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Abstract
This research paper focuses the globally exponential synchronization between two identical and two nonidentical chaotic oscillators. With
the help of Lyapunov direct method and using the active control technique, suitable algebraic conditions are obtained analytically that
establish the globally exponential synchronization. The proposed globally exponential synchronization criterion is more general and much
less conservative than the previously published works. A comparison, based upon the synchronization speed, cost and quality have been
performed with our study of the previously published results. The effect of unknown external disturbances has also been discussed. Numerical simulation results are presented to illustrate the performance and efficiency of this study.
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1. Introduction
After the remarkable work in [1], chaotic synchronization has been
widely investigated due to its theoretical challenges and potential
applications in different scientific fields [2-4]. A variety of chaos
synchronization control techniques have been developed. These include nonlinear control [5], active control [6], adaptive control [7],
lag and anticipated synchronizations [8], projective synchronization
[9], linear feedback control [10], and so on. Among the aforesaid
control techniques, the active control strategy for chaos synchronization has attracted a huge interest in the relevant literature because
of its application to many practical systems [11-15].
Till to date, different active control strategies have been developed
to address the full order synchronization [11-15]. Most of these active control schemes establish the globally exponential synchronization (GES) by allocating the eigenvalues of the matrix associated
with the linear part of the closed-loop system to the left half of the
complex plane. A large control effort is required to accomplish the
GES. These types of control schemes are known for computing
large control signals [16]. In addition, most of these active synchronization control methods are not robust with respect to the unknown
external disturbances. Furthermore, the determination of exponential convergence rate has rarely been determined.
From control system theory [17], it is well-known that the exponential stability is the strongest from of stability, since, it provides a
speedier convergence rate to the equilibrium point and a faster way
to transfer the information signals from the transmitter to the receiver [18]. Thus, studies on the GES is a challenging topic and is
seldom found in the literature. Therefore, it is significant as well as
important to investigate the GES problem of chaotic systems, which
may lead to develop a fore advanced theory and method in the study
of secure communications. The present work is the improvement of
the past published results [15], [18].
In this paper, the corresponding framework of synchronization will
be set up to achieve the GES between two identical extended Bonhoeffer Van-der Pol (BVP) oscillators [15] and two nonidentical

BVP and Chen chaotic [19] oscillators using the active control technique. The globally exponential stability of the closed-loop is
shown using the direct Lyapunov method [16]. The proposed GES
criterion is much less conservative and more general as compared
to the previously published works [15], [18]. Furthermore, in terms
of synchronization quality, speed, robustness and cost of the controller design, a comparative study has been performed between the
present results in this paper with previous published works [15], [18]
to validate the performance of the current approach.
The rest of the paper is organized as follows. In Section 2, a theory
for the proposed GES using active control technique is given. Section 3 presents the description of the BVP and Chen chaotic oscillators. The GES between two identical BVP chaotic oscillators is
discussed in Section 4, followed by the GES between two nonidentical BVP and Chen chaotic oscillators in Section 5. Finally, the
conclusion is drawn in Section 6, with some suggested future works.

2. A theory for the globally exponential synchronization criterion
2.1. Problem statement
Let us consider an autonomous chaotic system described as follows:
𝒙̇ (𝑡) = 𝐴𝒙(𝑡) + 𝑓(𝒙(𝑡))
(1)
where 𝒙̇ (𝑡) = [𝑥1 (𝑡) + 𝑥2 (𝑡) + ⋯ + 𝑥𝑛 (𝑡)]𝑇 ∈ 𝑅𝑛 is the state
vector, is the state vector, 𝑓 ∈ 𝑅𝑛 is the nonlinear continuous vector function and 𝐴 ∈ 𝑅𝑛×𝑛 is the scaling function matrix.
Consider a master-slave system synchronization for two coupled
chaotic systems (1) is given by:
(Master system)
𝒙̇ (𝑡) = 𝐴1 𝒙(𝑡) + 𝑓1 (𝒙(𝑡)) + 𝐷(𝑡)
(Slave system)
(2)
𝒚̇ (𝑡) = 𝐴2 𝒚(𝑡) + 𝑓2 (𝒚(𝑡)) + 𝑑(𝑡) + 𝒖(𝑡)
where 𝒙̇ (𝑡) = [𝑥1 (𝑡) + 𝑥2 (𝑡) + ⋯ + 𝑥𝑛 (𝑡)]𝑇 ∈ 𝑅𝑛 and
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𝒚̇ (𝑡) = [𝑦1 (𝑡) + 𝑦2 (𝑡) + ⋯ + 𝑦𝑛 (𝑡)]𝑇 ∈ 𝑅𝑛 are the states vectors,
𝑓1 ∈ 𝑅𝑛 and 𝑓2 ∈ 𝑅𝑛 are the nonlinear continuous vector functions
without parameters and 𝐴1 , 𝐴2 ∈ 𝑅𝑛 are the scaling function matrices of the master and slave systems (2), respectively. 𝐷(𝑡) and
𝑑(𝑡) are the unknown external disturbances present in the master
and slave systems (2), respectively. The control input is represented
by 𝒖(𝑡) ∈ 𝑅𝑛 .
Definition 2.1: The synchronization error system is defined as the
difference between the master and slave systems (2) that is described as follows:
‖𝒆(𝑡)‖2 = ‖𝒚(𝑡) − 𝒙(𝑡)‖2 ,
where ‖. ‖ represents the Euclidean norm.
Thus, the error system for the master-slave system synchronization
(2) is described as follows:
𝒆̇ (𝑡) = 𝐴2 𝒚(𝑡) − 𝐴1 𝒙(𝑡) + 𝑓2 (𝒚(𝑡))−𝑓1 (𝒙(𝑡)) + 𝐷(𝑡) −
𝑑(𝑡) + 𝒖(𝑡),
= 𝐴3 𝒆(𝑡) + ℎ(𝒙(𝑡), 𝒚(𝑡)) + 𝐷(𝑡) − 𝑑(𝑡) + 𝒖(𝑡), (3)
where ℎ(𝒙(𝑡), 𝒚(𝑡)) is the function that contains the nonlinear
terms and un-common parts and 𝐴3 = 𝐴2 − 𝐴1 .
If 𝐴1 = 𝐴2 and/or 𝑓1 = 𝑓2 , then, 𝒙(𝑡) and 𝒚(𝑡) are the states of
two identical chaotic systems, and if 𝐴1 ≠ 𝐴2 and 𝑓1 ≠ 𝑓2 , then,
𝒙(𝑡) and 𝒚(𝑡) are the states of two different chaotic systems.
Assumption 2.1: It is assumed that the unknown external disturb1

ances 𝐷(𝑡) and 𝑑(𝑡) are the norm-bounded in C [20]. i.e.
|𝐷(𝑡)| ≤ 𝐸 𝑚 and |𝑑(𝑡)| ≤ 𝐸 𝑠 .

(4)

Thus, from (4), it can be concluded that:
|𝑑(𝑡) − 𝐷(𝑡)| ≤ ∆,
(5)
where ∆= 𝐸 𝑚 + 𝐸 𝑠 and 𝐸 𝑚 , 𝐸 𝑠 and ∆ are unknown positive
constants.

and an idea of tuning the controller parameters for the suitable position in the left half of the complex plane.
Let 𝑝(𝑚𝑎𝑥) and 𝑝(𝑚𝑖𝑛) , respectively represent the minimum and
maximum eigenvalues of the PDM 𝑃, then, from Eq. (9), it can be
easily check that [21];
𝑝(𝑚𝑖𝑛) (𝑃) ∑𝑛1 𝑒𝑖2 (𝑡) ≤ 𝑉(𝒆(𝑡)) ≤ 𝑝(𝑚𝑎𝑥) (𝑃) ∑𝑛1 𝑒𝑖2 (𝑡)
=>

𝑉(𝒆(𝑡))
𝑝(𝑚𝑎𝑥)(𝑃)

≤ ∑𝑛1|𝑒𝑖 (𝑡)|2 .

(10)

The time derivative of the Lyapunov error function (9) along (8) is
given as follows:
𝑉̇(𝒆(𝑡)) = −2𝑃 ∑𝑛1(𝑘𝑖 − 𝑎𝑖𝑖 ) 𝑒𝑖2 (𝑡),
(11)
where 𝑎𝑖𝑖 (𝑖 = 1, 2, … , 𝑛) are the coefficients of the matrix 𝐴3 .
Rewrite Eq. (11) as follows:
𝑉̇ (𝒆(𝑡)) =
2𝑝(𝑘1 − 𝑎11 )
0
⋯ 0
⋮
2𝑝(𝑘1 − 𝑎11 )
⋯ 0
𝑇 (𝑡)
−𝒆
[
] 𝒆(𝑡)
⋱
⋮
0
⋮
⋯ 2𝑝(𝑘1 − 𝑎11 )
0
0
≤0
=>
where

𝑉̇(𝒆(𝑡)) = −𝒆𝑇 (𝑡)𝑸𝒆(𝑡)

2𝑝(𝑘1 − 𝑎11 )
⋮
𝑄=[
0
0

0
2𝑝(𝑘1 − 𝑎11 )
⋮
0

⋱
⋯

(12)

⋯ 0
⋯ 0
]
⋮
2𝑝(𝑘1 − 𝑎11 )

is a PDM. Now from Eq. (12), it follows that:
𝑉̇(𝒆(𝑡)) = −𝑄 ∑𝑛1 𝑒𝑖2 (𝑡)
̇
=>
𝑉(𝒆(𝑡)) ≤ −𝑞(𝑚𝑖𝑛) (𝑄) ∑𝑛1|𝑒𝑖 (𝑡)|2
Using Eqs (10) and (14) that yields:
𝑉(𝒆(𝑡))
𝑉̇(𝒆(𝑡)) = −𝑞(𝑚𝑖𝑛) (𝑄)
.
𝑝(𝑚𝑎𝑥)(𝑃)

(14)
(15)

Integrating the inequality (15) from 0 → 𝑡 , results in the following
Lyapunov estimation:

2.2. Controller design
The main goal of this subsection is to design such an active control
strategy that the limit of the error vector; 𝒆(𝑡) = [𝑒1 (𝑡), 𝑒2 (𝑡), … +
𝑒𝑛 (𝑡)]𝑇 tends to zero globally exponentially. i.e.
lim ‖𝒆(𝑡)‖2 = lim ‖𝒚(𝑡) − 𝒙(𝑡)‖2 =0.
𝑡→∞

(13)

𝑡→∞

Theorem 2.1: If the controller 𝒖(𝑡) in (2) is designed such that the
following inequality holds true:
𝑉(𝒆(𝑡)) ≤ 𝑉(0)𝑒𝑥𝑝 (−

𝑞(𝑚𝑖𝑛)(𝑄)
𝑝(𝑚𝑎𝑥)(𝑃)

𝑡),

(6)

where 𝑞(𝑚𝑖𝑛) and 𝑝(𝑚𝑎𝑥) , represent the minimum and maximum
eigenvalues of two positive definite matrices (PDM) 𝑄 and 𝑃, respectively then, the two coupled chaotic systems (2) are globally
exponentially synchronized.
Proof of Theorem 2.1: Let us define the following active control
function as:
𝒖(𝑡) = −ℎ(𝒙(𝑡), 𝒚(𝑡)) − ∆ − 𝐾𝒆(𝑡),
(7)
where 𝐾 = 𝑑𝑖𝑎𝑔[𝑘1 , 𝑘2 , … , 𝑘𝑛 ] is a linear controller gain matrix,
which will be constructed. Using system of Eqs. (3) and (7) that
yields:
𝒆̇ (𝑡) = 𝐴3 𝒆(𝑡) − 𝐾𝒆(𝑡)
= (𝐴3 − 𝐾)𝒆(𝑡)
= −(𝐾 − 𝐴3 )𝒆(𝑡).
(8)
Eq. (8) describes the closed-loop system and the synchronization
problem can be addressed as the stabilization of the closed-loop system at the origin. Let us construct the following Lyapunov error
function as:
𝑉(𝒆(𝑡)) = 𝒆𝑇 (𝑡)𝑃𝒆(𝑡) ≥ 0, 𝑖 = 1, 2, … , 𝑛,
(9)
where 𝑉(𝒆(𝑡)): 𝑅𝑛 → 𝑅𝑛 is a positive definite function with
𝑃 = 𝑑𝑖𝑎𝑔[𝑝1 , 𝑝2 , … , 𝑝𝑛 ]; is a positive definite matrix (PDM). Further, it is assumed that all the parameters and variables of the two
coupled chaotic systems (2) are available and measureable. Noted
that the closed-loop system in Eq. (8) is a linear system. The use of
Lyapunov function to such a system is to establish the GES stability

𝑉(𝒆(𝑡)) ≤ 𝑉(0)𝑒𝑥𝑝 (−

𝑞(𝑚𝑖𝑛)(𝑄)
𝑝(𝑚𝑎𝑥)(𝑃)

𝑡).

(16)

The inequality (16) accomplishes the globally exponential stability
of the closed-loop (8) at the origin. Thus, the two coupled chaotic
systems (2) are globally exponentially synchronized.
This completes the proof.
Remark 2.1: The term (

𝑞(𝑚𝑖𝑛)(𝑄)

𝑝(𝑚𝑎𝑥)(𝑃)

) in Eq. (16) determines the expo-

nential convergence rate of the synchronized error system to the
origin.

Fig. 1: Master-Slave system synchronization scheme.

3. Description of the chaotic systems
3.1. The extended Bonhoeffer van-der pol chaotic oscillator
Electric circuits are one of the natural physical systems and it can
be characterized by a variety of equations [22]. The multi-scroll
chaotic attractors exhibited by electric circuits have received considerable attention of the researchers theoretically as well as experimentally [23]. The three-dimensional BVP [23] is one of the elec-
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tric circuits, which realizes chaos and shows very rich, complex dynamic behavior and yet has potential applications. An extended
BVP oscillator can show a stable oscillator as well as a stable
threshold phenomenon [23]. The extended BVP oscillator has been
observed numerically and experimentally in certain systems and has
attributes of great utility to medicine, chemical kinetics, neuroscience, electrical circuits and secure communications [15], [23-25].
The extended BVP model consists of an inductor, two capacitors
and a linear resistor. By applying Kirchoff’s laws, the circuitry
equation of the extended BVP oscillator [15] is described as follows:
𝑑𝑣
𝑑𝑣
𝑣
𝑑𝑖
𝐶 1 = −𝑖 − 𝑔(𝑣1 ), 𝐶 2 = −𝑖 − 2 , 𝐿 = 𝑣1 − 𝑣2 ,
(17)
𝑑𝑡
𝑑𝑡
𝑟
𝑑𝑡
where 𝑔(𝑣1 ) = −𝑎𝑣1 − 𝑏 tanh(𝑐𝑣1 ) indicates the 𝑣 − 𝑖 characteristics of the nonlinear resistor [15].
Using the following identities:
𝐿

1

𝐿

1

𝐶

𝑟

𝐶

𝐿𝐶

𝐴 = 𝑎√ , 𝐵 = √ , 𝛿 = 𝑏𝑐√

,𝑟 = √

1

𝐿𝐶

𝑡, 𝑥 =

𝑣1
𝑏

𝐶

𝑣2

𝐿

𝑏

√ ,𝑦 =

𝐶

√ .
𝐿

Thus, the normalized dynamical model of an extended BVP oscillator (17) can be described as follows:
𝑥̇ (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥(𝑡)
𝐴 0 −1 𝑥(𝑡)
[𝑦̇ (𝑡)] = [ 0 −𝐵 1 ] [𝑦(𝑡)] + [
],
(18)
0
1 −1 0 𝑧(𝑡)
0
𝑧̇ (𝑡)
where [𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)] ∈ 𝑅3 are the state variables correspond to
𝑣1 , 𝑣2 and 𝑖 respectively and 𝐴, 𝐵 and 𝛿 are the parameters of the
BVP (18) with 𝛿 corresponds to the value of a fixed resistor 𝑟. The
extended BVP oscillator exhibits a chaotic attractor with initial condition (−0.5, −1, 0.5) and parameters values 𝐴 = 1, 𝐵 = 1.2 and
𝛿 = 1 as shown in Figure 2(A).
3.2. The Chen chaotic oscillator
The vector form of the chaotic Chen oscillator [19] is described as
follows:
0
𝑥̇ (𝑡)
−𝛼 𝛼 0 𝑥(𝑡)
[𝑦̇ (𝑡)] = [−𝑣 𝛾 0 ] [𝑦(𝑡)] + [− 𝑥(𝑡)𝑧(𝑡) ],
(19)
0 0 −𝛽 𝑧(𝑡)
𝑥(𝑡)𝑦(𝑡)
𝑧̇ (𝑡)
where [𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)] ∈ 𝑅3 are the corresponding state vectors
and 𝛼, 𝛽, 𝛾 and 𝑣 are the positive parameters of the Chen chaotic
system. The Chen system (19) exhibits chaos for the parameters
values 𝛼 = 35, 𝛽 = 3, 𝛾 = 28 and 𝑣 = 7, as shown in Figure 2(B).
(A)

4. Synchronization between two identical extended Bonhoeffer-van der pol oscillators
4.1. Problem statement
In order to observe the globally exponential complete synchronization behavior of an extended BVP oscillator (18), we used two
nearly identical BVP oscillators, where the master BVP oscillator
is denoted by the subscript 1 and the slave BVP oscillator having
identical equations denoted by the subscript 2. The complete synchronization is then described as follows:
(Master oscillator)
𝑥̇1 (𝑡)
𝐷1 (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥1 (𝑡)
𝐴 0 −1 𝑥1 (𝑡)
[𝑦̇1 (𝑡)] = [ 0 −𝐵 1 ] [𝑦1 (𝑡)] + [
] + [𝐷2 (𝑡)]
0
𝐷3 (𝑡)
1 −1 0 𝑧1 (𝑡)
0
𝑧̇1 (𝑡)
(Slave oscillator)
(20)
𝑥̇ 2 (𝑡)
𝑑1 (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥2 (𝑡)
𝐴 0 −1 𝑥2 (𝑡)
[𝑦̇ 2 (𝑡)] = [ 0 −𝐵 1 ] [𝑦2 (𝑡)] + [
] + [𝑑2 (𝑡)] +
0
𝑑3 (𝑡)
1 −1 0 𝑧2 (𝑡)
0
𝑧̇2 (𝑡)
𝑢1 (𝑡)
[𝑢2 (𝑡)],
𝑢3 (𝑡)
where
[𝑥1 (𝑡), 𝑦1 (𝑡), 𝑧1 (𝑡)]𝑇 ∈ 𝑅3 and [𝑥2 (𝑡), 𝑦2 (𝑡), 𝑧2 (𝑡)]𝑇 ∈ 𝑅3 are the
corresponding state vectors and 𝐴, 𝐵 and 𝛿 are the positive parameters of the master and slave oscillators (19), respectively. 𝐷𝑖 (𝑡)
and 𝑑𝑖 (𝑡) for 𝑖 = 1, 3 are the unknown external disturbances present in the master and slave oscillators (19), respectively where
[𝑢1 (𝑡), 0, 𝑢3 (𝑡)]𝑇 ∈ 𝑅3 is the control input vector. The controller
𝒖(𝑡) = [𝑢𝑖 (𝑡)]𝑇 is to be designed to solve the synchronization
problem for two identical BVP oscillators (20) with identical parameters 𝐴, 𝐵 and 𝛿 in spite of the dissimilarities in their initial
conditions.
For the complete synchronization (20), the synchronization error
systems is described as follows:
𝑑1 (𝑡) − 𝐷1 (𝑡)
𝑒̇1 (𝑡)
𝐴 0 −1 𝑒1 (𝑡)
[𝑒̇2 (𝑡)] = [ 0 −𝐵 1 ] [𝑒2 (𝑡)] + [𝑑2 (𝑡) − 𝐷2 (𝑡)] +
1 −1 0 𝑒3 (𝑡)
𝑒̇3 (𝑡)
𝑑3 (𝑡) − 𝐷3 (𝑡)
𝑢1 (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥2 (𝑡) − 𝑡𝑎𝑛ℎ𝛿𝑥1 (𝑡)
[
] + [𝑢2 (𝑡)],
(21)
0
𝑢3 (𝑡)
0
where ‖𝑒𝑖 (𝑡)‖2 = ‖𝑦𝑖 (𝑡) − 𝑥𝑖 (𝑡)‖2 , 𝑖 = 1, 2, 3.
The controlled slave BVP oscillator is synchronous with the master
BVP oscillator iff:
lim ‖𝑒𝑖 (𝑡)‖2 = lim ‖𝑦𝑖 (𝑡) − 𝑥𝑖 (𝑡)‖2 = 0 , 𝑖 = 1, 2, 3.
𝑡→∞

𝑡→∞

4.2. Controller design
Theorem 4.1: If the controller 𝒖(𝑡) = [𝑢𝑖 (𝑡)]𝑇 in (20) is designed
such that the following inequality holds true:
(B)

𝑉(𝒆(𝑡)) ≤ 𝑉(0)𝑒𝑥𝑝 (−2

𝑞(𝑚𝑖𝑛)(𝑄)
𝑝(𝑚𝑎𝑥)(𝑃)

𝑡),

(22)

where 𝑞(𝑚𝑖𝑛) and 𝑝(𝑚𝑎𝑥) , represent the minimum and maximum
eigenvalues of two positive definite matrices (PDM) 𝑄 and 𝑃, respectively then, the two identical BVP chaotic oscillators (20) are
globally exponentially synchronized.
Proof of Theorem 4.1. Let us construct the active control functions
as follows:
𝑢1 (𝑡)
∆1
𝑘1 0 0 𝑒1 (𝑡)
[𝑢2 (𝑡)] = − [ 0 0 0 ] [𝑒2 (𝑡)] − [∆2 ] −
0 0 𝑘3 𝑒3 (𝑡)
∆3
𝑢3 (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥1 (𝑡) − 𝑡𝑎𝑛ℎ𝛿𝑥2 (𝑡)
[
],
(23)
0
0
Fig. 2: 3-D Phase portrait of the chaotic (A) BVP oscillator, (B) Chen oscillator.
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where 𝑘1 and 𝑘3 are the controller gain coefficients, which will be
computed. Using systems of Eqs. (21) and (23), the closed-loop system is given as follows:
𝑒̇1 (𝑡)
𝐴 − 𝑘1 0
−1 𝑒1 (𝑡)
−𝐵
1 ] [𝑒2 (𝑡)]
[𝑒̇2 (𝑡)] = [ 0
(24)
1
−1 −𝑘3 𝑒3 (𝑡)
𝑒̇3 (𝑡)
In order to establish the globally exponential stability and convergence of the closed-loop system (24) at the origin, let us construct
the following Lyapunov error function as:
𝑉(𝒆(𝑡)) = 𝒆𝑇 (𝑡)𝑃𝒆(𝑡) ≥ 0,
(25)
where
𝑃 = 𝑑𝑖𝑎𝑔[0.5, 0.5, 0.5],
(26)
and 𝑉(𝒆(𝑡)): 𝑅3 → 𝑅3 is a positive definite. Now, the time derivative of the Lyapunov function (26) is given as follows:
𝑉̇(𝒆(𝑡)) = [𝑒1 (𝑡)𝑒̇1 (𝑡) + 𝑒2 (𝑡)𝑒̇2 (𝑡) + 𝑒3 (𝑡)𝑒̇3 (𝑡)]
(27)
Using system of Eqs (24) and (27) that yields:
𝑇
𝑒1 (𝑡) 𝑘1 − 𝐴 0 0 𝑒1 (𝑡)
𝐵 0 ] [𝑒2 (𝑡)]
𝑉̇(𝒆(𝑡)) = − [𝑒2 (𝑡)] [ 0
0
0 𝑘3 𝑒3 (𝑡)
𝑒3 (𝑡)
=>
𝑉̇(𝒆(𝑡)) = −𝒆𝑇 (𝑡)𝑄𝒆(𝑡),
(28)
where
𝑘1 − 𝐴 0 0
𝐵 0 ].
𝑄=[ 0
(29)
0
0 𝑘3
Since 𝐴 > 0 and 𝐵 > 0, thus, if the linear controller feedback gains
𝑘1 and 𝑘3 satisfy the following conditions:
𝑘1 > 0 and 𝑘3 > 0,
(30)
then, the matrix 𝑄 is PDM and 𝑉̇ (𝒆(𝑡)) is a negative definite function. From Eq. (26), we have:
𝑝1 0 0
𝑉(𝒆(𝑡)) = [ 0 𝑝2 0 ] [𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
0 0 𝑝3
0.5 0
0
= [ 0 0.5 0 ] [𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
0
0 0.5
1 0 0
= 0.5 [0 1 0] [𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
0 0 1
=>
𝑉(𝒆(𝑡)) = [𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
(31)
Let 𝑝(𝑚𝑎𝑥) and 𝑝(𝑚𝑖𝑛) , respectively represents the minimum and
maximum eigenvalue of the PDM 𝑃, then, from Eq. (25), it follows
that:
𝑝(𝑚𝑖𝑛)(𝑃)
2

∑31 𝑒𝑖2 (𝑡) ≤ 𝑉(𝒆(𝑡)) ≤

𝑝(𝑚𝑎𝑥)(𝑃)

Integrating the inequality (34) from 0 → 𝑡, results in the following
Lyapunov estimation:
𝑉(𝒆(𝑡)) ≤ 𝑉(0)𝑒𝑥𝑝(−𝛹𝑡),
where
𝑞(𝑚𝑖𝑛)(𝑄)

.
(𝑃)

3𝜋

2
𝜋

𝑡) , 𝐷2 (𝑡) = 0.1𝑐𝑜𝑠(𝜋𝑡),
𝜋

𝑑1 (𝑡) = 0.15𝑐𝑜𝑠 ( 𝑡) , 𝑑2 (𝑡) = −0.25𝑠𝑖𝑛 ( 𝑡).
2

3

Accordingly, ∆1 = 0.3 and ∆2 = 0.4.
For the two identical BVP chaotic oscillators (20), the time histories
of the convergence of the error states are displayed in Figure 3. It is
observed that the complete GES is achieved within 4 seconds by
using only two active control functions, while the complete synchronization objective in [15] is accomplished in t  10 s app., and
three active control functions are utilized. These factors show the
efficiency and performance of the proposed GES approach computationally. To quantify the synchronization, Figure 4, illustrates the
norm_2 of the error vector 𝑟(𝑡) = √𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡) for the
GES. The converging rate is determined by the constant
𝛹=2

𝑞(𝑚𝑖𝑛)(𝑄)
𝑝(𝑚𝑎𝑥)(𝑃)

. The converging rate could be adjusted by the lin-

ear controller feedback gains and the matrix 𝑃. By numerical calculations, we can easily verify that 𝑝(𝑚𝑎𝑥) (𝑃) = 0.5 and
𝑞(𝑚𝑖𝑛) (𝑄) = 1. Thus, from the main Theorem 4.1, it is concluded
that the two identical BVP chaotic oscillators (20) are globally exponentially synchronized with an exponential convergence rate
𝛹 = 4.
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0.0
0.5

e1 t

1.0

e2 t

1.5

e3 t

2.0

0

2

4

6

8

Time units
Fig. 3: Time Series of the Synchronized Error States.

2

2𝑉(𝒆(𝑡)) ≤
(32)
From Eq. (27), let us suppose that 𝑞(𝑚𝑖𝑛) 𝑄 = min{𝑘1 − 𝐴, 𝐵, 𝑘3 },
then, Eq. (27) implies that:
𝑇
𝑒1 (𝑡)
𝑒1 (𝑡)
̇𝑉 (𝒆(𝑡)) ≤ −𝑞(𝑚𝑖𝑛) (𝑄) [𝑒2 (𝑡)] [𝑒2 (𝑡)]
𝑒3 (𝑡) 𝑒3 (𝑡)
≤ −𝑞(𝑚𝑖𝑛) (𝑄)[𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
≤ −𝑞(𝑚𝑖𝑛) (𝑄) ∑31|𝑒𝑖 (𝑡)|2.
(33)
Using inequalities (32) and (33) that yields:
𝑞(𝑚𝑖𝑛)(𝑄)
𝑉̇(𝒆(𝑡)) ≤ −2
𝑉(𝒆(𝑡)).
(34)

𝑝(𝑚𝑎𝑥)

𝐷1 (𝑡) = −0.2𝑠𝑖𝑛 (

𝑝(𝑚𝑎𝑥)(𝑃)

∑31 𝑒𝑖2 (𝑡)
2
3
𝑝(𝑚𝑎𝑥) (𝑃) ∑1 𝑒𝑖 (𝑡)

𝛹=2

oscillator [15] are set as 𝐴 = 1, 𝐵 = 1.2 and 𝛿 = 1 with initial
states are taken as 𝑥1 (𝑡) = −2, 𝑦1 (𝑡) = 2, 𝑧1 (𝑡) = 0 and
𝑥2 (𝑡) = −0.5, 𝑦2 (𝑡) = −1, 𝑧2 (𝑡) = 0.5 , respectively. the linear
feedback gains of the controllers are selected as k1  2 and k3  1 .
In numerical simulation, the following unknown external disturbances are applied to the master and slave systems (20) respectively.

(35)

Thus, the closed-loop system (24) is globally exponentially stable.
Therefore, the two coupled chaotic BVP oscillators (20) are globally exponentially synchronized. ■
4.3. Numerical simulation and discussion
Numerical simulation results are given to verify the efficiency and
performance of the proposed approach. The parameters for the BVP
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Fig. 4: Exponential convergence of the error states.

Figure 5, presents the time history of the control inputs (22). The
proposed control strategy is economical and simple in implementation to accomplish the GES.
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Fig. 5: Time Series of the control inputs 𝑢1 (𝑡)and 𝑢3 (t)

5. Synchronization between two nonidentical
extended Bonhoeffer-van der pol and Chen
chaotic oscillators
5.1. Problem statement
In this subsection of the paper, the proposed GES approach will be
applied to achieve the synchronization between two nonidentical
chaotic oscillators. The extended BVP oscillator is considered as
the master system with the subscript 1 and the Chen chaotic oscillator is considered as the slave system with the subscript 2. Therefore, the master-slave system synchronization is described as follows:
(Master oscillator)
𝑥̇1 (𝑡)
𝐷1 (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥1 (𝑡)
𝐴 0 −1 𝑥1 (𝑡)
𝐷
[𝑦̇1 (𝑡)] = [ 0 −𝐵 1 ] [𝑦1 (𝑡)] + [
]
+
[
0
2 (𝑡)]
𝐷3 (𝑡)
1 −1 0 𝑧1 (𝑡)
0
𝑧̇1 (𝑡)
(Slave oscillator)
(36)
𝑥̇ 2 (𝑡)
𝑑1 (𝑡)
0
−𝛼 𝛼 0 𝑥2 (𝑡)
[𝑦̇ 2 (𝑡)] = [−𝑣 𝛾 0 ] [𝑦2 (𝑡)] + [−𝑥2 (𝑡)𝑧2 (𝑡) ] + [𝑑2 (𝑡)] +
0 0 −𝛽 𝑧2 (𝑡)
𝑥2 (𝑡)𝑦2 (𝑡)
𝑑3 (𝑡)
𝑧̇2 (𝑡)
𝑢1 (𝑡)
[𝑢2 (𝑡)],
𝑢3 (𝑡)
where [𝑥1 (𝑡), 𝑦1 (𝑡), 𝑧1 (𝑡)]𝑇 ∈ 𝑅3 and [𝑥2 (𝑡), 𝑦2 (𝑡), 𝑧2 (𝑡)]𝑇 ∈ 𝑅3
are the corresponding states vectors of the master and slave oscillators (36), respectively. 𝐴, 𝐵 and 𝛿 are the positive parameters of
the master system in Eq. (36) and 𝛼, 𝛽, 𝛾 and 𝑣 are the positive parameters of the slave system in Eq. (36). 𝐷𝑖 (𝑡) and 𝑑𝑖 (𝑡)
for 𝑖 = 1, 2, 3 are the unknown external disturbances acting on the
master and slave systems (36), respectively where
[𝑢1 (𝑡), 𝑢2 (𝑡), 𝑢3 (𝑡)]𝑇 ∈ 𝑅3 represents the control input.
The error system for the nonidentical synchronization (36) is described as follows:
𝑒̇1 (𝑡)
−𝑡𝑎𝑛ℎ𝛿𝑥1 (𝑡)
−𝛼 − 𝐴
𝛼
1 𝑒1 (𝑡)
𝛾 + 𝐵 −1 ] [𝑒2 (𝑡)] + [− 𝑥2 (𝑡)𝑦2 (𝑡) ] +
[𝑒̇2 (𝑡)] = [ −𝑣
−1
1
−𝛽 𝑒3 (𝑡)
𝑥2 (𝑡)𝑧2 (𝑡)
𝑒̇3 (𝑡)
𝑑1 (𝑡) − 𝐷1 (𝑡)
𝑢1 (𝑡)
[𝑑2 (𝑡) − 𝐷2 (𝑡)] + [𝑢2 (𝑡)],
(37)
𝑢3 (𝑡)
𝑑3 (𝑡) − 𝐷3 (𝑡)
where ‖𝑒𝑖 (𝑡)‖2 = ‖𝑦𝑖 (𝑡) − 𝑥𝑖 (𝑡)‖2 , 𝑖 = 1, 2, 3.
The controlled slave Chen chaotic oscillator is synchronous with
the master BVP chaotic oscillator iff:
lim ‖𝑒𝑖 (𝑡)‖2 = lim ‖𝑦𝑖 (𝑡) − 𝑥𝑖 (𝑡)‖2 = 0 , 𝑖 = 1, 2, 3.
𝑡→∞

𝑡→∞

5.2. Controller design
Theorem 5.1: If the following in-equality holds true:
𝑉(𝒆(𝑡)) ≤ 𝑉(0)𝑒𝑥𝑝 (−2

𝑞(𝑚𝑖𝑛)(𝑄)
𝑝(𝑚𝑎𝑥)(𝑃)

𝑡),

(38)

where 𝑞(𝑚𝑖𝑛) and 𝑝(𝑚𝑎𝑥) , represent the minimum and maximum
eigenvalues of positive definite matrices (PDM) 𝑄 and 𝑃, the two
coupled chaotic oscillators (36) are globally exponentially synchronized.
Proof of Theorem 5.1. Let us construct the following active control
functions as:
𝑢1 (𝑡)
𝑒1 (𝑡)
𝑘1 0 0
−𝐴 0 1
[𝑢2 (𝑡)] = − ([ 0 𝐵 −1] + [ 0 𝑘2 0 ]) [𝑒2 (𝑡)] +
0 0 𝑘3
𝑢3 (𝑡)
−1 1 0
𝑒3 (𝑡)
𝑡𝑎𝑛ℎ𝛿𝑥1 (𝑡)
∆1
[ 𝑥2 (𝑡)𝑧2 (𝑡) ] − [∆2 ],
(39)
∆3
−𝑥2 (𝑡)𝑦2 (𝑡)
where 𝑘1 , 𝑘2 and 𝑘3 are the controller gain coefficients that adjust
the strength of the feedback controller into the slave system. Using
Eqs. (37) and (39), the closed-loop system (37) is given by:
𝑒̇1 (𝑡)
𝑒1 (𝑡)
−(𝛼 + 𝑘1 )
𝛼
0
−𝑣
𝛾 − 𝑘2
0
[𝑒̇2 (𝑡)] = [
] [𝑒2 (𝑡)]. (40)
0
0
−(𝛽 + 𝑘3 ) 𝑒3 (𝑡)
𝑒̇3 (𝑡)
Considering 𝑘1 = 𝑘3 = 0 and rewrite system of Eq. (40) as follows:
𝑒̇1 (𝑡)
−𝛼
𝛼
0 𝑒1 (𝑡)
[𝑒̇2 (𝑡)] = [−𝑣 𝛾 − 𝑘2 0 ] [𝑒2 (𝑡)].
(41)
0
0
−𝛽 𝑒3 (𝑡)
𝑒̇3 (𝑡)
Let us consider the Lyapunov function as follows:
𝑉(𝒆(𝑡)) = 𝒆𝑇 (𝑡)𝑃𝒆(𝑡) ≥ 0,
(42)
2 (𝑡)
2 (𝑡)
2 (𝑡)],
𝑉(𝒆(𝑡)) = 𝑃[𝑒1
+ 𝑒2
+ 𝑒3
(43)
where 𝑉(𝒆(𝑡)): 𝑅3 → 𝑅3 is a positive definite function with
𝑃 = 𝑑𝑖𝑎𝑔[0.5, 2.5, 0.5] is a PDM. Now, the time derivative of the
Lyapunov function (43) is given as follows:
𝑉̇(𝒆(𝑡)) = 𝑃[2𝑒1 (𝑡)𝑒̇1 (𝑡) + 2𝑒2 (𝑡)𝑒̇2 (𝑡) + 2𝑒3 (𝑡)𝑒̇3 (𝑡)]
= [𝑒1 (𝑡)𝑒̇1 (𝑡) + 5𝑒2 (𝑡)𝑒̇2 (𝑡) + 𝑒3 (𝑡)𝑒̇3 (𝑡)]. (44)
Using systems of Eqs (41) and (44), we have:
𝑇
𝑒1 (𝑡) 𝛼
0
0 𝑒1 (𝑡)
𝑉̇(𝒆(𝑡)) = − [𝑒2 (𝑡)] [ 0 5(𝛾 − 𝑘2 ) 0 ] [𝑒2 (𝑡)]
(47)
0
0
𝛽 𝑒3 (𝑡)
𝑒3 (𝑡)
=>
𝑉̇(𝒆(𝑡)) = −𝒆𝑇 (𝑡)𝑄𝒆(𝑡),
(46)
where
𝛼
0
0
𝑄 = [ 0 5(𝛾 − 𝑘2 ) 0 ].
(47)
0
0
𝛽
Since 𝛼 > 0, 𝛽 > 0 and 𝛾 > 0, therefore, if 𝑘2 < 𝛾 , then, the
matrix 𝑄 becomes PDM and hence, 𝑉̇(𝒆(𝑡)) becomes a negative
definite function. From Eq. (43), we have:
0.5 0
0
𝑉(𝒆(𝑡)) = [ 0 2.5 0 ] [𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
0
0 0.5
1 0 0
= 0.5 [0 5 0] [𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
0 0 1
2𝑉(𝒆(𝑡)) = [𝑒12 (𝑡) + 5𝑒22 (𝑡) + 𝑒32 (𝑡)]
[𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)] ≤ 2𝑉(𝒆(𝑡)).
=>
(48)
Let 𝑝(𝑚𝑎𝑥) represents the maximum eigenvalue of the PDM 𝑃, then,
from Eq. (43), it follows that:
2𝑉(𝒆(𝑡))
𝑝(𝑚𝑎𝑥)(𝑃)

≤ ∑31 𝑒𝑖2 (𝑡).

(49)

From Eq. (47), let us suppose that 𝑞(𝑚𝑖𝑛) 𝑄 = min{𝛼, 5(𝛾 −
𝑘2 ), 𝛽}, then, Eq. (46) implies that:
𝑇
𝑒1 (𝑡)
𝑒1 (𝑡)
𝑉̇ (𝒆(𝑡)) ≤ −𝑞(𝑚𝑖𝑛) (𝑄) [𝑒2 (𝑡)] [𝑒2 (𝑡)]
𝑒3 (𝑡) 𝑒3 (𝑡)
≤ −𝑞(𝑚𝑖𝑛) (𝑄)[𝑒12 (𝑡) + 𝑒22 (𝑡) + 𝑒32 (𝑡)]
≤ −𝑞(𝑚𝑖𝑛) (𝑄) ∑31|𝑒𝑖 (𝑡)|2.
(50)
Using inequalities (49) and (50) that yields:
𝑞(𝑚𝑖𝑛)(𝑄)
𝑉̇(𝒆(𝑡)) ≤ −2
𝑉(𝒆(𝑡)).
(51)
(𝑃)
𝑝(𝑚𝑎𝑥)

Integrating the inequality (51) from 0 → 𝑡, results in the following
Lyapunov estimation:
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𝑉(𝒆(𝑡)) ≤ 𝑉(0)𝑒𝑥𝑝(−𝛹𝑡),
where
𝛹=2

𝑞(𝑚𝑖𝑛)(𝑄)
𝑝(𝑚𝑎𝑥)(𝑃)

.

(52)

Thus, the closed-loop system (41) is globally exponentially stable.
This completes the proof of Theorem 5.1.

5.3. Numerical simulation and discussion
The parameters for the chaotic BVP oscillator [19] are set as
𝐴 = 1, 𝐵 = 1.2 and 𝛿 = 1with initial states being taken as
𝑥1 (𝑡) = 0.5, 𝑦1 (𝑡) = 1, 𝑧1 (𝑡) = 1.5. Similarly, for the Chen chaotic oscillator [19], the parameters are set as 𝛼 = 35, 𝛽 = 3,
𝛾 = 28 and 𝑣 = 7, with initial states being taken as 𝑥2 (𝑡) = 10,
𝑦2 (𝑡) = −5, 𝑧2 (𝑡) = 38. The gain of the controller is chosen as
𝑘2 = 26. In numerical simulation, the following unknown external disturbances are applied to the master and slave systems (36),
respectively.

𝐷1 (𝑡) = −0.2𝑠𝑖𝑛 (

3𝜋
2

𝑡) , 𝐷2 (𝑡) = −0.2𝑠𝑖𝑛(𝜋𝑡),
𝜋

𝐷3 (𝑡) = 0.2𝑐𝑜𝑠(𝜋𝑡), 𝑑1 (𝑡) = 0.15𝑐𝑜𝑠 ( 𝑡),
2

𝑑2 (𝑡) = −0.1𝑐𝑜𝑠 (

2𝜋
3

𝜋

𝑡), 𝑑3 (𝑡) = −0.2𝑠𝑖𝑛 ( 𝑡).
3

Subsequently, ∆1 = 0.35, ∆2 = 0.3 and ∆3 = 0.3.
Time history of the convergence of the error signals for non-identical synchronization (36) is illustrated in Figure 6. It can be noticed
that the error states are synchronized with damped oscillation when
the controllers are activated at 𝑡 = 0.3 𝑠, app. This demonstrates
that the investigated controllers are robust to accidental mismatches
in the transmitter and receiver, which is helpful in secure communications. By numerical calculations, we can easily verify that; and
𝑝(𝑚𝑎𝑥) (𝑃) = 2.5 and 𝑞(𝑚𝑖𝑛) (𝑄) = 3. Thus, from the main Theorem 3, we conclude that the two chaotic oscillators (36) are globally
exponentially synchronized with an exponential convergence
rate 𝛹 = 1.2.
10
e1 t
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e3 t
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0.0
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Fig. 6: Time series of the synchronized error states (BVP & Chen systems).

6. Conclusion
This paper addressed the globally exponential synchronization of a
doubled-scroll chaotic attractor exhibited by the three dimensional
extended Bonhoeffer-van der Pol oscillator. Based on the Lyapunov
direct method and using the active control technique, sufficient algebraic conditions were derived analytically to achieve the globally
exponential synchronization. The globally exponential synchronization stability was verified theoretically and graphically. The capability of the synchronization stability is improved as compared to
some previous results. It has been shown that the proposed active
controller technique has strong robustness to the external disturbances and parameter mismatches.
Since chaotic signals are naturally broadband and noise-like, the
synchronized chaotic oscillators can be used as encryption generators for secure communications. The results of this research work

should be beneficial and could be employed in the field of hybrid
image encryption, secure communications and genetic networks,
etc.
The linear feedback gains are selected on trial-and-error bases.
There are no suitable bounds for the linear feedback gains. Selecting of high linear feedback gains may create signal saturation in the
systems. Similarly, there is no precise balance between the converging rates of the synchronized error signals and the magnitude of the
linear feedback gains. These are open problems and should be addressed.
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