f(w,f(w))) =0 and so
§(w) = f(w,§(w).

Consider
max {$(0), ¢ (d (¢ flw€ (w)))>}
" (d (f(w),f(w’s‘(w))»
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Then from (19), we have

o (¢ (5@ r(0.5@))) = ¢ (d (5@ f(05@)))
Since (¢, ¢) € &, by Remark 3, we deduce that
d(§@) f(0,6@)) =0
and so ¢ (w) = f(w, &(w)). In both cases, we obtain

() = f(w,§(w)
From (18) and (20), we have

§(@) = f(w,¢(w) = T(w,§(w))
Similarly, we obtain the same result if fis continuous.
Now, if the condition (b) is satisfied. Since lim,,_,c 291 (@) =
&(w), then we have &,,_;(w) < &(w). Thus, by (1), we have

o (n f(0,5@)))
= ¢ (a (1@ 8. f(05@)))

< max {¢ (d(En-1,§@))),
p (d(€(w),f(w.€(w)))[1+d(52n-1.T(w.52n-1))])}

(20)

1+d(Emn (@) (21)
Put
E={neN:p(d (6 f(06@))) <6 (A(EnrE@))}

F = {n EN: g (d (EZn,f(w,f(w))»
<o <d(§(w).f(w.é’(w)))[1+d(fzn-l.T(w.é’zn—ﬂ)])}

1+d(&2n-1.4(@))
From (21), we have CardE = cor CardF = o. Let us sup-
posethat CardE = oco. Then there exists infinitely many n € N
satisfying
0 (2 (62 £ (0.6@))) = ¢ (@(6n1,£(@)))

Since(p, ¢) € F, we have

d (§2n, f(0,§(©))) < d(E2nm1, E(@))
Letting the limit as n — oo in above inequality and using (17), we
have d (f(a)),f(w,f(a)))) =0and consequently, f(w,¢(w)) =
§(w).
On the other hand, if CardF = o, then we can find infinitely
many i € N satisfying

0 (4 (6on f(0,@))
< <d(f(w)'f(w'f(w)))[1+d(fzn—1-T(w'fzn—1))]>

1+d(&2n-1,6(w))
Where, to simplify our considerations, we will denote the subse-
quence by the same symbol T(w, é5,,—1). By (2), (10) and (17), we
have

li 4(£(@) (@£ @)))[1+4(Ean-1.7(@ E2n-)]
My 1+d(52n—1yf((‘)))

.y d(§(@).f(04(@))[1+dEan1.62n)]

= UMy 1+d(&2n-1,6 (W)

= d (§(@), f(,6@)))

= lim oo d (§2n, f(@,6(0))) (22)
Since (¢, @) € F, we infer from (22) and condition (a3) that
d (g(w),f(w,f(w))) = 0 and consequently, é(w) = f(w, §(w)).
From the abovecase, we deduce that £ (w) = f(w, §(w)).

Similarly, we can show that £(w) = T(w, £(w)). The proof of the
theorem is completed.

By Theorem 11, we obtain the following corollaries.
Corollary 12 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, u)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that

(i) T(w,.)and f(w,.) are continuous for all w € £2;

(i) T(,x)and f(.,x) are measurable mapping for all x € X;

(iii) The pair (T, f) is weakly increasing such that for all
comparable elements x, y € X,satisfying

A(T(w, %), f(w,y)) < a2&L (“"YBE;‘;()"'T(”"‘”] +Bd(x,y)
(23)

where a,f >0anda + 8 < 1.
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, - u,
then x, < u, forall n € N.
Then T and f have a common fixed point.
Proof: Since
d(T(w, x), f(w, y)) <a d(y'f(w');)iggcdjf;'T(w'x))] + Bd(x,y)
< (a + pymax{d(x,y), LT 0))
= max {(a + B)d(x,y), (a + ) LI der )]y
for all comparable elements x,y € X, where « + § < 1. This con-
dition is a particular case of the contractive condition appearing in
Theorem 11 with the pair of functions (¢, ¢) € &, given by
® = 1000y and ¢ = (@ + ) 1[0 ) (Se€ Example 6).

Corollary 13 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, n)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that there exists
a pair of functions (¢, ¢) € & satisfying for all compara-
ble elements x,y € X,

¢ (A(T(0),f(@,7)) < $(dCxy))
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, - u,
then x, < u, foralln € N.

Then T and f have a common fixed point.

(24)

Corollary 14 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and ({2, X, w)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that there exists
a pair of functions (¢, ¢) € & satisfying for all compara-
ble elements x,y € X,

) (d(T(w,x),f(w,y))) < ¢ (d(J’:f(mJ/))[l+d(er(w,X))]) (25)

1+d(x,y)
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, - u,
then x, < u, foralln € N.
Then T and f have a common fixed point.

Taking into account Example 5, we have the following corollary.
Corollary 15 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, p)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(.,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that there exists
a pair of functions (¢, ¢) € & satisfying for all compara-
ble elements x,y € X,



International Journal of Advanced Mathematical Sciences

41

¢ (d(T(w,0), f (@) < max{p(d(xy) - $(d(x, 7)),
d(y,f(w,y))|1+d(x,T(w,x) d(y.f(w,y))|[1+d(x,T(w,x)
(p( ( 14)-[zi(x,3f) )]) - ¢( ( 13—[d(x,3f) )])} (26)
Also suppose either

a) T or f is continuous or

b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, — u,
then x,, < u, foralln € N.

Then T and f have a common fixed point.

Corollary 15 has the following consequences.
Corollary 16 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, u)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € £2;
(i) T(,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that there exists
a pair of functions (¢, ¢) € & satisfying for all compara-
ble elements x,y € X,

@ (d(T(w, x), f (w, y))) < o(d(x,y) — ¢(dx,y))
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x, } is non-decreasing sequence in X such that x,, - u,
then x,, < u, foralln € N.
Then T and f have a common fixed point.

@7)

Corollary 17 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (£2, X, u)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that there exists
a pair of functions (¢, ¢) € & satisfying for all compara-
ble elements x,y € X,
d(y.f(w, 1+d(x,T(w,x
o (d(T(w,2), f(@,)) <o ((yf( yl))%[d(x,(y() ( ));])
d(y.f(w,y))|1+d(x,T(w,x)
—(IJ ( 1+d(x,y) ) (28)

Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x, } is non-decreasing sequence in X such that x,, - u,
then x, < u, foralln € N.
Then T and f have a common fixed point.

Taking into account Example 6, we have the following corollary.
Corollary 18 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2, %, u)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(.,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that such that
there exists @ € S (see Example 6) satisfying for all com-
parable elements x,y € X,
d(T(w, x), f(w, y)) < max{a(d(x, y)) d(x,y)
« (d(y,f(a),y))[1+d(x,T(w,x))]) d(y.f()[1+d(xT(w,x))]
1+d(x,y) 1+d(x,y)
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, — u,
then x,, < u, foralln € N.

(29)

Then T andf have a common fixed point.

A consequence of Corollary 18 is the following corollary.

Corollary 19 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, p)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(.,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that such that
there exists a € S (see Example 6) satisfying for all com-
parable elements x,y € X,
d(T(w,x), f(w,y)) < a(d(x,y))d(x,y)
Also suppose either
a) T or f is continuous or
b) X has the following property:
If {x,} is non-decreasing sequence in X such that x,, - u,
then x,, < u, foralln € N.
Then T and f have a common fixed point.

(30)

Corollary 20 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, w)is a complete probability measure
space. Let T, f: 2 X X — X be two mappings such that
(i) T(w,.)and f(w,.) are continuous for all w € 2;
(i) T(,x)and f(.,x) are measurable mapping for all x € X;
(iii) The pair (T, f) is weakly increasing such that such that
there exists @ € S (see Example 6) satisfying for all com-
parable elements x,y € X,

d(T(w, %), f (@)
d(y.f(wy)[1+d(x,T (W) d(y.f(wy)[1+d(x,T(w,x))]
sa ( 1+d(x,y) ) 1+d(x,y) (31)

Also suppose either
a) T or f iscontinuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, - u,
then x,, < u, foralln € N.
Then T and f have a common fixed point.

Taking T = fin Theorem 11, we obtain the following Corollary:
Corollary 21 Let (X, <) is a partially ordered set. Suppose that
there exist a metric d on X such that (X, d) be a complete separa-
ble metric space and (2,2, u)is a complete probability measure
space. Let f: 2 x X — X be two mappings such that
(i) f(w,.) iscontinuous for all w € Q;
(i) f(.,x) is measurable mapping for all x € X;
(iii) The pair T is non-decreasing mapping such that &, <
f(w,&(w)) and there exists a pair of functions (¢, $) €
& satisfying for all comparable elements x,y € X,

o (A(f (@0, f(@,))
< max {(;b (d(x, ), ¢ (d(y'f(w'y))[Hd(x'f(w'x))])} (32)

1+d(x,y)

Also suppose either
a) f iscontinuous or
b) X has the following property:
If {x,,} is non-decreasing sequence in X such that x,, - u,
then x, < u, foralln € N.
Then T has a fixed point.

In what follows, we prove a sufficient condition for the unique-
ness of the fixed point in Corollary 21.
Theorem 22 Suppose that:

a) Hypothesis of Corollary 21 hold;

b) For each measurable mappings n(w),{(w):2 — X, there
exists a measurable mapping ¢ (w): 2 — Xwhich is compa-
rable with both n(w)and {(w).

Then fhas a unique fixed point.

Proof: By Corollary 21, f has a fixed point. Now we prove that
the uniqueness of the fixed point of f. Let n(w) and {(w)be two
fixed points of f.

We consider the following two cases:
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Case.1 n(w) is comparable to {(w). Then f*(w,n(w)) is compa-
rable to f™(w,{(w)) for all n € N. Applying (1), we have

¢ (d(n(@),¢(@)))
= o (a(F(@.n(@), f(0.2@)))

< max {$ (@ (7 (w.1@), (0.5 @))),

® (d(f"‘l(w.i(w)).f”(w.((w)))[1+d(f”‘1(w.n(w)).f”(w.n(w)))]>
1+d (" (wn (@) (w4 ()))

= max{¢ (A((@),§(@)) ), (AR IWI])]

1+d(n(@),{ (@)
= max {¢ (d(n(@), {(@))), $(0)} (33)
Consider
max (¢ (d(n(@),¢(@))), $©@} = ¢ (d(n(@),¢(@)))
Then from (33), we have
¢ (d(1(©),¢@))) < ¢ (d(n(@), ¢(@))),
Since (¢, @) € §, we infer from Remark 3 that d(n(w), {(w)) =

0 and so n(w) = {(w).
If

max (¢ (d(n(@),¢(@))), $©)} = $(0),
Then from (33), we have
¢ (@), (@) < $(0).
Since (¢,9) €F we infer from condition

d(n(w),{(w)) < 0and so n(w) = {(w).
Therefore, in both cases we proved that n(w) = {(w).

(@2) that

Case.2 n(w) is not comparable to {(w). Then there exists a meas-
urable mapping é(w):2 — X, which is comparable with both
n(w)and {(w).Now, we can define the sequence {¢,(w)} from 2
to X as follows:
&o(@) = E(w), &ns1(w) = fw, & (@), w €Q,N=0,1,2,...
where &,(w): 2 — X be an arbitrary measurable mapping.
Since f is non-decreasing we have,
&) 2 &(w) 2 & (w)

Since &, (w) and &,,,;(w) are comparable, applying (32), we can
easily show that {d(&,+1(),é,(w))} is a non-decreasing se-
quence such that

limp oo d(fn+1((1)); ‘fn(w)) =0,wen. (34)
As n(w) < &,(w), putting x = n(w) and y = &,(w) in (32), we
get

CICIORA))
= ¢ (@ (f(0n(@). f(0.6@)))

< max{¢ (d(n(@), £2()),
P <d(fn(w),f(w,fn(w)))[Hd(n(w).f(w.n(w)))] }

1+d(n(w),&n(w))
én(w).f(w,én(w)
Let us denote

G ={neN:p(dnw), & ®)) < ¢ (dn@) & @))}
én(w).f(w.én(w)
H= {n EN:g (d(n(w)'fnn(w))) <¢ (%)}
From (35), we have CardG = o or CardH = . Let us sup-
posethat CardG = oo. Then there exists infinitely many n € N
satisfying
¢ (A(1(©), 601 (@))) < ¢ (d(n(@), &x(w))).  (36)
Since (¢, $) € , it follows that the sequence {d(n(w), &, (w))}
is non-increasing and it has a limit I(w) = 0, w € Q. Since
limy 00 d(n(w)' €n+1(w))
= limy o d(n(w), & (@) = l(w) (37
We infer from (36) and condition (a3) that [(w) = 0,w € 2 and
consequently, limy, e épe1(@) = n(w),w € 2.

On the other hand, if CardH = oo, then we can find infinitely
many i € N satisfying

P (d(r](a)), €n+1((‘)))) <¢ (
And since (¢, ¢) € &, we obtain

A(&n(@).f(0,6n()))
d(n(®), éps1(w)) < LA @ (@)

Taking the limit as n — oo in last inequality and using (34), we
obtain lim, e d(n(w), &nt1 (@) = 0, w € 2 and consequently
limn—»oo §n+1(w) = 77(60), wEN.
Therefore, in both cases we obtain
limn—wo §n+1(w) = 77(60). w €N
In the same way it can be deduced that
limy_ 0 &pp1(@) = {(w), w € N
Therefore passing to the limit in
d(r[(a)),((a))) < d(n(w)r€n+1(w)) + d(&pe1 (), {(w))
Asn — oo, we obtain d(n(w), ((a))) = 0. Hence n(w) = {(w).
That is, the fixed point is unique.

A(&n(@).f(0,6n()))
1+d(n(0),n(w))

(38)

Remark 23 Result similar to Corollary 12-20 involving various
iterates of mappings corresponding to Corollary 21 can also be
derived. Due to repetition, the details are avoided.
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