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Abstract

In this article, we derive multiplication theorems for the 3-variable 2-parameter Bessel functions J,, (Ax, py, vz; 71, 72)
and 2-index 5-variable 3-parameter Bessel functions J,, »(Az, py, vz, nw, Bh; 1, 72, 73) using the generating function
method. Further, we derive multiplication theorems for functions related to J,(Az, py, vz; 71, 72) and

Imon(Az, py, vz, nw, Bh; 71, 72, 73). Furthermore, we establish a multiplication theorem for N-index Bessel functions

Jml,mg ..... mn ()\x)
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1 Introduction

Theory of special functions plays an important role in the formalism of mathematical physics. Bessel functions
(BF) [13], are among the most important special functions, with very diverse applications to physics, engineering
and mathematical physics ranging from abstract number theory and theoretical astronomy to concrete problems of
physics and engineering.

Dattoli and his co-workers introduced and discussed various generalizations of BF within purely mathematical
and applicative contexts (see for example [1-5,7,9-11]), as the success of any generalized special functions depend on
its usefulness in applications and on the existence of effective numerical procedures for its computation. Generalized
Bessel functions (GBF) have become a powerful tool to investigate the dynamical aspects of physical problems such
as electron scattering by an intense linearly polarized laser wave, multi-photon processes and undulator radiation.
The analytical and numerical study of GBF has revealed their interesting properties, which in some sense can be
regarded as an extension of the properties of BF to a 2-dimensional domain. In this connection, the relevance of
GBF and their multi-variable extension in mathematical physics has been emphasized, since they provide analytical
solutions to partial differential equations such as the multi-dimensional diffusion equation, the Schrédinger and
Klein-Gordon equations. A useful complement to the theory of GBF is offered by the introduction of 3-variable
2-parameter Bessel functions (3V2PBF) J,,(z,y, z; 71, 72) defined as ([8], p.222)

o}

Jn(@,y, 2,71, 72) = Z 7 Jn-si(x,y;m)Ji(2), 0 < |7, |a| < oo, (1)

l=—00
where 71, 72 are arbitrary complex parameters. The generating function for 3V2PBF is given as
> T 1 Y[, 1 z (3 1
Jn y Yy 25 T1, t" = Slt—+7 5t - B - . 2
T T e o o

In particular, we note that

Jn($7 y’ Z’17 1) = J’rL(:'E7 y’ Z)7 (3)
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where J,(z,y, z) denotes the 3-variable generalized Bessel functions (3VGBF) defined by the generating function

[2]
i Jn(,y, 2)t" = exp (; (t - 1) + % (t2 - ;) + g (t3 - ;)) . (4)

n—=——oo

Further, we note the following link
Jn(xvyao;’rl *)T,O) = Jn(xay;T)a (5)

where J,(x,y; 7) denotes the 2-variable 1-parameter generalized Bessel functions (2V1PGBF) defined by the gen-
erating function [1]

i.}( e —exp (- )4 Y (r o L (6)
L ISR =P G t) T \"T T ey
and specified by the series

Jn(xvy;T) = Z TQlJn—Ql(x)Jl(y)- (7)

l=—o0

Also, we note that

In(2,y,0,1,1) = Ju(z,y), (8)
where J,(z,y) denotes the 2-variable generalized Bessel functions (2VGBF) defined by the generating function [6]
- n T 1\ y[(., 1
Z Jn(z, y)t" = exp (2 (t—t> +2<t _t2)> (9)
n=-—oo

Moreover, it is evident that
Jo(2,0,0;1,1) = J(2), (10)

where J,(z) denotes the ordinary Bessel functions (BF) defined by the generating function [13]

i Jn(2)t" = exp (”25 (t - 1)) . (11)

n=—oo

We considered the 2-index 5-variable 3-parameter Bessel functions (2I5V3PBF) J,, » (2, y, 2, w, h; 71, T2, 73) defined
as

o0

T (@, 2,0, By 71,70, 73) =Y 7 i@ 2 ) Jusi (y, wi ) Ji(h), (12)

l=—00

with the following generating function

E JmTb(xvyvszvh;7—177—277—3)Umvn:exp E u— — +g v—— 1]+
’ 2 U 2 v

m,n=—o0

In particular, we note that

Jm,n(x,yvz»wvh;lal,]-) = Jm,n(mvyaz,wvh)a (14)
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where Jy, o (2, y, 2, w, h) denotes the 2-index 5-variable Bessel functions (2I5VBF) defined by the generating function
([6], p-188(3.23))

(oo}
mon T 1 Y 1 z( 5 1 w5 1 h 1
Z Imn (2, y, 2, w, h)u™v zexp<2 <u—u>+2<v—v)+2(u ) —|—5 v —&—5 w——1].

- (15)
Further, we note the following link

Jm,n(x7y707 0,h = 2,71, T2, T3 = 7-) = Jm,n(xa Y, Z;T), (16)

where Jy, n(2,y, z;7) denotes the 2-index 3-variable 1-parameter Bessel functions (2I3V1PBF) defined by the gen-
erating function ([10], p.344(2))

- 1 1 1
. ;oo I (@, y, z; T)u™0™ = exp (; (u — u) + % (v — 1}) + g <uv7’ — uv7‘>) . (17)
Furthermore, it is evident that
Jm,n(x7ya0507h_>Z;T177-2a1) = Jm,n('ray7z)a (18)

where Jp, n(2,y,2) denotes the 2-index 3-variable Bessel functions (2I3VBF) defined by the generating function

([7], p-3639(13))
i Tmn (@, y, 2)u™0" = exp (; <u - i) + % (v - i) + g (uv . ulv)> : (19)

m,n=—o0

Also, we note that
Jm,n({E,y‘)l’,0,0,h‘)I’;’H,TQ,l) == Jm,n(z)7 (20)

where Jp, »(2) denotes the 2-index Bessel functions (2IBF) defined by the generating function ([7], p.3637(1))

i T (@)U 0™ = exp (g <<u - i) + (v - i) + <uv - ;}))) . (21)

m,n=—o0

Also, the 2-index 1-parameter Bessel functions (2I1PBF).J,, ,,(z; 7) defined by means of the series [7]

Imn(z;7) = Z TZJm,l(x)Jn,g(Jc)Jl(x). (22)
l=—00
Moreover, we note that

Jm,n(xaovz%y7070;1a7—2)7-3) = Jm('ray)v (23)

or
Jm,n(()?y*}'rﬂoaw%ya0;7—17177-3) = Jn(I7y) (24)

and

Jm’n(l',0,0,0,0;Tl,TQ,’Tg) = Jm(m)a (25)

or
Jm,n(oay — (E,O7O, 0; T1, 7-277—3) = Jn(m) (26)

Next, we recall the 3-variable generalized Hermite polynomials (3VGHP) H,,(z,y, z) defined by the generating
function ([3], p.511(17))

[eS) m

E Hn(xayaz)ﬁ = eXp(xt+yt2+zt3), (27)
n.

n=0

which for z = 0 reduce to the 2VHKAFP H,(z,y) defined by the generating function [5]

o0 tn
> Hu(w,y)— = exp(at +yt?) (28)
n=0 :
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and specified by the series
[

Hy(z,y) = n!

m=0

|3

] (_y)m(2$)n—2m

m!(n — 2m)! (29)

The 2-index 5-variable generalized Hermite polynomials (2I5SVGHP) H,, ., (z, vy, z, w, h) defined by the generating

function [6]

m,,mn

u-v

> Hulw,y, 2w, h) 0 = explau+yo+ 2u + wo? + huo), (30)

m,n=0

which for w = h = 0 reduce to the 2-index 3-variable Hermite polynomials (2I3VHP) H,, ,,(x,y, z) defined by [14]

m!n!

min(m,n) , . m— nen/z
(5P (35 Jrmin

Hnnlewz) = 2, sy oy
Further, the 2-index Hermite polynomials (2IHP) H,, ,,(x) are specified by the series [5]
Mool =3 B )
r p(m —p)i(n—p)"’

p=0

Hermite polynomials are useful complements to the theory of generalized Bessel functions. The link between
these two families can be easily expressed as follows:

o

) _ 1 T Y z —-xr =Yy —z
Jn(xvyvzylvl) = ;WHTL-‘FT‘ (§7§a§) H, (272’2) (33)
and
S 1 ry z w h —r —y —z —w —h
Jmn IR Rd) ah;lvlal = Hm rn+s a’a’a’a o Hrs 5 9 a0 o 0 a 0 o |
(@9, 2,0 ) T;ersl(m—l—r)!(n—&—s)! Frnt <2 22772 2> : <2 22 2 2>

(34)
Theory of generalized Bessel functions has been developed mainly for their practical importance in many phys-
ical and engineering problems, ranging from non-dipolar scattering to surface diffraction theory. Motivated by
the importance of multivariable forms of Bessel functions and their link with other forms of generalized Bessel
functions, in this paper we establish multiplication theorems for the 3V2PBF J, (Ax, py, vz; 1, 72) and 2I5V3PBF
Imon(Az, py, vz, nw, Bh; 71, T2, 73) using the generating function method. Also,we derive multiplication theorems for
functions related to J,, (Az, py, vz; 11, 72) and Jo, n(Az, py, vz, nw, Bh; 1, T2, 73) as applications. Finally, we prove a
multiplication theorem for N-index Bessel functions (N-IBF) Jy,, ms.....my (AZ) as a possible extension of our method.
In section 2, we derive multiplication theorems for the 3V2PBF J, (A\x, py, vz; 71, 72) 2I5V3PBF
Imon(Az, py, vz, nw, Bh; 11, T2, 73). Insection 3, we consider applications of our main results. In section 4, concluding
remarks are given.

2 Multiplication theorems for 3V2PBF J,(\x, uy,vz; 71, ) and 2I5V3PBF
Jm’n()\l', Hy, vz, nuw, Bhﬂ T1, T2, 7_3>

In this section, we prove the following multiplication theorems involving 3V2PBF J,,(A\x, py, vz; 71, 2 ) and 2I15V3PBF
Jm,n()‘zv ny, vz, nw, 6h7 T1, T2, 7—3):

Theorem 2.1 The following multiplication theorem for the 3V2PBF J,(Ax, uy,vz;T1,T2) holds true:

=1 A2 A3r x 2T Moz
Jn(Axvﬂy7VZ§7_177—2) = A" Z an—m <i€,y,z; Tla B 2) Hy, (2(/\2 - 1)& 2M1y(p’2 - 1)7 2; (V2 - 1)) :
m=0 ’
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Proof We start with the identity

Az 1 wy [ o 1 vz ( 4 1
- )+ 22 (P — )+ = (P — ——
eXp( 2 ( t>+ 2 ( nTen) T\ Ty

00 k 0 m
— 1 71 72\? hi2k+3 t 1
= Z ﬁJh(ﬂf) (M) (;) t ka(y)Jp(z)Z N ol
h,k,p=—o00 m=0
Ho (L02 - 1), 208 2 ), A2 ey (31)
m\ 2 o M "oy VW '

Now, replacing h by s — 2k and using the relation (7) in the r.h.s. of Eq.(37), we find

Az 1 wy (5 1 vz [ 4 1
- )+ (P - —— )+ = (P — —
exp( 5 ( t) + 9 ( Ty 127, + 5 p) By

> 1 )\27'1 To\P s+3p s t m 1

- 3 (e ) @) rrae L (5)
Hp (Z02 1), 22 2 ) X220 (38)
mA\92 ’ 2u T v

Again, replacing s by ¢ — 3p and using the relation (1) in the r.h.s. of Eq.(38), we get
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Az 1 wy [ 5 1 vz [ 4 1
- )+ 2 (- —— )+ 2 (P - —
eXp( 5 ( t) + B ( T1 2 + B To By

_ i i t q+miJ . z~)\2ﬁ A3y
2\ ml q y Y, 23 [ ) v

q=—o00o m=0
Hy (2002 -1) Xzﬁy( 2 ) ABW(VQ —1) (39)
m\ 2 Yop M T Ty '
Further, replacing ¢ by n — m in the r.h.s. and using definition (2) on the Lh.s. of above equation, we find
i J )\ . n i nAfn i ]. J .>\2T1 )\37'2
Z n( X, 1Ly, VZ77_137_2)t - Z t Z ﬁ n—m | L, Y, 23 L ’ v
n=-—oo n=—oo m=0
Hyo (2002 -1) Xzﬁy( 2 ) A372'3@2 —1) (40)
m 2 b) 2’[1‘ /“L ) 21/ .

Finally, on equating the coefficients of like powers of ¢ in Eq. (40), we get the assertion (35) of Theorem 2.1.

Theorem 2.2 The following multiplication theorem for the 215V3PBE' J,, n(Ax, py, vz, nw, Bh; Ty, T2, T3) holds true:

N N N1 pPTe Auts
']7n,n()\m7/~‘ty7Vz7nwaﬁh;7—la7—277-3) = A 1% Z ﬁ']’m—i,n—j x7yaz7wah; ’ )
520 Mt v n B
x Y, oo 2T1, 9 WTy , o hts , o
Hi i =0\ -1), =W -1),=—=02-1),—=0n*-1),—B*>-1) ). 41
5 (500 =00 - 0,502 - 0. 52 0 - 0, 52 - ) ay

Proof We start with the identity
AT 1 wy 1 vz [ o 1 nw [ o 1 Bh 1
P ( 2 <u u) T (U v) 3 (u T ECE G 1279 T\ uvTs
oo (E (M Yoo (Y (0 - ) wn o v A\ (v
- P\ Ty P2 7)) P v u?Ty P9 7 279
o h (uvTs B o x (A2 -1 N
xp | = - xp [ =
P 2 8 UVT3 P 2 A b
2 2 2 2
y [(p®—1 zry (VP =1\ o wr =1\ 5, hrm (pB°—1
Y S Wz (0~ 2 s 42
Q(H)U+2(V>u+2<7l v+2 3 uv |, (42)
which on using the definitions (11) and (30), on the r.h.s. becomes

Az 1 1y 1 vz [ o 1 nw [ o 1 Bh
eXp<2 (“_u>+ 2 <”_v)+ 2 <“ﬁ_u2n RS e

1 St up+2r+tvq+25+t .
<uv7'3 — uv7'3)> = qu;:ﬂ)O Wﬁ 12513 I (2) 4 (y) I (2) Js (w) i (R)
= uld T Y 271 WTo hts
——H;i (=N =1), = (u?>—1), == —-1),—=n*-1),—=(B*-1) ). 43
0 i (00 g - 0 S0 R0 55 (43

Now, replacing p by | — 2r and ¢ by k — 2s and using the relation (7) in the r.h.s. of Eq.(43), we find

Az 1 wy 1 vz [ o 1 nw [ o 1 Bh
eXP(z(“u>+z<”v)+z<““u%l T\, Ty

1 oo ul+tvk+t >‘/~L7—3 t )\27_1 M27—2
_ _ uw v ) ) L
<U’U7_3 uv7-3>> l’k’;m )\l‘ukﬁt ( ﬁ ) Jl <1’7Z; v > Jk (y>w7 " ) Jt( )
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> Bty (0% - g = 0. 5007 - 0, 5207 - 0,525 - ). (1)

|
=0 v 21 2/

Again, replacing [ by § — t and k by ¢ — ¢t and using the relation (12) in the r.h.s. of Eq.(44), we get

Az 1 Wy 1 vz o 1 nw Bh
exp(z(“w)%(“w)%(“ﬁ‘uaﬁ S 2‘% Ty

1 o uftiy®ti N P Aty
_ = J h.
(UUT?’ ust)) Z 25 Nopditgt (myzw v B )

0,p=—00 1,j=0

T Y 271 WTo hs
i (5302 = 2 = 1507 = 0, 5207 = 0, 520 1)) (15)

Further, replacing # by m — ¢ and ¢ by n — j in the r.h.s. and using the definition (13) on the l.h.s. of above
equation, we find

Z Imn(Az, py, vz, nw, Bh; 7, 72, T3)u" 0" = Z umm AT T
=Nl 2 21y A
Z -'H' Jm_i,n—j (x,y,z,w,h; Tla K T27 MTS)
520 ! v n 15}
T Y, oo 2T, o WTy , o hts , o
Hij (M =1), = -1),==0*=1), —=0n*-1),—(B*-1) ). 4
5 (00 =0, L -0, 5207 - 0. 520 - 1, 52 - ) (16)

Finally, on equating the coefficients of like powers of u and v in Eq. (46), we get the assertion (41) of Theorem 2.2.

3 Applications

We discuss some applications of the multiplication theorems obtained in the preceding section.

I. Taking z = 72 = 0 and replacing 71 by 7 in Eq. (35) and using Eq. (5), we obtain the multiplication theorem for
2V1PGBF J,(Az, py; 7) ([12],p.145(10))

B i) = X732 o () i (502 -0, 5702 <), (")
where Hy,(z,y) denotes the 2VHKdFP given by Eq. (28).
IT. Replacing 7 by {z and 73 by 5 in Eq. (35) and using Eq. (33), we get
Hy (508 1), 52 = 1), 502 - 1)), (48)

where J,,(x,y, z; 71, 2) denotes the 3V2PBF given by Eq. (2) and Hn(x, y, z) denotes the 3VGHP given by Eq. (27).

ITI. Taking 74 = 7 = 1 in Eq. (35) and using Eq. (3), we obtain the multiplication theorem for 3VGBF
Jn(Axa,u'y,l/z)

=1 A2 N3 T A2y A3z
Jn(AxnU/ya VZ) = A" Z ﬁjnfm (m’y’Z;u’y) H’m (2()‘2_1)7%(M2_1)72y(y2_1)> . (49)
m=0 ’

where J,(z,y, z) denotes the 3VGBF given by Eq. (4).
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IV. Taking 4 = 75 = 73 = 1 in Eq. (41) and using Eq. (14), we get the multiplication theorem for 2I5VBF
(A2, py, vz, nw, Bh)

o e At A2 2 )
J’rnm(/\xhuy)VZanwvﬁh) = A 1% E i"L.L' Jm—iﬂl—j (x,y,z,w,h;y,u, EL)
ij=o "’ "
z Y 9 Z 2 w2 h o
H = =1),Z@-1),—02=1),—n*-1),— (> -1)) .

where Jy, . (z,y, 2, w, h; 71,72, T3) denotes the 2I5V3PBF given by Eq. (13) and H; ;(z,y, %, w,h) denotes the
2I5VGHP given by Eq. (30).

V. Taking z = w = 0, 73 = 1 and replacing h by z in Eq. (41) and using Eq. (18), we find the multiplication
theorem for 2I3VBF J,,, ,,(Az, puy, 62)

I 74 A x z
Jm,n(/\%ﬂy,ﬁz) = A 1% Z #Jm—i,n—j (%%Z; ;) Hi,j <2)\()‘2 - 1)7 %(lﬂ - 1); %(ﬁ2 - 1)) ) (51)

15!
ig=0 “J

where Jp, (2, y, z;7) denotes the 2I3VIPBF given by Eq. (17) and H; ;(x,vy, z) denotes the 2I3VGHP given by
Eq. (31). Further, replacing y and z by  and p and 8 by A in Eq. (51) and using Eq. (20), we obtain a result
([12],p.146(11)).

VI. Replacing 71 by 7, 72 by % and 73 by %in Eq. (41) and using Eq. (34), we get

- o
v n f —m, - A

n )\7 ) y ) h;iaiai = A" " 1K)

(xuy vz,nw, B A2 42 Au) K Z ilglrlsl(m + r)l(n + s)!

,7,7,5=0
ry z wh —x —y —z —w —h
Hmfi rm—j+s |\ 57907 0 o HTS 5 Y o Y 8 0 o 0 o
+’”(22222)’(22222)
€ Y 2 RT1, 9 w2, o hts o
Hi (=2 =1), 232 -1),220%—1), —=20*—-1),—(82-1) ). 52
5 (500 =00 - 0,502 - 0. 52 0 - 1, 2 - ) (52)

VII. Taking y = w = h =0, 71 = 1 and replacing z by y in Eq. (41) and using Eq. (23), we get the multiplication
theorem for 2VBF J,,, (\z, vy)

e A A2 x
In(e) = XS S (2 ) 1 (550 = 0. 02 = 1), (53)
or, taking x = z = h = 0, 72 = 1 and replacing y by « and w by y in Eq. (41) and using Eq. (24), we get

In(pz,ny) = _"OOM—jJ as'u—ZH 33( —1)—(2—1) (54)
n\MUT,NY) = K ;! n—j 71/777 Q,LLM 2 n ,

=0

where J,,(z,y; ) denotes the 2V1PBF given by Eq. (6) and J,,(z,y) denotes the 2VGBF given by Eq. (9).

VIII. Taking y =z =w = h =0 in Eq. (41) and using Eqgs. (25) and (29), we find the multiplication theorem for
BF J,, (Az)([12],p.150(25))

Jm(Az) = A7 Z (@ ) mi(@), (55)
or, taking x = z = w = h = 0 and replacing y by = in Eq. (41) and using Eqgs. (26) and (29), we get
— 1
T Y @ = 1Y sy (@), (56)

7=0

where J,(z) denotes the ordinary Bessel functions.
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4 Conclusion

In section 2, we have derive multiplication theorems for the 3V2PBF J, (A\x, uy,vz; 71, 72) and 215V3PBF
Imon(Ax, py, vz, nw, Bh; 71, T2, 73) using the generating function method. We remark that this process can be ex-
tended to establish multiplication theorem for the N-IBF Jp,, ... .my (A2). First, we recall the N-IBF Jp,, sy, my (2)
defined by the generating function [6]

[e%S) N N
Z Jm,1 ..... SN (:L‘) H ujmj = €exp g Z <uj - u1j> + H Uj; — % ) (57)
j=1

with the following series

Also, we can define the N-index 1-variable 1-parameter Bessel functions (N-I1V1PBF) J,,,
the series

Jm1 ..... JYLN('I;T) = Z T(Nil)l Hij—l(z) Jl(z) (59)

0 APitar ol !
VELVEL S

where
min(ri,re,....,'N)

€T ZJI.V=17']~—(N—1)kt 7’1!,7”2!,7’3!7 ...... ,TN!
Hyp s,y () = Z (5)
k=0

Now, replacing p; by s; — ¢ and using the relation (59) in the r.h.s. of Eq.(61), we find

N N o0 N Si+r;
Ax 1 1 H':l ;%I
P 2 Z (uj - ) i Huj oy - Z : [ |Jslvs2’ ~~~~~ sv (@3 4)
J

U ; Asipg Lol !
j=1 J =1 H_j:] Uj §;,7;=—00 155725 s TN

Hyp oo <x (AQ/\_ 1)) : (63)

Further, replacing s; by m; — r; in the r.h.s. and using definition (57) on the Lh.s. of above equation, we find

. al - H;Vf1 ;"
m; = )
g Jm1 ,,,,,, mN ()\1') Huj 7= E N —Ti i o) r |Jm1fr17m277“2 ...... "TLN*TN(‘:U’)\)
S —— Jaie oo 15724, ..y TN

o (¢ (5. (69
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Finally, on equating the coefficients of like powers of H;il u;™ in Eq. (63), we get multiplication theorem for the
N-IBF J, mo,......mu (A2) as follows

& )\7‘1+7‘2+~~+7‘N )\2 -1
Jm17-~~,mN()‘x) = )‘ TR TN Z | | |Jml*Tl,m2*Tz,-»-~,mN*TN(x;A)HTl,T27~~-,TN T )\ .
T1:,T2 TN-

ty eeeny

Tj=—00

(65)

The theory of BF is rich and wide and certainly provides an inexhaustible field of research. A large number
of functions are recognized as belonging to the BF family. The above multiplication theorem can be viewed as
a multi-index extension of multiplication theorem (3.9) for the BF J,,,(z). Exploring the possibility of using the
method outlined here to derive the multiplication theorems for other special functions is a further research problems.
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