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Abstract

In this paper we introduce the definition of quasi-fuzzy distance space then we discuss several properties of this space after we give an
example to illustrate this notion. Then we show that the existence of a quasi-fuzzy distance space which is not fuzzy bicompletable. Here
we prove that every fuzzy bicompletable quasi-fuzzy distance space admits a unique [up to fuzzy isodistance] fuzzy a bicompletion.
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1. Introduction

Theory of fuzzy sets was introduced by Zadeh in 1965 [21]. Many
authors have introduced the concept of fuzzy metric in Different
ways [1], [2], [3], [7], [8], [9], [10], [13], [16], [17]. Kramosil and
Michalek in 1975 [6] introduced the definition of fuzzy metric
space which is called later KM-fuzzy metric space .George and
Veeramani in 1994 [3] Introduced the definition of continuous * t-
norm to modify the concept of KM-fuzzy metric space which was
introduced by Kramosil and Michalek which is called later GV-
fuzzy metric space . In section one of this paper we recall the defi-
nition of fuzzy distance space on fuzzy set [9] which is a modifi-
cation of the definition GV-fuzzy metric space after that we in-
troduce basic definitions ,basic concepts and properties of fuzzy
distance space.

In section two of this paper we extend the notion fuzzy distance
space on a fuzzy set to a quasi-fuzzy distance space on fuzzy set.
On the other hand, it was presented in [4] an example of a fuzzy
distance space that is not fuzzy completable, also it has been ob-
tained an internal characterization of fuzzy completable fuzzy
distance spaces, taking these results into account and the fact that
the concept of fuzzy bicompletion provides a theory of completion
to quasi-metric spaces in the classical sense (for instance see [5]).
It seems natural and interesting to discuss the problem of charac-
terizing quasi-fuzzy distance spaces that are fuzzy bicompletable.
The main purpose of this paper is to solve this problem. Following
the modern terminology ( for instance see Section 11 of [5] ) by a
quasi-metric on a set X we mean a function d:X X—[0,e0) such
that for all x, y, z € X:

i) d(x,y)=d(y,x)=0 if and only if x=y
i) d(x,y) < d(x,z) +d(z,y)

Each quasi-metric d on X generates a T,-topology t4 which has a
base the family of open balls { B;(x) : x € X, e >0 } where

B.(X)={ye X:d(xy) <e}

2. Fuzzy distance space on fuzzy set

Definition 2.1: [21] Let X be a nonempty set of elements, a fuzzy
set A in X is characterized by a membership function, uz(x): X—
[0, 1].

Then we can write A = {(x, pz(x)): xeX, 0 < pz(x) < 1}.
We now recall an example of a continuous fuzzy set.
Example 2.2: [18] Let X = R and let A be a fuzzy set in R with

membership function by: pz(x) =

Definition 2.3: [4] Let A and B be two fuzzy sets in X. then
1) A CBifandonly if pg(x) < pg(x) for all xeX
2) A=Bifandonly if pg(x) = pg(x) for all xeX
3) AUB if and only if pg(x) = pz(x) v pg(x) for all xeX
4) A MBifand only if pg(X) = px(x) A pg(x) for all x€X
5)  uge(x) =1- pg(x) for all xeX

C:
5:

Definition 2.4: [18] If A and B are fuzzy sets in a nonempty sets X
and Y respectively then the Cartesian product A x B of A and B is
defined by:

Ha x 8% Y) = Ha(x) A pg(y) forall (x, y) eXxY

Definition 2.5: [20] A fuzzy point p in X is a fuzzy set with mem-
ber p(x) = a if x =y and p(x) = 0 otherwise. For all y in X where
0< a <1. We denote this fuzzy point by x,. Two fuzzy points x,
and yg are said to be distinct if and only if x# y.

Definition 2.6: [21] Let x,, be a fuzzy point and 4 be a fuzzy set in
X. then x,, is said to be in A or belongs to A which is denoted by
xq € A ifand only if pz(x)>a.

Definition 2.7: [11] Let f be a function from a nonempty set X into
a nonempty set Y. If B is a fuzzy set in Y then f=1(B) is a fuzzy set

Ot
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in X defined by: pe-1(5) (X) = (g0 f)(X) for all x in X. Also if A is
a fuzzy set in X then f (A) is a fuzzy set in Y defined by:

ey ) =V {ra(9): xef () 1, iff71(y)# @ and pray (y) =0,
otherwise.

Proposition 2.8: [12] Let f: X— Y be a function. Then for a fuzzy
point x, in X, f (x) is a fuzzy pointin Y and f (xo) = (f (X))« -

Definition 2.9: [3] A binary operation=: [0, 1] x [0, /] — /0, 1]
is a continuous t-norm if = satisfies the following conditions:

1) xis associative and commutative.
2) = is continuous.

3) axl=aforalla € [0,1].
4) axb <cxd whenever a < ¢ and b <d where a,b, ¢,d €[0,1].
Remark 2.10: [3] For any a> b we can find csuch that axc> b

and for any d we can find an e such that exe > dwhere a, b,c ,d e
€(0,1). We introduce the following definition.

Definition 2.11: [14] A triple (4,D,*) is said to be fuzzy distance
space if 4 is a fuzzy set of the nonempty set X, * is a continuous t-

norm and D is a fuzzy set on A2 satisfying the following conditions:

(FDy) ﬁ(xa,yﬁ) >0 forall x4, yg € A

(FD,) 5(Xa,y3) =1Llifandonly if xo=yg

(FD3) ?(X(DYG) = ?(Y& Xq) f(ll’ all xq, yp € A _
(FD4) D(XqsZ6) = D(Xq,¥g) * D(yg. Z5) for all x4, yg and z; € A
(FDs) D(x4.yp) is a continuous fuzzy set

Example 2.12: [14] Let X=N, and let A be a fuzzy set in X. Sup-
pose that axb = a.b for all a, b [0, 1]. Define ﬁ(xa,yﬁ) = ilfx <y

and D(xq.yp) = % Ify <x, for all x, y eN.Then (A,D,*) is a fuzzy
distance space. N

Example 2.13: [14] Let X=R and let A be a fuzzy set in X. Sup-
pose that axb = a.b for all a, b < [0, 1]. Define D(xq.yg) = Tl
for all x,, yg € A. Then (A,D,*) is a fuzzy distance space.

Definition 2.14: [14] Let (4,D, %) be a fuzzy distance space then D
is continuous fuzzy set if whenever (x,,a,) — x, and

(¥n.Bn)— yp in A then D((xn, @n).(Yn, Bn)) — D(xq, yp) that is
limnewﬁ((xnr an):(yn: .Bn)) = 5(xav B )

Lemma 2.15: [14] Suppose that (X,d) is an ordinary metric space
and assume that 4 is a fuzzy set in X. Define d(x,, yp) = d(x,y)
for all x, yg e A. Then (A, d) is a metric space.

Example 2.16: [14] Let X= R and let A= [2,00] be a fuzzy set in X.
Consider the mapping D : A xA— [0, 1] defined by : D(a,bg) = 1
ifa=b and D(ag,bg) = (i) a+().p
if a #b, where ax B = a.  for all a, B €[0, 1]
(FM,) We show that D(aq.c) = D(aq,bg) * D(bg, ¢;) is not satis-
fied for all a,, by, co€ A. Leta =10, b= 3 and c= 100 where
a=l, B =l,0=18incea¢b¢c

N = b ¢ 1 1 1 1 1
Then D (aq, by )= (Pa+(y)B=g+p=1p *
=0.01+0.111=0.121

5 _ (1 1 _1 ., 1 1 1

And D (bg . ;)= (E)'ﬁ * (Z)'U “wtET 5 T
=0.111+0.0001=0.1112
~ 1 1 _1,1_ 1 1
D(ag.c5)= (-a+ (E)'U =212 = 700 " Too00
0.0101
Therefore D(ag, bg) * D(bg.c5) > D(aq.cs)=(0.121) +
(0.1112) =0.0134552 >0.0101

O |-

=0.01+0.0001=

Thus (4,D,*) is not a fuzzy distance space m
Proposition 2.17: [14] Suppose that (X,d) is an ordinary metric
space and assume that axb = a.b for all a, be[0,1]. Then by lemma

2.15, (4, d) is a metric space. Define D;(x,, yg) = TRt then
wYp

(4,D4,%) is a fuzzy distance space and it is called the fuzzy dis-
tance on the fuzzy set A induced by d.

Definition 2.18: [14] Let (4,D,*) be a fuzzy distance space on the
fuzzy set A, we define B(x,.r) = {yp €A: D(xq, y5) > (1- 1) } then
B(x,,r) is called an fuzzy open fuzzy ball with center the fuzzy
point x, €A and radius 0 < r < 1.

Proposition 2.19: [14] Suppose that B(x,,r;) and B(x,,r,) be two
fuzzy open fuzzy balls with the same center x, €A and with radi-
uses ry,m, € (0, 1). Then we either have B(x,,r;) cB(xq,13) or
B(xanrz)QB(xa’ﬁ)-

Definition 2.20: [14] A sequence {(x;,, a,,)} of fuzzy points in a
fuzzy distance space (4,D,*) is called fuzzy converges to a fuzzy
point x,, €A if whenever 0 <s< 1, we can find a positive integer K
with, D((X, @m), Xg) > (1-€) whenever m >K.

Definition 2.21: [14] A sequence {(x,, a,)} of fuzzy points in a
fuzzy distance space (4,D,*) is called fuzzy converges to a fuzzy
point x, €A if lim,,_,0 D((y, ), X4) = 1.

Theorem 2.22: [14] Definition 2.21 and definition 2.20 are
equivalent.

Proposition 2.23: [14] Suppose that (X, d) is a metric space and
assume that (4,Dg4,*) is the fuzzy distance space induced by d.
Let{(x,, a,)} be a sequence of fuzzy points inA4. Then{(x,, a,)}
converges to x, <A in (A, d) if and only if {(x,, a,)} fuzzy con-
verges to xg in (4,D4,%).

Definition 2.24: [14] A fuzzy subset C of a fuzzy distance space
(4, D,*) is called fuzzy open if for each x, € C there is B(x,,q) €
C with 0 <q <1. A fuzzy set E € A is said to be fuzzy closed if its
complement is fuzzy open that is E¢ = A\ E is fuzzy open.

Theorem 2.25: [14] If B(x,, q) is fuzzy open fuzzy ball in a fuzzy
distance space (A, D,*) on a fuzzy set A then B(x,,q) is a fuzzy
open fuzzy set with 0 <q <1.

Definition 2.26: [14] Suppose that (4, D,*) is a fuzzy distance
space on a fuzzy set A and let € <A then the fuzzy closure of C is
denoted by € or FCL(C) and is defined to be the smallest fuzzy
closed fuzzy set contains C.

Definition 2.27: [14] A fuzzy subset C of a fuzzy distance space
(4, D,*) on a fuzzy set 4 is said to be fuzzy dense in A if ¢ = A.

Lemma 2.28: [14] Let € be a fuzzy subset of A and let (4, D,*) be
a fuzzy distance space on the fuzzy set A then a, <€ if and only if
there is a sequence {(a,,a,)} in C such that (a,,,a,)— a,, where
a,a, €[0,1].

Theorem 2.29: [14] Suppose that € is a fuzzy subset of a fuzzy
distance space 4 (, D,*) then € is fuzzy dense in A if and only if
for every x, €A there is ag €C such that D(x,, ag) > (1- ) for
some0<e<1.

Definition 2.30: [14] A sequence {(x,, a,)} of fuzzy points in a
fuzzy distance space (4, D,*) is said to be fuzzy Cauchy if whenev-
er 0 1 we can find K with D((x,,, ay,) , (X, @) ) > (1- €) for all n,
m =K.
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Theorem 2.31: [14] Let (4, D,*) be a fuzzy distance space on the
fuzzy set A if {(x,,, a;,,)} is a sequence of fuzzy points in A that is
fuzzy converges to x, € A then {(x,,, ar,)} is fuzzy Cauchy.

Proposition 2.32: [14] Suppose that (X,d) is a metric space and let

ﬁd(xa,yﬁ): m where t= min {a, B}.
Then {(x,, a,)} is a Cauchy sequence in (4, d) if and only if

{(xn, an)} is a fuzzy Cauchy sequence in (4, Dg,*).

Definition 2.33: [14] Suppose that (4,D,*) be a fuzzy distance
space. A fuzzy subset € of 4 is called fuzzy bounded if we can find
0 < g < 1with, D(x4,y5) > (1—0), wheneverx,, yz C.

Proposition 1.34: [14] Let (X,d) be a metric space and let

Dy(xa yp)= m
Where t=o A B then a fuzzy subset € of A is fuzzy bounded if and
only if it is bounded.

Definition 2.35: [14] Let (4,D,*) be a fuzzy distance space, then
we define a fuzzy closed fuzzy ball with center x, €A and radius r,
0 <r<1byB[xg, 11 ={ygeX: D(xq¥p) = (1- N}

Lemma 2.36: [14] If B[x,, q] is fuzzy closed fuzzy ball in a fuzzy
distance space (4, D,*) on a fuzzy set A then B[x,, q] is a fuzzy
closed fuzzy set with 0 <q <1.

Theorem 1.37: [14] Suppose that (4,D,*) is a fuzzy distance
space . Put z5= {Cc A: x, C if and only if there is 0 < g <1
with B(x,, q)cC}.Then 73 is a fuzzy topology on A.

Proposition 2.38: [14] Suppose that (X,d) is an ordinary metric

space. Let D, (e, ¥p)= P be the fuzzy distance induced by

d. Then the topology t, induced by d and the fuzzy topology 15,
induced by D are the same. That is t, = B,

Theorem 2.39: [14] Every fuzzy distance space on a fuzzy set is a
fuzzy Hausdorff space.

Definition 1.40: [14] Suppose that (4, Ds,*) and (E, Dg,*) are
fuzzy distance spaces and ¢ c A.

The mapping h: ¢ —E is said to be fuzzy continuous at aﬁef, if
whenever 0 < e < 1, we can find 0 < § < 1, with Dg(h(xg),h(ag))
> (1- £) whenever x, € C and Dj(x,, ag) > (1- §). When f is
fuzzy continuous at every fuzzy point of C, then it is called to be
fuzzy continuous on C.

Theorem 2.41: [14] Let (A, Dz,*) and (E, Dg,*) be fuzzy distance

spaces and ¢ < A. The mapping h: ¢ —E is fuzzy continuous at

ag eC if and only if whenever a sequence of fuzzy points {(x,, a,)}
in € fuzzy converge to ag, then sequence of fuzzy points {(h

(xn, @)} fuzzy converges to h(ag).

Proposition 242: [11] Let A be a fuzzy set in X and let B be a
fuzzy set in Y. let f: A —»B be a function and let  cAand E ¢
B .Then f (C) c E ifand only if € <f ~1(E).

Theorem 2.43: [14] A mapping f: A —E is fuzzy continuous on A
if and only if the inverse image of € is fuzzy open in 4 for all fuzzy
open fuzzy subset C of E. Where A and E are fuzzy distance spaces.

Theorem 2.44: [14] A mapping f: A —E is fuzzy continuous on A
if and only if the inverse image of € is fuzzy closed in A for all
fuzzy closed fuzzy subset C of E.

3. Fuzzy quasi- fuzzy distance space

Definition 3.1: The triple (4,D,+) is called a quasi-fuzzy distance
space where 4 is a nonempty fuzzy set, * is a continuous t-norm
and D is a fuzzy set on A x A satisfying the following conditions:

1) Forall xo, yg €A, D(xq, yp) >0

2) D(x,, yg) = 5(y¢;, xq) = Llifand only if x, = yg

3) D(xq. ¥p) * D(yp.zs) < D(xq, 25) forall x,, yg, z, €A
4) D is a continuous fuzzy set.

Proposition 3.2: If (4,D,*) is a fuzzy quasi fuzzy distance space
then define D~': A x A— [0,1] by: D~'(x, 5) = D(yp, x) for
all x4, ygeA. then (4, D1 ) is a quasi fuzzy distance space.
Proof:

1) D (x4, yp) > 0since D(yg,x4) > 0 forall x,, yg €A
2) (2)D7Y(xq, yp) = Lifand only if D(yg,xy) = 1= D(xg, ¥p)
& Yp = Xa
3) 5_1(xa|Yﬁ)*D_1(YB1Za) =5(yﬁ1xa)* 5(Zo‘ly[3)g
5(ZU1YI5') * E(Yfoa) < 5(Zafxa) = E_I(Xafza)
4) D~'is continuous since M is continuous.
Therefore (4, D~1,*) is a quasi fuzzy distance space m
Proposition 3.3: Let (4,D,*) be a quasi-fuzzy distance space. De-
fine G :A x A— [0, 1] by G(xq, ¥5) = D(xq, y5)A D™ (xa. yp).
Then (4, G,*) is a fuzzy metric space. We shall refer to (4, G,*) as
the fuzzy distance induced by (4,D,*).
Proof: It is sufficient to show that G(x,, ¥5) = G(yg, x,) for each
Xq, Vg €A G(xq, yp) = D(x4, yg) then G(yp, x,) must equal to
D~Y(yg, x4) butD=(yg, x¢) = D (x4, yp) that is G(vp, x4) = D(x4,
¥g)- Hence G(xg, y5) = G(vg, Xq)
Similarly if G(xq, y5) = D™ (x4, yp) then G(xq, yg) = G(vp, Xa)
Therefore (4, G ) is a fuzzy distance space m
Proposition 2.4: Suppose that (4,D,+) is a quasi fuzzy distance
space. Then 15 = {€ c A: a,eC=3 1, 0<r < 1, such that B(a,.r)
< C} is atopology on A.
Proof:The proof is similar to the proof of Theorem 2.37, hence is
omitted.
Example 3.5: Let (4, d) be an ordinary quasi metric space and let
D4 be the function defined on A x A to [0, 1] by: Dg (x4, ¥g)
t
:t+d(xa,yﬁ)
(4,Dg4,%)is a quasi-fuzzy distance space, which is called the fuzzy
quasi metric space induced by the quasi metric d. Furthermore, it
is easy to check that

, where t= aAP. Then for each continuous t-norms,

(Da)™*=Dg-1 and G4= D 4s where d ™ (x,,yp) =
d(yﬁl xa)v ds(xalyﬁ) = max {d(xa,yﬁ),d_l(xa,yﬁ)}
Ga(xXa,Yp) = Ma(xe,yp)A Mg (xq,¥p) [12] m

Definition 3.6: A quasi fuzzy distance space (4,D,*) is called
fuzzy bicomplete if (4, G,+) is a fuzzy complete fuzzy distance
space.

Definition 3.7: Let (4,D,*) be a quasi- fuzzy distance space. A
fuzzy bicompletion of (4,D,+) is a fuzzy bicomplete quasi fuzzy
distance space (E,N,x) such that (4,D,*) is fuzzy isodistance to a
fuzzy dense fuzzy subset of E.
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Lemma 3.8: Let (4,D,*) be a quasi fuzzy distance space. Denote
by S the collection of all fuzzy Cauchy sequence of fuzzy points in
(4,G %)

Define a relation ~ on S by {(x,, a,)}~ {(¥,, &)} if and only if
Lim, G ((n, an), (K, @)) = L, Where by Lim G ((xn, @n), (i, @)
we denote the lower fuzzy limit of the sequence of fuzzy points
_(G((xn, (En)r(x,n' an))) B

1.e ll_m G((xn: an)r (x,n: a'n)) = Supkitlfn 2k G((xn' an)r (x’nr a’n))-
Then ~ is an equivalence relation on S.

Proof:

1) ~ is reflexive because G((x,, @), (Xn, @,)) = 1 forallnEN
SO (xnr an)~ (xnr an)

2) If (xp,ay)~ (yn,Bn), it immediately follows that
(¥n:Bn)~ (%n, @) because G((xn,0n), (Yn,Bn)) =
G((Yn, Bn), (xn, @n)) for all neN, So that lim G((yn, Bn),
(Xny an)) = lim G((Xp, ), s Bn)) =1

3) 3-~is transitive, suppose that (xp,0a,)~(Vn Bn) and
(Yn Bn)~(Zn, 0n). We shall prove lim G ((Xn, @n),(Zn, On))
= 1. Since (X, 0y)~(Yn, Bn) then lim G((xy, ap),(Yn, Bn))
=1

Ao (Y, Br)~(2y, 0y) S0 lim G((ynr Bn)(zn, 00)) = 1

for all neN.

Now G ((xp, @n ), (2, 02))Z G (X5, @), (Y Bn))* G ((Yns Br),
(Zn, Unp Lim G((xpn, an),(zn, 07)) = li_m~G ((ns ), s Br))

* Um G((Vn, Br), (Zn, 05)) Hence lim G((xy, @), (2n, 07)) = 1m

Lemma 3.9: Define Dg((xy, @), U, Br)) = Lim D((x,, ay,),

s B) Tor all ((, @), (i, B)) €5 where Ds:
S x §— /0, 1]. Then D; satisfies 1, 3 and 4 of Definition 3.1.

Proof:

1) Ds((xn @n), (¥ Bn)) >0 because D((xn, an),(¥n, Bn)) > 0
50, Lim D (¥, @n), O Bu))>0. )

2) Let (Xn' (Xn), (YH' Br}')' (an Gn)ES and put o= D§((Xn' (Xn),
QYnf Bn ) B = Ds (( ynBn )y (Znyon) ) and y =
Ds((Xp, 0n),(Zn, 04))- We shall show thata* § <y

Ifa = 0 or 8 = 0 the conclusion is clear. Hence we suppose
thata >0and g > 0.

Choose an arbitrary e<(0, min@). Then
(0.’ - ‘9) < Ds'((xn' an)r(ynr ﬁn)) and (ﬁ - 5) < Df((Yn' ﬁn)r(z‘m o-n))
Furthermore, there exists N, such that for all k >N,
Ds ((xnan ), (¥ Bn)) — € <D ((xiax), (Y, Bi ). And
Ds((n, Bn)(2n, o)) — & < D (Vie» Bie): (2> 9))-
Then (a—2¢) *(f~2¢) < [Ds (X @), (YuBn))-€]+
[D§((ynrﬁn2)r (Zn, 0n)) — €] < D((xp, @), Vi Br))* D (Vi Br)s
(Z, o))< D((xg, i), (zg, 7)) for all k = N,
Therefore (a—2¢) * (B—2¢) < infi sy, D((xx, ax), (zx, o))<
lim D ((xn, atn),(zn, 05)) =y By continuity of =, it follows that
axf <y

3) Djis continuous because D is continuous m
Notation 3.10: We denote the quotient S5/~ by X and [(x,,, a,)] the
class of the element (x,,, a,,) of S.

Lemma 3.11: If (x,,, @)~ (Gn, ¥n) aNd (v, Br))~ (b, G2)
Then 5§((xnr an), O, Bn)) = 55((‘171' Yn)» (b, o).

Proof: 55((xnr n),(Vns Bn))= 55((xnr an),(An, ¥n))

* 55((617“ Yn)x(bnr On )) * 55 (( bnr O_n)v((ynrﬂn )) = §§((anryn) ’
(bn, )

Thus M§((xnf an))r (yn’ .Bn))2 Ms?((anr Vn)r (bnr Un))-
Now

55((anr yn);(bnr Un)) 2 5§ ((anr Ynlv ((xn' an)) * 5§((xnr an)v
(ynr Bn)) * D§((ynr Bn): (bnr Un)) = D§((xn' an))l((yn: Bn))

SO! 55((anr Yn)l (bnr o_n))2 55(()&,“ an))l((yn' ﬁn))
Therefore 5§((x‘ru an))r (.Vnrﬁn)) = 55((anr Vn)1 (bn: Un)).

Definition 3.12: For each [(x,, a,;)], [(¥n Bn)]l€ X define

N ([t an)]s [, B)]) = Ds((xn, ), (V4 Br)). Then N is a
function from X x X to [0, 1] and it is well defined by Lemma 2.11.

Also we define T: A—X such that for each x, €4, T(x,) is the
class of constant sequence of fuzzy points x4, Xg, «ovovevevennnnn.
Now, from the above construction we obtain the main result in this
section.

Theorem 3.13: Suppose that (4, D ,*) is a fuzzy quasi- fuzzy dis-
tance space.

Then
a) (X,Nx) is afuzzy quasi- fuzzy distance space
b) T(A) is fuzzy dense in (X,N,*)
¢) (4, D ,»)is fuzzy isodistance to (T(A),N %)
d) (X,N*) is fuzzy bicomplete

Proof (a): N satisfies conditions 1, 3 and 4 of Definition 3.1 as an
immediate consequence of Lemma 3.9. Now, let {(x,, a,)}
{(yn,Bn )¥e S such that N ([((xn, @ )], [(¥nBn)]) = 1. I
(Zn,0n )el( Y, Br )] it follows that from Lemma 3.11 that
Ms((2n,04), (Vo Bn)) = 1. The same argument shows that
(2, on) €[ (e, @n)] @plies that Ms((zn, ), (¥, @) = 1.

We conclude that N ([(xn, @,)], [(¥n, Bn)]) = 1 if and only if
[(n, @)1 = [V, Br)]. Hence (X,N,*) is a quasi- fuzzy distance
spacem

Proof (b): Let {(x,, a,)}eS and 0 < & < 1. Since {(x,, a,)} is
fuzzy Cauchy sequence of fuzzy points in (4, D,*) then there is N,
such that D((xy, ax).(xn,, a,)) > (1- § ) for all k >N,

Thus N([(Xn, a".).]’ T(xNer aNE)) = Dds((an an)lT(xNgr aNe))

= suppinfic> nD((ci, @), Con,s an,)

= infieon, D((xx, ax), (xn,, an,))

2 (1) >(L-¢)

We have shown that T (4) is fuzzy dense in (X,N,*)m

Proof (c): This is almost obvious because for each x,,yp ed, we
have N(Txq,Tyg) = M (x4,y5) ®

Proof (d): Let E ([( xnan ). [( xnan )]) =
{ N([Cen, an) [Cens a)]), N[0, @) [(6n, an)]) 3-

Let {(X,,, @,)} be a fuzzy Cauchy sequence in (X,E,*), then there
is an increasing sequence (ny,) in N such that E((%,,, &,),(&m, @m))
> (1-27%) for all n, m = n,. Since T (4) is fuzzy dense in (X,E %)
then for each keN there is ( v, Bk )e A such that
E((®ny @) T ks Br))> (1-27K) for all keN.

We show that {(yx, Bx)} is a fuzzy Cauchy sequence of fuzzy
points in (4,G,*). To this end, choose 0 < & < 1. Take jeN such
that (1- 27/) = (1- 277) *(1- 27/) > (1- £).Then for each k, m >,
we have

min

5((}%:[3}«)1(}’@: Bn))= N(T i, B, T (Ym; Bm)) (T Wk, Br).

(fnk: &nk))* N((fnk: &nk): (fnm' &nm)) * N((fnmv &nm):T(Ymv Bm))
> (1 275)  (1- 20 (1 27m) 2 (1- 27) = (1 277) #(1-
277) > (1- ¢)

And consequently {(yx, Bx)} is a fuzzy Cauchy sequence of fuzzy
points in (4,G,*). Therefore J3€X, where 55 = [(yy, Bi)]. Finally,
we prove that (%,, @,) fuzzy converges to iz in (X,E *).

Indeed, as in part (c) choose 0 < & < 1. Take jeN such that

(- 277) % (1- 277) x(1- 277) > (1- €) Since (yx, Bx) is a
fuzzy Cauchy sequence of fuzzy points in (X,E ), the proof of
part (b) shows that there is k > j such that £ (5, T (yx, Bx)) >( 1-
27J) Then for n > ny, we obtain E(¥5.%,) = E(55.T i, Br))*
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E(T(yk'ﬁk)l(fnk! dnk)) * E( (fnkrdnk)vo?nr dn)) 2 (1' 2_1) * (1'
27F) %(1- 27%) = (1- 277) * (1- 277) %(L- 27)>(1- €)
We conclude that (X,N ,*) is fuzzy bicompletem

Definition 3.14: A quasi- fuzzy metric space (4,M,+) is called
fuzzy bicompletable if it admits a fuzzy bicompletion.

Theorem 3.15: Suppose that (&, Dz,*) is a quasi-fuzzy distance
space and let (E,Dgz,*) be a fuzzy bicomplete quasi- fuzzy distance
space. If there is a fuzzy isodistance mapping f from a fuzzy dense
fuzzy subset € of A to E then f has a unique extension f*: A —E.

Proof: We consider any x, < A but A = € so x, <C then there is a
sequence {(x,, a,)} of fuzzy points in € such that {(x,, a,)}
fuzzy converges to x, by Lemma 2.28.

Then {(x,, a,)} is fuzzy Cauchy. Since f is fuzzy isodistance {f
((xty, @)} is fuzzy Cauchy in E but £ is fuzzy complete hence
there is y, € E such that {f(x,, a,)} fuzzy converges toy,. Now
we define f*(xq) = Ya.

We now show that this definition is independent of the particular
choice of the sequence in € converging to x,. Suppose that
{(xn, @)} in C fuzzy converges to x, and {(z,, 0,)} in € fuzzy
converges to x,. Then {(v,,, vm)} fuzzy converges to x, where
{(Um, )/m)} = ((xll al)r(zlr 01),(x2, aZ)a(ZZ' O_Z)V )

Hence {(f(v,,, vm))} fuzzy converges and the two subsequence
{(FCen, an))} and {(f(zn, 0))} Of {(f(vm, ¥ ))} must have the
same fuzzy limit. This prove f* is uniquely defined at everyx, € A.
Clearly f*(x,) = f (x,) for every x, € so that f* is an extension
offm.

Theorem 3.16: Suppose that (A, Dj,*) is a fuzzy distance space
and let (E,Dz,x) be a fuzzy bicomplete quasi- fuzzy distance space.
If f is an fuzzy isodistance mapping from a fuzzy dense fuzzy subset
C of Ato E then the unique extension f*:A—E is a fuzzy isodis-
tance.

Proof: Let x,, yg €A then there exists two sequences {(x,, a,)}
and {(y,, B,)} of fuzzy points in € such that (x,, a,)— x, and
(s Bn)— yp. Choose an arbitrary 0 <e< 1. Now:

€ + Di(xq, yp) > Da(xq, yg). Furthermore, it follows that
{(xn, @)} and {(y,, Bn)} are fuzzy Cauchy sequences in C so

{f*((xn, @)} and {f*((vn, Br))} are fuzzy Cauchy sequences in
E. But E is fuzzy complete hence {f*((yn, 5))} fuzzy converges

to f*(yg) and {f™((xn, ay))} fuzzy converges to f*(x,).

Then we can find K with Dz (x, , (xpay) ) > (1- €),
EA((yn’ﬁn): yﬁ) > (1' 8) ﬁﬁ(f*((xn’ an))rf*(xa)) > (1' E) and
ﬁg(f*((yn,ﬁn)),f*(yﬁ)) > (1- ¢) for all n > K. Thus we have € +
(xaryﬁ)> 5A(xa:yﬁ)25A(xar(xn’an))
(Gwan), O bBn)) * EA((Yn:ﬁn) ) YB) = (1-¢) =
(7 (CGuan) ) 7 (C OwpBn) ) * (I- ) But

N
I ) Rl
>

(f* (G an) ) f* (O B))) = D (f* (Cenyan) ), £ (X)) *
(f*(xa) f7(¥p)) * De(f* (O B)). 7 (¥ )) 2 (1- €) *
(f*(xa).f"(yp)) * (1- €) for all n =K. Therefore £ + Di(xq, V)
(1- &) *[(1- &) * De(f*(xa).f*(p)) * (1- €)1 *(1- &)

By fuzzy continuity of = and x it follows that Dj (x4, yg) =
De(f*(xa).f*(yp))-

A similar argument shows that Dg(f*(xq).f*(yg)) = Da(x«, ¥gp)
For all x,, ygeA We conclude that f* is an fuzzy isodistance from
(A, D ) to (E,Dg,*) m

vV St *
 tm

Theorem 3.17: Every fuzzy bicompletable quasi- fuzzy distance
space admits a unique [up to fuzzy isodistance] fuzzy bicompletion.

Proof: Let (E,D,,*) and (Z,D,,°) be two fuzzy bicompletions of
(A,D,*) then we will prove that (E,D;,%) and (Z,D,,0) are fuzzy
isodistance. Since (E,D;,*) is a fuzzy bicompletion of (A,D,) then

there is an fuzzy isodistance f from (A,D,*) to a fuzzy dense fuzzy
subset of (E,D;,%).

By Theorem 3.15 and Theorem 3.16 f admits a unique extension
f* onto (E,D, *)which is also a fuzzy isodistance.

Similarly f is a fuzzy isodistance extension (A,D,*) onto
(Z,D,,°).To prove that f* and f are fuzzy isodistance it remains to
see that f*and f are onto we will show that f* is onto. Indeed given
v« <E there is a sequence {(x,, a,)} of fuzzy points in A such that
f*(%p, an) — Vo Since f* is an fuzzy isodistance {(x,, ay)}is a
fuzzy Cauchy sequence, so it fuzzy converges to some fuzzy point

xq€A. Consequently f*(x,) =yq. Similarly we can prove that fis
onto.

Hence f* and f are fuzzy isodistance.

Now (E,D; %) is fuzzy isodistance to (A,D,*) and (A,D,*) is fuzzy
isodistance to (Z,D,,0). Hence (E,D;,*) is fuzzy isodistance to
(Z,Dy0) m

4. Conclusion

In this paper we represented the definition of fuzzy quasi-fuzzy
Distance space and we show that all properties of quasi-metric
Space can be proved in fuzzy quasi fuzzy distance space.
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