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Abstract 

 

In this paper, Homotopy perturbation method has been used for solving systems of nonlinear integro-differential 

equations governing on the problem of results reveal that the method is very effective and simple. The results of 

homotopy perturbation method are of high accuracy. The example is presented to show the ability of the method. 
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1 Introduction 

Consider two separate species with numbers ( )X t  and ( )Y t  at time t where first species increases and the second 

decrease. If they are put together, assuming that the second species will feed on the first, there will be an increase in the 

rate of the second species /dY dt  which depends not only on the present population ( )X t , but also on all previous 

values of the first species. When a steady-state condition is reached between these two species, it is described by the 

following system of two integro-differential equations: 
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Where 1k  and 2k  are the coefficients of increaseing and decreaseing of the first and the second species (had they 

staged separate), respectively. The parameters 1 , 1f  , and 2 2, f  , depend on the respective species. The main 

problem of biological species living together is presented in [1-2].  

Recently, a great deal of interest has been focused on the applications of the homotopy perturbation method, well 

addressed in [3-9]. This method has been used to solve wide variety mathematical problems under study. Almost all 

perturbation methods are based on the assumption of the existence of a small parameter in the equation. But most 

nonlinear problems have not such a small parameter. This method has been proposed to eliminate the small parameter 

[10-11]. Also, this method has been used to solve hyperbolic differential equations [12], and to other equations [13-14]. 

In this article, we use Homotopy perturbation method to solve systems of integro-differential equations. 

 

2 Basic idea of homotopy perturbation method  

To illustrate the basic ideas of homotopy perturbation method for solving nonlinear differential equations, we consider 

the following nonlinear functional equation: 
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( ) ( ) 0, ,A u f r r                                             (2) 

 with the following boundary conditions:    

, 0, ,
u

B u r
n

 
  

 
                                                                                                                                      (3) 

where   is a general  functional operator, B is a boundary operator, ( )f r  is a  known  analytical  function, and    is 

the boundary  of the domain  , and  / n    denotes   differentiation along the normal drawn outwards from  . 

Generally speaking the operator   can be divided into two parts L and N, where L is a linear and N is a nonlinear 

operators. Eq. (2), therefore, can be rewritten as the following: 

                      

( ) ( ) ( ) 0.L u N u f r                                                                                                                                           (4) 

 

We construct a homotopy for Eq. (2),  ( , ) : [0,1] ,v r p    which satisfies: 

 

0( , ) (1 )[ ( ) ( )] [ ( ) ( )] 0, [0,1], ,H v p p L v L u p A v f r p r                                                                 (5) 

or 

 

0 0( , ) ( ) ( ) ( ) [ ( ) ( )] 0,H v p L v L u pL u p N v f r                                                                                            (6) 

         

Where [0,1]p   is an embedding parameter, 0u  is an initial approximation of Eq. (2), which satisfies the boundary 

conditions. Obviously, form Eqs. (5) and (6) we will have 

 

0( ,0) ( ) ( ) 0,H v L v L u                                                                                                                                      (7) 

( ,1) ( ) ( ) 0.H v A v f r                                                                                                                                        (8) 

 

Thus,  the  changing  process  of p  from  zero  to unity  is  just  that of   ( , )v r p  from 0u   to  ru . In topology, these 

are called deformation, and 0( ) ( )L v L u , ( ) ( )A v f r  are called homotopic. Here the embedding parameter is 

introduced much more naturally, unaffected by artificial factors; further it can be considered as small parameter 

for 0 1p  . So it is very natural to assumed that the solution of Eqs. (5) and (6) can be written as a power series in p : 

 
2

0 1 2 .v v pv p v                                                                                                                                           (9) 

 

Setting 1p  , results in the approximate solution of Eq. (2) 
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3 Homotopy perturbation   method for system (1) 

To apply homotopy perturbation method for system (1), functions 1 ( )f t s  and 2 ( )f t s  should   be determined. So 

let 

 
( )

1 2( ) ( ) ,t sf t s f t s e                                                                                                                                 (11) 

  0 1 0 2( ) , ( ) .X t N Y t N   

 

Corresponding homotopies can be readily constructed as the following: 
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Equating the coefficients of the terms with identical powers of  ,p  we lead to; 
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So the exact solutions of the system (1) can be entirely determined. However, in practice, all terms of the series cannot 

be determined; in this study we use three-terms approximations: 
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As 1,p  (12)   tends to system (1) and (14) and (15), in most cases converges to an approximate solution of system 

(1), i.e. 
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Three-terms approximations for X and Y are as follows: 
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4 Numerical results 

If we know the values of parameters 1 2 1 2 1, , , , ,k k N N   and  2 ,  we can derive the values of  X  and  Y . For 

numerical results we use the following values and get X  and Y in terms of t . That the following values for the 

parameters have been closen. There is no any advantage for these values 

 

1 2 1 2 1 2 00.02, 0.01, 10, 0.1.k k N N T         

 

So three-terms approximations for X and Y are as follows: 
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4 2
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( ) 10 10.4163 5 10

X t t t

Y t t t

   


   

 

 

Some values of ( )Z t  and ( )Y t  are listed in the following table 1, For comparison with the results done by Biazar [2]. 

 
Table 1: Numerical results of equations (11) for system (1) 

 

t         0.01            0.03            0.05         0.07           0.1          0.3             0.5            0.7           0.9 

 

X   9.8968         9.6904       9.4838      9.2771      8.9668     6.8911      4.8030     2.7023      0.5892 

 

Y   10.1042      10.3125    10.5208     10.7291    11.0416   13.1250    15.2082   17.2916     19.3750 

 

 

5 Conclusion 

In this article, we have applied homotopy perturbation method for solving the nonlinear systems integro-differential 

equations. In many cases one or two terms approximations have enough accuracy, i.e. fast convergence which can be 

mentioned as an advantage of the method. Homotopy perturbation method has been known as a powerful device for 

solving many functional equations such as ordinary, partial differential equations, integral equations and so many other 

equations. There is less computations needed in comparison with the Adomian decomposition method.   In our work, 

for computations we used Maple 13. 
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