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Abstract

In this paper, homogeneous balance method (HBM) is proposed for seeking the traveling wave solutions for the Swift-
Hohenberg equation. In this approach HBM is applied to solve the Riccati equation and the reduced nonlinear evolution
equations, respectively. Many new exact travelling wave solutions are successfully obtained. The method is
straightforward and concise, and can be also applied to other nonlinear evolution equations.
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1 Introduction

In recent years, Wang et al. presented a useful method called homogeneous balance method [1-3], for finding an exact
solution of nonlinear partial differential equations. Fan and his collaborators improved the homogeneous balance
method and made it more straightforward and simple [4-7]. However, they are restricted because the difficulty of
finding solutions of equations, such as the Riccati equation. This conduct equations makes the homogeneous balance
method used more extensively. This method can be used to find more exact traveling wave solutions of a given
nonlinear partial differential equations.

In this paper, HB method is used to solve the Riccati equation ¢’ :a¢2 +b@-+c and the reduced nonlinear ordinary

differential equation for the Swift-Hohenberg equation, respectively.
For the the Swift-Hohenberg equation

u +2u, —ou, +u, . =au+pu’—yu’ 1)
Where o, a, f,and y are parameters of equation.
Let us consider the traveling wave solutions

u(x,t)=u(é), E=kx +It +d, (2
Where k, | and d are constants.

Substituting (2) into (1), results in
lu'+2k 20— ok 3um+k @ —ou+ pu2 -3, 3)

We now seek the solution of Eq.(3) in the following form :

u :Zqi¢i- (4)



International Journal of Applied Mathematical Research 9

Where @, are constants, to be determined, and ¢ satisfy the Riccati equation
¢ =ag’ +bg+c (5)

Where a, b,and c are constants. By balancing U (4) with u3, one gets easily m =2.[4]
u=q, +q1¢+q2¢21 (6)

Substituting in (3), from, [5-6], collecting all terms with the same power ¢i (i =0,1,2,3,4,5) and setting each of the
obtained coefficients to zero, yields the set of algebraic equations :

795 +120k “a‘q, =0,

120k ‘b a’q, — 240k *a’q, + 24k ‘a‘g, +379,97 =0,

-54 0k *a’q,b +3yq7q, + 24k ‘ba’y, +12k %a’q, + 379,97 + 240k ‘a’q,c +114k ‘a’g,b?

-pa; ~6ok ‘a’g, =0,

130k *ab’q, —38ck *aq,b* - 400k *a’q,c + 24k ‘ca’y, + 4k %a’q, —12ok *a’q,b

+104k “a’q,b +2laq, + 20k *aq,b + yq; +6749,9,9, — 2 39,9, +120k “a’g,bc =0,

-aq, -8cka’q,c +104k ‘aq,b’ - B/ — 7ok *aq,b?® +128k *aq,b’c +16k *b*q, +379lq,
+16k “aq,c +1aq, +3yq,0, +8k *a*qpbc +6k *agqb —2 39,9, + 2l bg, + 2k *ab’q, +8k ’b g,
-80k’n’y, -520k *aqg,bc +136k *a’g,c’ =0,

2lcqg, +1bg, —140k *0°q,c +2k *b*q, +12k 0 q,c —aq, +3y09. g, — 29,9, + 4k “aq,c +16k ‘ag,bc?
—ok *h°q, —16 0k *aq,c” +30k *b°q,c + 2k °b?q, +104k *aq,bc +8k *agb’c -8ok *agbc =0,
8k ‘ag,bc® +4k c’q, - ok b?qc —aq, + 2k b g,c +16k ‘aq,c® + g2 +14k *b?q,c* + 2k ‘cbq,

+l cq, —-60k 3quC2 _ﬁqg -20k 3t'qulCz =0.
Solving this algebraic equation (By Maple 13), one finds

1 —641i ok b /30 +1252i k 2b2y+[30 - 23i y o230 +196i  +/303920i k 2ac y+/30 +9804fy

% = 5040 3 ’
7,2
1.
_7| k ay/30 (5k b — o) _2i\/3ﬁk2a2
G, = O = = )
Jr Jr
It is to be noted that the Riccati equation (5) can be solved using the homogeneous balance method as the following:
Tayp 1: Let ¢ =Y b, tanh' &. Balancing ¢' with ¢° leads to
i=0
¢=b,+b tanh & (8)
Substituing Eq. (8) into (5) results the following solution of Eq.(5)
_ 2
¢=Q(b +2tanh¢), ac =b——1. 9)
2a 4

Substitution in (6), from Eqs. (7) and (9), leads to the following traveling wave solution of Eq. (1)
g L (—641i J30yb ok +1252ik 24/30yb? — 23 o230y +196i /30y +3920ik “a~/30c ¥ +9803,[y
2940 7@

L ik J30(-o +5kb)(b + 2tanh&) i 30k 2(b + 2tanh &)’
1 L2 | 10)

z iz
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Similarly, if one takes ¢ = Zbi coth' &, then we obtain the following traveling wave solutions of Eq.(1) will be obtain.
i=0

yo L 64l J30ybok +1252ik 24/307b? — 23i o [30y +196i \30y +3920ik “a/30cy + 980,[y
2940 72

L ik J30(—o+5Kb)( + 2c0th &) i 30k *(b + 2coth £)?
14 L2 , (11)
Jr Jr

Tayp 2: From [7], when a =1, the Riccati equation (5) has the following solutions
—J=c tanh(x=< &), ¢<0
-1

¢ =q—, c=0 (12)

4

Jc tan(xc &), c>0

From (6), (7), (12), one gets the following traveling wave solutions of Eq. (1).

When ¢ <0,
1 -641i/30ybok +1252ik 230y — 23i o230y +196i /30y + 3920ik “a+/30cy + 9804,y
2940 72
1.
jukaﬁ(-mskb)ﬁ tanh(\/jf)_m J30a2k “ctanh (V5 2)° -
Jr Jr
When ¢ =0,
1 —641i\/30ybok +1252ik 2/30yb? — 23i o2 /30y +196i /30y +3920ik 2a/30cy +9804.[y
"~ 2040 Y&
1.
?lka@(Skb ~0) i 30k
- + > (14)
Jré Jré
When ¢ >0,
1 -641i/30ybok +1252ik 230y - 23i o230y +196i /30y +3920ik “a+/30cy + 9804,y
2940 y?
1.
jukaﬁ(-awkb)f tanh(:fc &) 2 J30a2k “ctanh (VG &) s
Jr Jr
Tayp 3:lets find the solutions of the Riccati equation, (5), in the following form
g=A,+> (Af'+B,f'"g), (16)
i=1
Where f =;, =ﬂ,
cosh&+r cosh&+r
which satisfy
f(&)=-F(a©)., 9'(¥)=1-g*) - (&),
9% (&) =1-2rf (&) +(r*=Df *(&).
Balancing ¢' with @2 leads to
¢=A,+Af +B.g. (17)

Substituting Eq. (17) into (5), collecting the coefficient of the terms with the same power, of
(&g’ (&) (i =0,1,2; j =0,1), and these coefficients, to zero yield to the following set of algebra equations
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aA;’+aB/+b A, +c =0,

2aA,A, -2arB/-rB,+b A =0,

aA’+a(r’-1)B/ +(r*-1B, =0,

2aA,B, +b B, =0,

2aAB, +A, =0.

Which have solutions
b (r?=1 -1 b?-1
A =—— A ==+ |—"%, = Cc= , 18
0 2a ! 432 (18)

From Egs. (17) and (18), we have

¢=;_1[b+sinh§¢,/(r2—1)J )

a cosh&+r

From Egs. (6), (7) and (19), we obtain the new wave solutions of Eq. (1)
1 —641i\/30ybok +1252ik 2/307b? —23i o2 /30y +196i /30y +3920ik *a/30cy +9804.[y

"~ 2040 Y&
. 2 H 2
ki J30(—0 + 5kb)(o + SMNEFNI =L 15 g2y | SINNEFNT ZL,
1 cosh&é+r 2 cosh&+r
2t + (20)
14 Jr N

Tayp 4: We take ¢ in the Riccati equation (5) being of the form

p=e"p(z)+p,(&), (21)
Where z =e" +p,, where p,,p,,and p, are constants to be determined.
Substituting (21) into (5), we have
¢ —ag’ —bgp—c = pe P p'—ae®™ p® +(p, —2ap,)e ™ p—ap; —be™ p—bp, —c =0 (22)

_ _n? 2

Setting p, +p, =2p,, we get p, = p,. If we assume that p, = plzab ,and ¢ = pl—+b , then Eq. (22) becomes

p,p —ap® =0 (23)
Solving Eq.(23), we get

—Py P:
=—t=—-—1 24
i aEe™ +p,) (24)
_— p,—b .
Substituting (24) and p, = o into (21), we have
a
P& _
jo—_ P€ L Pob (25)

ae™ +p,) 2a

If p, =1 in(25), we have
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p, 1 b
=——Ltanh(= -—
¢ oa (2 plé) oa

If p,=-1in(25), we have

p=- ,f coth(—plaf)——.
2a

From (6), (7) and (25), we obtain the following new wave solutions of Eq. (1)

1 —641i /30ybok +1252ik *\[30yb? - 23i o /30y +196i /30y + 3920ik “a+/30cy + 9804,y

:2940 y(3/2)
— P _
Zika30(-0 +5Kb) (- bRy e fap- PET 1Rich)
(p15 p3) 2 a ae™ +p,) 2 a
+
7 7

When p, =1 , we have from (26)
1 —641i\/30ybok +1252ik 2/30yb? — 23i o* /30y +196i /30y +3920ik *a/30cy +9804.[y

" 2940 Y&

pltanh( p.$) plta“h( p.$)
—lka\/_(—a+5kb)(—1f 19) 2ik 2?30 (- 2 L 1by

+ 2a

¥ z

When p, =-1, we have from (27)
1 —641i /30ybok +1252ik *\/30yb? - 23i o*/30y +196i /30y + 3920ik “a+/30cy + 9804,y

~ 2940 R

plcoth( P.g)
—lkaJ_( a+5kb)(—1f 1%) 2ik2a2@(—§7 %

Jr Jr

Clearly, (10), (11) is the special case of (29), (30) with p, =2.
Tayp 5: We suppose that the Riccati equation (5) have the following solutions of the form

¢=A,+ Y sinh' (A sinhw+B, coshw) ,
i=1

Whereg—? =sinhw or 2—? =coshw. Balancing ¢' with ¢* leads to

¢=A,+A sinhw+B, coshw

(26)

(27)

(28)

(29)

(30)

(31)

When 3—? =sinh, lets substitue (31) into (5) and set the coefficient of sinh’ wcosh' w(i =0, 1, 2; j =0,1) to

zero. A set of algebraic equations is obtained as follows

aA,/ +aB+bA,+c =0,
2aA,A, +bA, =0,
aA’+aB=B,,
2aA,B,+b B, =0,
2aAB, +A, =0,

for which, we have the following solutions

(32)
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b 1
Ag=o—i A=0 B=, (33)
2
Where ¢ = ,and
4a
-b 1 1
A = A == _iB =T 34
® 22’ ? \/2a ' 2a (34)
2
Wherec:b —
4a

By the hypothesis 2—? =sinh w, one gets

sinhw=-csché&, coshw=-cothé&. (35)
b?—
From (31), (33), (35), and ¢ = , one reads
b +2coth
g2 (3)
a
b?-1
From (31), (34), (35), and ¢ =
b +csché& +coth
g2t @)
a
From (5), (6), (7), (36) and (37), a new traveling wave solutions of Eq. (1), will be resulted
1 —641i\30ybok +1252ik 2/30yb? — 23i o2 /30y +196i /30y +3920ik 2a/30cy +9804.[y
2940 R
L ik J30(—o+5Kb)( + 2c0th &) i /30k *(b + 2coth £)?
14 L2 , (38)
Jr Jr
b?—
Where ¢ = ,and
1 -641i 30ybok +1252ik ?/30yb? — 23i o*\/30y +196i /30y + 3920ik “a+/30c y + 9804,y
"= 2040 eR)
L ik J30(—o+5Kb)(b —csché +coth &) i /30k (b —csché +coth £)2
14 L2 (39)
Jr Jr
2 p—
Where ¢ = b”—1 .

Similary, when do = cosh w,
d¢é
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1 -641i30ybok +1252ik */30yb? — 23i o307 +196i /30y +3920ik *a+/30c y +9803,[y
2940 y&?

%ik J30(= +5kb)(b +2cot &) %i J30k > (b + 2ot £)?
— + ,

Nz N

2

Where ¢ = b

,and

I J30ybok +1252ik 2[307b? — 23i o 30y +196i \/30y + 3920ik “a\/30cy + 980,[y
2940 y&?

L ik J30(—o +5kb)(b —cscE+cotE)  Li /30K *(b —CsCE + cot £
1 L2 |
N2 N2

2_
Where c=b 1.

2 Conclusion

Lets summarize the HBM has been used, to solve the Swift-Hohenberg equation, exact traveling solution of the
equation are resulted.

Step 1: For a given nonlinear evolution equation
F U, Ug Uy g Uy Uy Uy U U U ) =0. (40)

we consider the transformation u(x,t) =u(¢$), £=kx +It +d, to reduce Eq. (40) into an nonlinear ordinary
differential equation

Q,lu’ku’1u"klu" k2" k2u" k12" k3" 1" =0. (41)

Step 2: For a given ansatz equation (for example, the ansatz equation is ¢’ =ag¢” +bg+c in this paper), the form of
u is considered as a truncated power series, in powers of ¢ and the homogeneous balance method is used on Eq. (41) to
find the coefficients of this.series

Step 3: The homogeneous balance method is used to solve the ansatz equation.

Step 4: Finally, the traveling wave solutions of Eq. (40) are obtained by combining step 2 and 3.

From the above procedure, it is easy to find that the homogeneous balance method is more effective and simple than
other methods and many solutions can be obtained at the same time. This method can be also applied to other nonlinear
evolution equations.
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