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Abstract 

In this note we shall prove common fixed point theorems for four 
mappings under weak compatible condition in the setting of fuzzy 
metric space, fuzzy 2-metric space, and fuzzy 3-metric spaces. Our 
results generalize the results of Singh, Jain and Jain. 
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1 Introduction   

The concept of fuzzy sets was first given by Zadeh [24] in 1965. Then Kramosil 

and Michalek [9] introduced the concept of fuzzy metric space. The Fuzzy version 

of banach contraction principle was given by Grabiec [5] in 1988.This is a mile 

stone in developing the fixed point theory in fuzzy metric space. 
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The improving commutativity in fixed point theorems by using weakly 

commuting maps in metric spaces was initiated by Sessa [11]. Later on, this 

method was enlarged to compatible maps by Jungck [7]. The concepts of R-

weakly commuting maps and compatible maps in fuzzy metric space were 

introduced by Vasuki [22] and Mishra et al [10] respectively. The concepts of 

compatible maps of type (α) and compatible maps of type (β) were also 

introduced by cho [1]. In fact, Jungck and Rhoades [8] termed a pair of self- maps 

to be coincidentally commuting or equivalently weak compatible if they commute 

at their coincidence points.The concept of 2-metric space was initiated by Gahler 

[3] whose abstract properties were suggested by the area function in Euclidian 

space. Now it is natural to expect the 3-metric space which is suggested by using 

the volume function. 

Many authors have proved different fixed point theorems in fuzzy metric 

spaces (for example. [6], [18], [23]). 

In this paper we shall prove common fixed point theorems for four 

mappings under weak compatible condition in the setting of fuzzy metric space, 

fuzzy 2-metric space, and fuzzy 3-metric spaces. Our results generalize the results 

of Singh, Jain and Jain [18]. 

 

2 Preliminary Notes 

 

Definition 2.1:-  A binary operation * : [0,1] × [0,1]→ [0,1] is called a 

“continuous t-norm” if ([0,1], *) is an abelian topological monoid with unit 1 such 

that- a*b ≤ c*d whenever a  ≤ c and b ≤ d  for all a,b,c, and d   [0,1]. 

  Examples of t-norm are a*b = ab and a *b = min {a, b} 

 

Definition 2.2:- The 3- tuple (X, M,*) is called a fuzzy metric space if X is an 

arbitrary set, * is a continuous t-norm and M is a fuzzy set in X
2 

 × [0, ∞) 

satisfying the following condition’s for all x,y,z  X and s,t >0 
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(FM-1)  M(x, y, 0) =0; 

(FM-2)  M(x, y, t) =1 for all t > 0 iff x = y: 

(FM-3)  M(x, y, t) = M(y, x, t); 

(FM-4)  M(x, y, t) * M(y, z, s) ≤ M(x, z, t+s); 

(FM-5)  M(x, y,.): [0, ∞) → [0, 1] is left continuous; 

(FM-6)  limt→∞   M(x, y, t) = 1.  

Note that M(x, y, t) can be thought of as the degree of nearness between x 

and y with respect to t. We Identify x = y with M(x, y, t) = 1 for all t > 0. The 

following example shows that every metric space induces a fuzzy metric space.  

 

Example- 2.3:- Let (X, d) be a metric space. Define a * b = min {a, b} and for all 

x, y X, M(x, y, t) = (t / t+d(x,y) ) for all t > 0. With M(x, y, 0) = 0. Then (X, 

M,*) is a fuzzy metric space. It is called the fuzzy metric space induced by the 

metric space (X,d). 

Lemma 2.4 ( Grabiec [5]) :  For all x, y X,  M (x, y,.) is a non-decreasing 

function. 

Definition 2.5 (Grabiec [5]): Let (X, M,*) be a fuzzy metric space. A sequence 

{xn} in X is said to be convergent to a point x X 

If   limn→∞ M (xn , x ,t) = 1 for all t > 0. Further, the sequence {xn} is said to be a 

Cauchy sequence in X, if limn→∞ M (xn, xn+p, t) = 1 for all t > 0 and p > 0. The 

space is said to be complete if every Cauchy sequence in X converges to a point 

of X. 

Remark -1:-Since * is continuous, it follows from (FM-4) that the limit of a 

sequence in a fuzzy metric space is unique, if it exists. 

Definition 2.6:-A function M is continuous in fuzzy metric space iff whenever, 

{xn} →x and {yn} →y, then limn→∞ M (xn, yn, t) = M(x, y, t), for each t > 0. 

Lemmas 2.7 (Mishra et al-[10]):- Let (X, M,*) be a fuzzy metric space. If there 

exists a number k   (0, 1) such that for all x, y   X and t > 0, M(x,y,kt) ≥ 

M(x,y,t).   Then,     x = y. 
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Definition 2.8 (Mishra et al [10]):- Let A and B be mappings from a fuzzy metric 

space (X, M,*) into itself. Then the mappings are said to be compatible, if   

limn→∞ M ( ABxn , BAxn,t)=1 for all  t > 0,   whenever {xn} is a sequence in X 

such that, limn→∞ Axn =  limn→∞ Bxn  = xX. 

Definition 2.9:-     Let A and B be mappings from a fuzzy metric space (X, M,*) 

into itself. The mappings are said to be weak compatible if they commute at their 

coincidence points, i.e.  Ax = Bx imlies ABx = BAx.   

  Definition 2.10:-  A binary operation * : [0,1] × [0,1] × [0,1] → [0,1] is called a 

“continuous t-norm” if ([0,1], *) is an abelian topological monoid with unit 1 such 

that- a * b * c ≤ d * e * f , whenever a  ≤ d , b ≤ e and c ≤ f, for all a,b,c,d,e, and f 

 [0,1]. 

Definition 2.11 (Sharma [20]):- The 3- tuple (X, M,*) is called a fuzzy 2- metric 

space if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X
3 
 × 

[0, ∞) satisfying the following condition’s for all x,y,z, u  X and t, t 1 , t 2 ,t 3 >0;  

(FM ' -1)  M(x, y,z, 0) =0; 

(FM ' -2)  M(x, y, z, t) =1 for all t > 0, if and only if atleast two of the three    

points are equal; 

(FM ' -3)  M(x, y, z, t) = M(y, x,z, t) = M (z, x, y t) ; (symmetry) 

(FM ' -4)  M(x, y, z, t 1 + t 2 + t 3  ) M(x,y, u, t 1 ) * M(x, u, z,t 2 ) *  

                        M (u, y, z,t 3 ) ;  this corresponds to tetrahedral inequality in 

                       2-metric space. 

(FM ' -5)  M(x, y, z,.): [0, ∞) → [0, 1] is left continuous;    

(FM ' -6)  limt→∞   M(x, y, z, t) = 1.     

 The function value M(x, y, z, t) may be interpreted as the   probability that 

the area of triangle is less than t. 

                            

Definition 2.12: Let (X, M,*) be a fuzzy 2-metric space. A sequence {xn} in X is 

said to be convergent to a point x X , if   limn→∞ M (xn , x ,a, t) = 1, for all t > 0 
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and for all a  X . Further, the sequence {xn} is said to be a Cauchy sequence in 

X, if limn→∞ M (xn, xn+p, a, t) = 1 for all t > 0, aX and p > 0. The space is said to 

be complete if every Cauchy sequence in X converges to a point of X.   

Definition 2.13:-A function M is continuous in fuzzy 2-metric space iff whenever, 

{xn} →x and {yn} →y, then limn→∞ M (xn, yn, a, t) = M(x, y, a, t), for all a   X 

and for each t > 0. 

Definition 2.14:-  A binary operation * : [0,1] × [0,1] × [0,1]   [0,1] → [0,1] is 

called a “continuous t-norm” if ([0,1], *) is an abelian topological monoid with 

unit 1 such that  a * b * c * d ≤  e * f * g * h , whenever a  ≤ e , b ≤ f , c   g and  d 

≤ h, for all a,b,c,d,e, f, g and h   [0,1]. 

Definition 2.15 (Sharma [20]):- The 3- tuple (X, M,*) is called a fuzzy 3- metric 

space if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X
4 
 × 

[0, ∞) satisfying the following condition’s for all x,y,z, u, w  X and t, t 1 , t 2 , t 3 , 

t 4 >0;  

(FM”-1)  M(x, y,z, w, 0) =0; 

(FM”-2)  M(x, y, z, w, t) =1 for all t > 0, if and only if atleast two of the four    

points are equal; 

(FM”-3)  M(x, y, z, w, t) = M(y, x,z, w, t) = M ( w, z, x, y t) =………    

                (Symmetry) 

(FM”-4)  M(x, y, z, t 1 + t 2 + t 3 + t 4  )   M(x,y, z,  u, t 1 ) * M(x, y, u, w, t 2 ) * 

M(x, u, z, w,t 3 ) * M( u, y, z, w, t 4 ) ;   

(FM”-5)  M(x, y, z, w, .): [0, ∞) → [0, 1] is left continuous;                   

(FM”-6)          limt→∞   M(x, y, z, w, t) = 1. 

Definition 2.16: Let (X, M,*) be a fuzzy 3-metric space. A sequence {xn} in X is 

said to be convergent to a point x X, if   limn→∞ M (xn , x ,a, b, t) = 1, for all t > 

0 and for all a, b   X . Further, the sequence {xn} is said to be a Cauchy sequence 

in X, if limn→∞ M (xn, xn+p, a, b, t) = 1 for all t > 0, a, bX and p > 0. The space is 

said to be complete if every Cauchy sequence in X converges to a point of X. 
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Definition 2.17:-A function M is continuous in fuzzy 3-metric space iff whenever, 

{xn} → x and {yn} → y, then limn→∞ M (xn, yn, a, b, t) = M(x, y, a, b, t), for all a, 

b  X and for each t > 0.                 

                   * Lemmas 2.4, 

2.7, and Remark 1 holds good for a fuzzy 2-metric space and a fuzzy 3-metric 

space as well. 

Definition 2.18 (Mishra et al [10]):- Let A and B be mappings from a fuzzy 2-

metric space (X, M,*) into itself. Then the mappings are said to be compatible, if 

limn→∞ M ( ABxn , BAxn, a, t)=1 for all  t > 0, and for all a  X, whenever {xn} is 

a sequence in X such that, limn→∞ Axn =  limn→∞ Bxn  =  xX.  Let A and B 

be mappings from a fuzzy 3-metric space (X, M,*) into itself. Then the mappings 

are said to be compatible, if limn→∞ M ( ABxn , BAxn, a, b, t) = 1 for all  t > 0, and 

for all a,b  X,   whenever {xn} is a sequence in X such that, limn→∞ Axn =  

limn→∞ Bxn  =  xX 

Singh, Jain and Jain [18] proved the following theorem for four self maps in 

complete fuzzy metric space.  

Theorem A ([18]):- Let A, B, S and T be self mappings of a complete fuzzy 

metric space (X, M,*). Suppose that they satisfy the following conditions; 

(A.11)       A(X) T(X), B(X) S(X); 

(A.12)    A or S is continuous; 

(A.13)    the pair (A, S) is compatible and (B, T) is weak compatible;  

(A.14)    There exists k  (0, 1) such that   x, y X and t > 0, 

             M (Ax, By, kt) ≥ Min {M (By, Ty, t), M (Sx, Ty, t), M (Ax, Sx, t)}; 

(A.15)     limt→∞   M(x, y, t) = 1; for all x, y X and t > 0.           

Then A, B, S and T have a unique common fixed point in X. 
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3 Main Results 

 We prove the following. 

Theorem 3.1:- Let A, B, S and T be self mappings of a complete fuzzy metric 

space (X, M,*). Suppose that they satisfy the following conditions; 

(3.11)       A(X) T(X), B(X) S(X); 

(3.12)    the pairs (A, S) and (B, T) are weak compatible;  

(3.13)    There exists k  (0, 1) such that   x, y X and t > 0, 

             M (Ax, By, kt) ≥ Min {M (By, Ty, t), M (Sx, Ty, t), M (Ax, Sx, t)}; 

Then A, B, S and T have a unique common fixed point in X. 

  

Proof: -   Let x0 X be an arbitrary point. 

     As A(X)   T(X) and B(X)   S(X). Then there exists x1, x2X such that Ax0 

= Tx1, Bx1 = Sx2 .Inductively, we can construct sequences {yn} and {xn} in X 

such that  

      Y2n+1 = Ax2n = Tx2n+1, Y2n+2 =Bx2n+1 =Sx2n+2, for n=0, 1, 2… 

      We first show that {yn} is a Cauchy sequence in X. 

      Now, by (3.13) with x = x2n, y = x2n+1. 

   We obtain that, 

 M (Ax2n, Bx2n+1, Kt) = M (y2n+1, y2n+2, kt)  

      ≥ Min {M (Bx2n+1,Tx2n+1, t),M(Sx2n, Tx2n+1, t),M(Ax2n,Sx2n, t)} 

                  ≥ Min {M (y2n+1, y2n+2, t), M (y2n, y2n+1, t), M (y2n, y2n+1, t)} 

                  ≥ Min {M (y2n+1, y2n+2, t), M (y2n, y2n+1, t)} → (i)                            

Thus we have,                             

M (y2n+1, y2n+2, t) ≥ Min {M (y2n+1, y2n+2, t/k), M (y2n, y2n+1, t/k) → (ii)                 

By putting (ii) in (i), we have, 

 M (y2n+1, y2n+2, kt) ≥Min {M (y2n+1, y2n+2, t/k), M (y2n, y2n+1, t/k), M (y2n, y2n+1, t)} 

       = Min {M (y2n+1, y2n+2, t/k), M (y2n, y2n+1, t)} 

      ≥ Min {M (y2n+1, y2n+2, t/k
2
), M (y2n, y2n+1, t/k

2
), M (y2n, y2n+1,t)} 

       = Min {M (y2n+1, y2n+2, t/k
2
), M (y2n, y2n+1, t)} 
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       ≥ ……… 

       ≥ Min {M (y2n+1, y2n+2, t/k
m

), M (y2n, y2n+1, t)} 

  Taking limit as m→∞, we have,  

                       M (y2n+1, y2n+2, kt) ≥ M (y2n, y2n+1, t),   t>0 

  Similarly, we also have 

                       M (y2n+2, y2n+3, kt) ≥ M (y2n+2, y2n+1, t)   t>0 

 Thus, for all n, and t > 0. 

    M (yn, yn+1, kt) ≥ M (yn, yn-1, t) Therefore, 

   M (yn, yn+1, t) ≥ M (yn-1, yn, t/k) ≥ M (yn-2, yn-1, t/k
2
) ≥ ………≥ M (y0, y1, t/k

n
) 

Hence, limn→∞ M (yn, yn+1, t) =1.   t>0 

Now, for any integer p, we have 

  M (yn,yn+p,t) ≥ M(yn, yn+1, t/p)*M(yn+1, yn+2, t/p)*…..*……*M(yn+p-1, yn+p, t/p) 

Therefore, limn→∞ M (yn, yn+p, t) =1*1*1*……*1=1 

                    limn→∞ M (yn, yn+p, t) =1. 

This shows that {yn} is a Cauchy sequence in X, which is complete. 

  Therefore, {yn} converges to zX. 

We have the following subsequences; 

  {Ax2n}→z, {Bx2n+1} →z    → (1) 

   {Sx2n}→z,  {Tx2n+1} →z    → (2) 

Since A(X)   T(X)     for p  X such that p=T
-1

z   i.e. Tp = z. 

By (3.13) we have. (at x = x2n,  y = p)  

M (Ax2n, Bp, kt) ≥ Min {M (Bp, Tp, t), M (Sx2n, Tp, t) M (Ax2n, Sx2n, t)} 

M (Ax2n, Bp, kt) ≥ Min {M (Bp, z, t), M (Sx2n,  z, t), M (Ax2n,  Sx2n,  t} 

Taking the limit n→∞ and using (i) and (ii) we have,  

M (z, Bp, kt) ≥ Min {M (Bp, z, t), M (z, z, t), M (z, z, t)} 

M (z, Bp, kt) ≥ M (Bp, z, t) 

Therefore by lemma (2.7) we have.  

z = Bp. Since z = Tp therefore z = Bp = Tp.      

   i.e. p is a coincidence point of B and T. 



 

 

 

 167 

 

 

 

Similarly, since B(X)   S(X);    q  X such that q = S
-1

z  i.e  Sq = z. 

 By (3.13) we have (at x = q, y = x2n+1)  

M (Aq, Bx2n+1, kt) ≥ Min {M (Bx2n+1, Tx2n+1, t), M (Sq, Tx2n+1, t), M (Aq, Sq, t)}. 

M(Aq, Bx2n+1, kt) ≥ Min { M(Bx2n+1, Tx2n+1, t), M(z, Tx2n+1, t),  M(Aq, z, t)}. 

Taking the limit n→∞ and using (i) and (ii) we have; 

M (Aq, z, kt) ≥ Min {M (z, z, t), M (z, z, t), M (z, z, t), M (Aq, z, t)}. 

M (Aq, z, kt) ≥ M (Aq, z, t) 

Therefore by lemma (2.7) we have.  

Aq= z.  Since Sq =z, therefore, z = Aq = Sq  .  i.e. q is a coincidence point of A 

and S. 

Since {A, S} is weakly compatible. Therefore by definition of weak compatible 

we have, 

ASq = SAq or Az = Sz. 

Similarly {B, T} is weakly compatible, therefore by definition of weak 

compatible we have.  

BTp = TBp or Bz = Tz. 

Now By (3.13) we have: (at x = z , y = x2n+1) 

M(Az, Bx2n+1, kt) ≥ Min { M(Bx2n+1, Tx2n+1, t), M(Sz, Tx2n+1, t),  M(Az, Sz, t)}. 

M(Az, Bx2n+1, kt) ≥ Min { M(Bx2n+1, Tx2n+1, t), M(Az, Tx2n+1, t),  M(Az, Sz, t) }. 

 Taking the limit n→∞, we have, 

M (Az, z, kt) ≥ Min {M (z, z, t), M (Az, z, t), 1}. 

M (Az, z, kt) ≥ M (Az, z, t) 

Therefore by lemma (2.7), we have, 

Az = z. Since Az = Sz , therefore z = Az = Sz. 

Again by (3.13) we have; (at x = x2n, y = z) 

M (Ax2n, Bz, kt) ≥ Min {M (Bz, Tz, t), M (Sx2n, Tz, t), M (Ax2n, Sx2n, t)} 

M(Ax2n, Bz, kt) ≥ Min { M(Bz, Bz, t), M(Sx2n, Bz, t),  M(Ax2n, Sx2n, t)}. 

 Taking the limit n→∞ we have; 

M (z, Bz, kt) ≥ Min {1, M (z, Bz, t), M (z, z, t)} 
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 M (z, Bz, kt) ≥ Min {1, M (z, Bz, t), 1} 

M (z, Bz, kt) ≥ M (z, Bz, t) 

Therefore by lemma (2.7) we have;         

    z = Bz. Since Bz = Tz, therefore z = Bz = Tz.  

Thus we have, z = Az = Sz = Bz = Tz.  

Hence z is a common fixed point of A, B, S and T. 

Uniqueness- let z and z’ be two common fixed points of the maps A, B, S and T. 

then  

z = Az = Sz = Bz= Tz and z’ = Az’ = Sz’ = Bz’ = Tz’ 

Now: By (3.13) we have (at x = z, y = z’) 

M (Az, Bz’, kt) ≥ Min {M (Bz’, Tz’, t), M (Sz, Tz’, t), M (Az, Sz, t)} 

M (z, z’, kt) ≥ Min {M (z’, z’, t), M (z, z’, t), M (z, z, t)} 

M (z, z’, kt) ≥ Min {1, M (z, z’, t), 1} 

M (z, z’, kt) ≥ M (z, z’, t)} 

Therefore by lemma (2.7) we have, z = z’. 

Hence z is the unique common fixed point of the four self maps A, B, S and T. 

                                                This completes the proof.  

 

If we take B = A in theorem 3.1, we get the following corollary for three self 

maps.  

Corollary 3.2- Let A, S and T be self mappings of a complete fuzzy metric space 

(X, M, *); satisfying; 

(3.21) A(X)   S(X) ∩ T(X); 

(3.22) Pairs (A, S) and (A, T) are weak compatible, 

(3.23) M (Ax, Ay, kt) ≥ Min (M (Ay, Ty, t), M (Sx, Ty, t), M (Ax, Sx, t)} 

for all x, y  X, t > 0 and 0 < k < 1. 

Then, A, S and T have a unique common fixed point in X.  

Proof. - The proof is similar to the proof of theorem (3.1). 
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If we take S = T = I, the identity maps on X in corollary 3.2, then the conditions 

(3.21) and (3.22) are trivially satisfied.  

Now, taking only one factor in R.H.S. of the contraction (3.33), we obtain the 

following corollary as follows; 

Corollary 3.3:- Let A be a self map on a complete fuzzy metric space (X, M, *) 

such that for some k  (0, 1). 

M (Ax, Ay, kt) ≥ M (x, y, t) for all x, y  X, t > 0. 

Then, A has a unique common fixed point in X. 

 

The following theorem for four self maps in complete fuzzy 2 – metric space was 

proved by Singh Jain and Jain in [18] 

Theorem B [18]. Let A, B, S and T be self mappings of a complete fuzzy 2-

metric space (X, M, *). Suppose that they satisfy the following conditions;  

(B.11)  A(X)   T(X), B(X) S(X);  

(B.12)  A or S is continuous; 

(B.13) The pair (A, S) is compatible and (B, T) is weak compatible. 

(B.14)  there exists k  (0, 1) such that for all x, y, a   X, and t > 0, 

M (Ax, By, a, kt) ≥ Min {M (By, Ty, a, t), M (Sx, Ty, a, t), M (Ax, Sx, a, t)}; 

(B.15) limt→∞ M(x, y, a, t) = 1 for all x, y, a  X and t > 0. 

Then A, B, S and T have a unique common fixed point in X. 

 

Now we prove the following; 

Theorem 3.4. Let A, B, S and T be self mappings of a complete fuzzy 2-metric 

space (X, M, *). Suppose that they satisfy the following conditions; 

(3.41) A(X)   T(X), B(X)   S(X); 

(3.42) the pairs (A, S) and (B, T) are weak compatible; 

(3.43) there exists k  (0, 1) such that for all x, y, a  X and t > 0; 

M (Ax, By, a, kt) ≥ Min {M (By, Ty, a, t), M (Sx, Ty, a, t), M (Ax, Sx, a, t)}; 

Then A, B, S and T have a unique common fixed point in X. 
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Proof: As in proof of theorem 3.1, we define the sequences (yn) and (xn) in X as 

follows; 

y2n+1= Ax2n = Tx2n+1, y2n+2 = Bx2n+1 = Sx2n+2, n = 0, 1, 2…. 

Now, we show that {yn} is a Cauchy sequence in X.  

By using (3.43) with x= x2n, y = x2n+1 we obtain that; 

M (Ax2n, Bx2n+1, a, kt) = M (y2n+1, y2n+2 , a, kt) ≥ Min {M(Bx2n+1, Tx2n+1, a, t), M 

(Sx2n, Tx2n+1, a, t), M (Ax2n, Sx2n, a, t)} 

  = Min {M (y2n+1, y2n+2, a, t), M (y2n, y2n+2 , a, t), M(y2n, y2n+1, a, t)} 

   = Min {M (y2n+1, y2n+2, a, t), M (y2n, y2n+1, a, t)} … (iii) 

Thus we have:  

M (y2n+1, y2n+2, a, t) 

 ≥ Min {M (y2n+1, y2n+2 , a, t/k)  M(y2n, y2n+1, a, t/k)}  … (iv) 

By putting (iv) in (iii), we have; 

M (y2n+1, y2n+2, a, kt) 

  ≥ Min {M (y2n+1, y2n+2, a, t/k), M (y2n, y2n+1, a, t/k), M (y2n, y2n+1, a, t)} 

 = Min {M (y2n+1, y2n+2, a, t/k), M (y2n, y2n+1, a, t)} 

 ≥ Min {M (y2n+1, y2n+2, a, t/k
2
), M (y2n, y2n+1, a, t/k

2
), M (y2n, y2n+1, a, t)}. 

= Min {M (y2n+1, y2n+2, a, t/k
2
), M (y2n, y2n+1, a, t)} 

 ≥…………………………… 

≥ Min {M (y2n+1, y2n+2, a, t/k
n
), M (y2n, y2n+1, a, t)}. 

   Taking limit as n→∞, we obtain that,  

  M (y2n+1, y2n+2, a, kt) ≥ M (y2n, y2n+1, a, t),  t > 0. 

Similarly, we also obtain that, 

 M (y2n+2, y2n+3, a, kt) ≥ M (y2n+2, y2n+1, a, t),   t> 0. 

Thus for all n and t > 0, we have  

 M (yn, yn+1, a, kt) ≥ M (yn-1, yn, a, t). 

Therefore,  

M (yn, yn+1, a, t) ≥ M (yn-1, yn, a, t/k)  

≥ M (yn-2, yn-1, a, t/k
2
) 

≥ …………………… 
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≥ M (y0, y1, a, t/k
n
) 

Hence, limn→∞ M (yn, yn+1, a, t) = 1,   t > 0.       

Now, by induction on any integer p, we prove that  

limn→∞ M (yn, yn+p, a, t) = 1,   t > 0. … (v) 

Clearly (V) is true for p = 1. Suppose that (V) is true for p = m. i.e 

limn→∞ M (yn, yn+m, a, t) = 1,   t > 0. 

Then by using (FM’- 4) we have,  

M (yn, yn+m+1, a, t) = M (yn, yn+m, a, t/3) *. M (yn, yn+m, yn+m+1, t/3) *  

M (yn+m, yn+m+1, a, t/3). 

Therefore we have:   

limn→∞ M(yn, yn+m+1, a, t) = 1 * 1 * 1 = 1. 

Hence (V) is true for p = m+1 Thus (v) holds for all p and we get {yn} is a Cauchy 

sequence in X, which is complete. Therefore {yn} converges to z   X. We have 

the following subsequences; 

{Ax2n}   → z, { Bx2n+1}   → z. … (3)  

{Sx2n}   → z, { Tx2n+1}   → z. .… (4)  

Since A(X)   T(X)     p  X such that p = T
-1

z i.e. Tp = z.  

By (3.43) we have (at x = x2n, y = p) 

M (Ax2n, Bp, a,  kt) ≥ Min{M(Bp, Tp, a, t), M(Sx2n, Tp, a, t), M (Ax2n, Sx2n, a, t)} 

M (Ax2n, Bp, a, kt) ≥ Min {M (Bp, z, a, t), M (Sx2n, z, a, t), M (Ax2n, Sx2n, a, t)} 

Taking the limit n→∞ and using (3) and (4) we have; 

M (z, Bp, a kt) ≥ Min {M (Bp, z, a, t), M (z, z, a, t), M (z, z, a, t)}. 

M (z, Bp, a kt) ≥ M (Bp, z, a, t),    t > 0 

Now; by lemma (2.7) we obtain that Bp = z. 

Since Tp = z, therefore Bp = Tp = z. i.e. p is a coincidence point of B and T. 

Similarly; since B(X)   S(X),   q  X such that q = S
-1

z i.e. Sq = z.   

  By (3.43) we have (at x = q, y = x2n+1) 

M (Aq, Bx2n+1, a, kt) ≥ Min {M (Bx2n+1, Tx2n+1, a, t), M (Sq, Tx2n+1, a, t), M (Aq, 

Sq, a, t)} 
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M (Aq, Bx2n+1, a, kt) ≥ Min {M (Bx2n+1, Tx2n+1, a, t), M (z, Tx2n+1, a, t), M (Aq, z, 

a, t)} 

Taking the limit n→∞ and using (3) and (4) we have;  

M (Aq, z, a, kt) ≥ Min {M (z, z, a, t), M (z, z, a, t), M (Aq, z, a, t)} 

M (Aq, z, a, kt) ≥ M (Aq, z, a, t) 

Now; by lemma (2.7) we obtain that Aq = z.  

Since Sq = z, therefore Aq = Sq = z. i.e. q is a coincidence point of A and S. 

Since {A, S} is weakly compatible therefore by definition of weak compatible we 

have; 

ASq = SAq or Az= Sz. 

Now; by (3.43) we have; (at x = z, y = x2n+1) 

M (Az, Bx2n+1, a, kt) ≥ Min {M (Bx2n+1, Tx2n+1, a, t), M (Sz, Tx2n+1, a, t), M (Az, 

Sz, a, t)} 

M (Az, Bx2n+1, a, kt) ≥ Min {M (Bx2n+1, Tx2n+1, a, t), M (Az, Tx2n+1, a, t), M (Az, 

Az, a, t)} 

Taking the limit n→∞ and using (3) and (4) we have; 

M (Az, z, a, kt) ≥ Min {M (z, z, a, t), M (Az, z, a, t), 1}  

M (Az, z, a, kt) ≥ M (Az, z, a, t) 

Now; by lemma (2.7) we obtain that Az = z. 

Since Az = Sz therefore z = Az = Sz. 

Since {B, T} is weakly compatible, therefore by definition of weak compatible we 

have; 

BTp = TBp or Bz = Tz. 

Now, by (3.43) we hve: (at x = x2n, y = z) 

M (Ax2n, Bz, a, kt) ≥ Min{M (Bz, Tz, a, t), M (Sx2n, Tz, a, t), M (Ax2n, Sx2n, a, t)} 

M (Ax2n, Bz, a, kt) ≥ Min{M (Bz, Bz, a, t), M (Sx2n, Bz, a, t), M (Ax2n, Sx2n, a, t)} 

Taking the limit n →∞ and using (3) and (4) we have; 

M (z, Bz, a, kt) ≥ Min {1, M (z, Bz, a, t), M (z, z, a, t)} 

 M (z, Bz, a, kt) ≥ M (z, Bz, a, t) 

Now, by lemma (2.7) we obtain that z = Bz. 
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Since Bz = Tz, therefore Bz = Tz = z. 

Thus we have; z = Az = Sz = Bz = Tz. 

Hence, z is a common fixed point of A, B, S and T.  

Uniqueness:  Let z and z’ be two common fixed points of the maps A, B, S and T. 

Then  

z = Az = Sz = Bz = Tz and z’ = Az’ = Sz’ = Bz’ = Tz’ 

Now, by (3.43) we have; (at x = z, y = z’) 

M (Az, Bz’, a, kt) ≥ Min {M (Bz’, Tz’, a, t), M (Sz, Tz’, a, t), M (Az, Sz, a, t)}. 

M (z, z’, a, kt) ≥ Min {M (z’, z’, a, t), M (z, z’, a, t), M (z, z, a, t)}. 

M (z, z’, a, kt) ≥ Min {1, M (z, z’, a, t), 1}  

 M (z, z’, a, kt) ≥ M (z, z’, a, t) 

Now, by lemma (2.7) we obtain that; z = z’. 

Hence; z is the unique common fixed point of the four self maps A, B, S and T. 

                                                                      This completes the proof.  

 

If we take B = A in theorem 3.4 we get the following corollary for three self maps.  

Corollary 3.5: Let A, S and T be self mappings of a complete fizzy 2-metric 

space (X, M, *). Suppose that they satisfy the following conditions;  

(a) A(X)   S(X) ∩ T(X); 

(b)The pair (A, S) and (A, T) are weak compatible, 

(c) M (Ax, Ay, a, kt) ≥ Min {M (Ay, Ty, a, t), M (Sx, Ty, a, t), M (Ax, Sx, a, t)}, 

for all x, y, a  X, t > 0 and 0 < k <1.                       

Then S, T and A have a unique common fixed point in X. 

Proof – The proof is similar to the proof of theorem (3.4).  

 

If we take S= T = I, the identity map on X in corollary 3.5, then the conditions (a) 

and  (b) are trivially satisfied. Now, taking only one factor in RHS of the 

contraction condition (c), we obtain the following corollary as follows.  
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Corollary 3.6. Let A be a self map on a complete fuzzy metric space (X, M, *) 

such that for some k   (0, 1), M (Ax, Ay, a, kt) ≥ M (x, y, a, t)   x, y, a   X, t > 

0.Then, A has a unique common fixed point in X. 

 

The following theorem for four self maps in complete fuzzy 3-metric space was 

proved by Singh Jain and Jain in [18]. 

Theorem C [18]. Let A, B Sand T be self mappings of a complete fuzzy 3- metric 

space (X, M, *). Suppose that they satisfy the following conditions; 

(C.11)  A(X)   T(X), B(X)   S(X); 

(C.12) A or S is continuous; 

(C.13) The pair (A, S) is compatible and (B, T) is weak compatible.  

(C.14) There exists k  (0, 1) such that for all x, y, a, b   X and t > 0. 

M (Ax, By, a, b, kt) ≥ Min {M (By, Ty, a, b, t), M (Sx, Ty, a, b, t), M (Ax, Sx, a, b, 

t)}; 

(C.15) limt→∞ M(x, y, z, w, t) = 1   x, y, z, w  X and t > 0. 

Then A, B, S and T have a unique common fixed point in X.  

 

Now, we prove the following.                

Theorem 3.7. Let A, B, S and T be self mappings of a complete fuzzy 3- metric 

space (X, M, *). Suppose that they satisfy the following conditions.  

(3.71) A(X)   T(X), B(X)   S(X); 

(3.72) the pair (A, S) and (B, T) are weak compatible.  

(3.73) There exists k   (0, 1) suchthat for all x, y, a, b   X and t > 0, 

M (Ax, By, a, b, kt) ≥ Min {M (By, Ty, a, b, t), M (Sx, Ty, a, b, t), M (Ax, Sx, a, b, 

t)}; 

Then A, B, S and T have a unique common fixed point in X.     

Proof: The proof is similar to the proof of Theorem (3.4), we hence omit the 

details.  
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If we take B= A in theorem (3.7) then we get the following corollary for three self 

maps.                   

Corollary 3.8: Let A, S and T be self mappings of a complete fuzzy 3- metric 

space (X, M, *). Suppose that they satisfy the following conditions;  

(a) A(X)   S(X) ∩ T(X); 

(b) The pair (A, S) and (A, T) are weak compatible.  

(c) M (Ax, Ay, a b, kt) ≥ Min {M (Ay, Ty, a, b t), M (Sx, Ty, a, b, t), M (Ax,     

Sx, a, b, t)}, for all x,y, a, b  X, t > 0 and 0< k < 1.                  

Then S, T and A have a unique common fixed point in X.    

Proof. The Proof is similar to the proof of theorem (3.4).  

 

If we take S = T= I, the identity map on X in corollary 3.8, then the conditions (a) 

and (b) are trivially satisfied. Now, taking only one factor in RHS of the 

contraction condition (C), we obtain the, following corollary as follows; 

Corollary 3.9. Let A be a self map on a complete fuzzy 3- metric space (X, M, *) 

such that for some k  (0, 1),       

 M (Ax, Ay, a, b, kt) ≥ M(x, y, a, b t), for all x, y, a, b   X, t > 0.  

 Then, A has a unique common fixed point in X.  

 

4 Conclusion 

Our results generalize and improve results of Singh, Jain and Jain in the sense that 

the compatibility of maps has been replaced by their weak compatibility and the 

required  continuity have been removed that is we have been proved results under 

weaker conditions. Hence we have been proved more complete results compare to 

results which have been proved by Singh, Jain and Jain. 
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