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Abstract

This paper is devoted to study the Navier-Stokes equations by applying the curl and using a current function, we
obtain a non-linear biharmonic problem where the pressure disappears and instead of the velocity, we are working
with a scalar function. After a linearization, we obtain a sequence of linear problems. We study the existence and
uniqueness of its solutions. Finally we show the convergence of the sequence of the linearized problems obtained to
the non-linear one.
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1. Introduction

We consider the Navier-Stokes problem:

—vAu+ (uV)u+ VP = f in Q,
(P) divu=0 in Q,

u=0 on T,

where € is a bounded and connected domain in R? with lipschitz boundary I = 99,

u the velocity and p the pressure.

v is a positive parameter called kinematic viscosity and the corresponding function f forces applied to the fluid is
given.

After the application of the curl and using a current function, we obtain a non-linear biharmonic problem.

The variational formulation of the Navier-Stokes equations in the classic form is well studied in [2], [4], and [6]. A
discretisation by Finite Element Methods of the problem is proposed by [4].

The standard discretization of the Stokes and Navier-Stokes equations in vorticity and stream function formu-
lation by affine finite elements is known for its bad convergence. Amara.M and Bernardi.C in [1] present a modified

discretization, they prove that the convergence is improved and they establish a priori error estimates.

The outline of the paper is as follows:
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In the second Section, we are concerned with the bi-harmonic equation by applying the curl and using a current
function.

In Section 3, we study the sequence of linearized problems. We show the existence and uniqueness of their
solutions .

In Section 4, we show the convergence of the sequence of solutions of the linearized problems obtained to the
non-linear one.

In section 5, we demonstrated the linear convergence.

2. Application of rotational

We have div u = 0, then it can be written in the form u = curl ¢ where ¢ is a scalar function called fairly regular
stream function.

_ 99
uy = @,

__9¢
U9 = —aix

Then by applying the curl to our problem (P), we will have:
curl Au = —A?%¢,

curl (VP) =0,
1o} Ous % 0 Ouy Ouyq

curl(u.V)u) = %(m% + ug By ) — iy(ula Uzaiy),
since
divu =0 this implies that % = 7%,
or oy
and then, we obtain:
_ 090A¢  0¢O0AY
curl(u.Vu) = 9y Or + or 9y
The equation becomes
0p 0A¢ 0P 0AP
A%p— 2 4 T — curl
vA'$ Oy Ox Jr(‘)x Oy curl f,
and we have the following problem
0P 0A¢ =~ 0P OAP .
Alp— —— 4 T = Q
v By Oz + ax 0y curl f in ,
(Q) =0 on T,
op _ 0¢
e oy 0 on T.
A linearization gives:
a(bn 8A¢n+1 8¢n 8Aqﬁn-i-l
A2 Bt et S Wt et e S .
AN 9y Ox + 9r oy curl f
We set
%, 06

ay ) n — ax7
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we have:

OAPp 11 OAGp 11
dn
ox + Jy

Therefore, our problem is:

2
VA“¢pt1 — Cn

= curl f.

0 1o}
VA% pyq — Cn%Aﬁbnle + dn@A¢n+l = curl f in

(Qn-‘rl) ¢n+1 =0 on Fa
adjn-‘rl astn-‘rl

—_— = F

o oy 0 on ,

3. Variational formulation

We multiply both sides of the first equation of (Q,+1) by a test function v € V = HZ(Q) and integrating over 2,

we have the following variational problem:

Find ¢,,+1 € V such as

@V {a(¢n+1,v) =Lw), YVveV,

where a(.,.) is a bilinear form on V' x V given by:

a(u,v) = ag(u,v) + an(u,v),
where

ap(u,v) =v [ AulAvdX,
Q

[ au (P00 000
cm(u,v)-/ﬂAu( oy 0 ox 6y> dX,

and L(.) is a linear form on V defined by the following expression:

L(v) = / curl f vdX.

Q
For the existence and uniqueness of the solution, we need this lemma:
Lemma 3.1. [5], Vu € H*(Q) N H(Q), there exist ¢/(Q) > 0 such that
lullF < () Aull3 < e[| Aul3.

where ¢* will be chosen later.

(5)

Theorem 3.2. For f € HY(Q) and curl f small enough: ||curl flla < c(v) ,the problem (QV),11 has a unique

solution ¢pny1 € V.

Proof. 1. Continuity of a:
We show the continuity and coercivity of the bilinear form a(.,.).
We put u = ¢,,+1 and we deal with each term separately, we begin by:

|ao(u, v)| < v[|Aullz|[Av]lz,

< vllul gz Joll -

And using the continuous injection of H(€2) in L*(), ay(.,.) will be bounded as bellow

a1, 0)] = \ [ utvonvoax].

< [|Aull2l[Voll s [[Venll s,
< df|Aullao[[Volla [Venl ar,

< cllénll g2 llull g2 |v]| -
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Therefore,

|a(u, )| < Collull g2 lv]|#2, (8)

where C,, is a constant which depends on n given by:
Cn =v+c|dnllge.

This implies that, for each fixed n, a(.,.) is continuous on V.

2. Coercivity of a:
We have:
ag(u, u) = v|| Aull3, (9)
and taking v = u in (7), we obtain:
|an(u, )| < clldnlle 7, (10)
then using (5)
a(u, w) > v[|Aul3 — cllullllénll 2,

14
C’(Q) Hu”%? _CHu”%ﬂ”(ansz (11)

Y

v

> (m — cllpnll =) llull-

To get the coercivity, we should have:

c'(€)

—c|ldnllgz >0,  VneN, (12)

which means that

12
_— . 1
| bnll a2 < e VneN (13)
Let
. 14
“ T 0@ (14)

We take ¢g € By« where B, = {v € HZ(Q);||v||gz < a} and assume that ¢,, € By,
we must show by induction that: ¢,11 € Bg~ .
Indeed, we have , if we put u = ¢ 41:

a(u,u) = L(u) = / curl f udX,

Q
a(u,u) < |leurl f|l2[|ull2, (15)
then

v
(m = cldnllm)llullde < llewrl fll2llulla,

and

(i~ Clonll)lullms < llewrd fllz2 (16)
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l|curl fl]2

v

llull g2 < .
o) C”Qz)n”H2

If we assume that:
2

14
HC’U/I’Z fHQ < W’

then we have :

lewrtfll2__ .

w —

l[ull 2 <

(@)

which implies that a(.,.) is coercive on V.

3. Continuity of L:
In the other hand, the linear form L is continuous:

L)z < lleurl fll2 [[v]l2- (17)

Then, using Lax-Milgram Theorem, the problem (QV),+1 has a unique solution ¢, 11 € V.

4. Convergence of the sequence

The sequence (¢, )nen obtained in the preceding section verifies:
[fnllv <, ¥Vn =0,

which implies that the sequence (¢, )nen is bounded in V.

Then there exist a subsequence that converges weakly to w in V.

Since the injection of V in H} () is continuous, there exists a subsequence still noted ¢,, which converges strongly
to w in H} ().

For the convergence, we need this regularity result:

Lemma 4.1. Assume that ) is of class C* and ¢o € H3(Q) N H3(Q2), we have:
VneN, ¢, € HZ(Q) N H3Q).

Proof. The problem (Q,+1) can be written as

Own 11 4 OWn41

or "oy
Appi1 = wpt1 in Q, (2)
¢n+1 € Hg<Q)

The variational formulation of (1) is

—vAwp41 + ¢ = —curl f in £, (1)

Find w,, 11 € Hy(Q) such as
Ap(wny1,v) =1(v), Yo e H}Q),

where

An(wpy1,v) = I// Vwpi1 Vo dX +/ Wnt1 (dn@ — cn@
Q Q dy

l(v) = —/chrlf vdX.
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For the coercivity of A,,, we have:

,,/ |Vv|2dX+/v(Vv/\an) e
Q Q

v Vo |3 = cllVollal[v]l [ Ve e

Ay (v,v)

(AVARYS

vey ||v [l — ca[[vl| 3.

1
It suffices to choose in inequality (5): ¢* > 2o
C1

And by Lax-Milgram Theorem, we have w, 1 € H' ().

The theory of regularity for weak solutions of the laplace problem applied to the variational formulation of (2)
gives ¢p1 € H?(Q). O

Then, we have this result of convergence :

Lemma 4.2. 1. We have, Vv € HZ(2) N H3(Q):

nggloo a0(¢n+1’ ) - CLo(’lU,U).

2. We have, Vv € H3(Q) N H3(Q):

lim  an(Ppi1,v )—aoo(w,v):/Aw(Vv/\Vw)dX
Q

n—-+o0o

Proof. 1. We have:

a0 (@ns1,9) — ao(w, )] = |v / Abnir —w) Av dX|
< v[|[V(nt1 — w)|2]|v] s,

then, we obtain the result.

2. On the other hand, we have:
|an(¢n+17 U) — 0o (’LU, U)‘ =T, + 13,

where

T, =| [ (Abnir = Au)(To A Vn)ix]
and

T —| /Q Aw - [Vo A (Véy — Va)dX]

By Green formula we have :

T, =| [ (Vo = Tu) V(oA Vo,)ax

which gives :

¢n+1 - W 8 v 8 ¢n ¢n+1 av a ((bn)
tn = Z | z; dz;0z; Ox; ax|+ Z | z; 8xj dz;0z; dX|.

i,j=1 i,j=1

and

gy —w) Pw v
< g
TQ" o |/Q 8.131' 833183:] 81‘]' Xm
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According to the Sobolev imbedding Theorem the space H?!(£2)
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is continuously imbedded in L*(Q) for n = 2.

Then by the Hélder’s inequality we have for w, v, ¢, € HZ(Q) N H3():

ow 0*v O(Pni1 —w)
8.731' 8@-63;]- 8xj

with for T3,

cL'(Q), 1<i,j<2,

0¢n 0%v Nppy1 —w) 81} O 1 0(Pni1 —w)

[ S g 2 ax| < g Gl 2=y
L . ||H1Ha¢"||H | A=),
0z:0z; " B oz,

SC||v||Ha||¢n||Hz||@’ng)||2,
Pon v A pny1 —w) 32% INPnt1 —w)
[ s g = < e X,
82¢n 81} O Pnt1 — w)
< - —rnwr 7
< Clg gl g I [ 2=,
SC||v||H2H¢n||H2||“’5"+i”)||2,
and for T5,, we have
Pw v ¢, —w) ( —w)
22 <
[ g 2 =) ) < bl gl 22 =),
2o P ||M||
B0y N o T
§6||v||quw||H2||(¢’#i>||z,

Then, by the strongly convergence in H{(2), we will have
Hm  ap(dnt1,v) = aoo(w,v).

n—-+4oo

Proposition 1. w is a solution of Q.

Proof. Tt follows from Lemma (4.1) that:
lm  ag(dnt1,v) + an(Pni1,v) = ag(w,v) + aoo(w,v) = L(v).

n—-—4o0o

Which gives:

1// AwAvdX—l—/ Aw (Vv AVw)dX = / curl f vdX,
Q Q Q

then
owOoAw  Ow IAw
/Q(VAQw =5y s T ar gy~ CurlPvaX =0, Ve Hi(),
then
A A
DA% ow 0Aw  Ow 0Aw — curl f, Y € Hg(Q)

ay Ox +% dy

So we can conclude that w is the solution of Q.

(18)

(19)

(20)

(21)
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5. Linear convergence

For this part, we set

Wpt1 = Opt1 — W,

we have the following result:

Proposition 2. For w,1 € H%(Q), there exist a constant C' such that:

|wnt1llm2 < Cllwnllme. (22)
Proof. Taking the difference between the problem (Q,+1) and the problem (Q), we have:

90 O(Awni1) | 06 I(Awyi)

dy 0z Oz oy " (23)

Z/A2wn+1 -

where

_ 0(Aw) dw,,  9(Aw) O(wy)
Fn = ox Oy oy Oxr (24)

The variational formulation gives us:

Sl < alwnsn wnin) < [ FalwniadX,
Q

< |Awl2 Vw4l Vw1 la,
< c|Aw|lo|[Vwnl g1 Vwn 1 || a7,

< Nlwall g2 llwnsr || 2,
then, we obtain:
[wn1llmz < Cllwnllme, (25)

where C' is given by:

C==, 26
3 (26)

and [ the constant of the coercivity.

Which implies the linear convergence. O

6. Conclusion

In this paper, we studied the Navier-Stokes equations by applying the curl and using a current function through
the application of rotational, we obtained a non-linear biharmonic problem.

After a linearization, we proved the existence and uniqueness of weak solution of the variational formulation using
Lax-Milgram Theorem and which we can compute by finite element method.

And in a second part we showed the convergence of the sequence as well as the linear convergence.
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