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Abstract

Electrostatic micro-electro-mechanical system (MEMS) is a special branch with a wide range of applications in
sensing and actuating devices in MEMS. In this paper the perturbation analysis of the electrostatically actuated
MEMS resonant sensors which represented by a modified Duffing - Van der Pol equation subjected to weakly
non-linear parametric and external excitations is studied by using a perturbation technique (multiple time scales).
Harmonic resonance and subharmonic resonances of order ( 1

2 and 1
3 ) are investigated. For each resonances we

obtain the modulation equations in the amplitude and phase, steady state solutions, frequency-response equations
and stability conditions are determined. Effects of different parameters on the system behavior are investigated
numerically. Results are presented graphically and discussion is provided.
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1. Introduction

Electrostatic-driven microelectromechanical systems devices, in most cases, consist of couplings of such energy
domains as electromechanics, optical electricity, thermoelectricity, and electromagnetism [1]. Electrostatic MEMS is
an important branch with a wide range of applications including sensing devices and actuating devices in MEMS [2].
For example, the sensing devices such as capacitive accelerometers [3] and capacitive sensors [4]. In MEMS,
electrostatic forces are often used to actuate microstructures, including switches [5, 6], electrostatic motors [7, 8],
etc. The use of electrostatic actuation in MEMS is attractive because of the quite efficient, high energy densities
and large forces available for MEMS devices in micro-scale [9].
A serious limitation on the use of these devices lies in the pull-in phenomenon [10–12], which is a structural
instability resulting from the interaction between elastic and electrostatic forces. This instability results from the
unbalance between the electric actuation and the mechanical restoring force leading the suspended microbeam to
hit the stationary electrode underneath it causing stiction and short circuit problems and hence the failure in the
devices function [13]. Keeping MEMS devices operating in a stable regime away from the pull-in instability limit
has a crucial interest from design and commercialization point of view. Various works [14, 15] investigated the
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static pull-in phenomenon and performed techniques to predict its occurrence by determining the best conditions
for which the system operate in a stable behavior. There are various methods can be used to drive MEM structures
at resonance. The most commonly used method is the primary-resonance excitation, in which the frequency of the
excitation is tuned closed to the fundamental natural frequency of the microstructure. Examples of this excitation
in MEMS can be found in various applications, such as resonant sensors [16] and RF filters [17]. Jin and Wang
[18] showed that driving a resonant microsensor with a subharmonic excitation of order one-half increased the
signal-to-crosstalk ratio as compared to driving it at primary resonance. Younis et al. [16, 19] used the method of
multiple scales to study the response of an electrostatically actuated resonator to a primary resonance excitation.
Also Abdel-Rahman and Nayfeh [20] studied a superharmonic resonance excitation of order two, and a subharmonic
resonance excitation of order one-half. Furthermore, Nayfeh and Younis [21] investigated the dynamics of a MEMS
resonator to a subharmonic resonance of order one-half and to a superharmonic resonance of order two. Zhang
and Meng [22] analyzed the nonlinear dynamics of the electrostatically actuated resonant MEMS sensors under
parametric excitation. Harmonic, sub-harmonic and super-harmonic resonance of weakly non-linear dynamical
system subjected to external excitation, parametric excitation or both are investigated by Elnaggar et al. [24–27].
Batra et al. [28] and Kacem et al. [29–31] studied respectively nonlinear multi-physics models including both
mechanical and electrostatic nonlinearities and the fringing field effect. A more comprehensive review up to 2010
about the work on the non-linear dynamics of micro resonators is presented in literature [32].

Zhang et al. [22, 23] approximate the electrostatic force and the squeeze film damping force in the equation of
motion by working with first and second order expansion and O(ε3) term is neglected based on the small displacement
(amplitude) assumption. Also, use a combination of DC and AC voltages. The focus of this paper is actuation of
high displacement (amplitude) vibrations in MEMS using a square rooted sinusoidal AC voltage signal only, So, the
higher order expansion terms up to O(ε6) for the electrostatic force and up to O(ε3) for the squeeze film damping
force are taken. This leads to the mathematical model of the equation of motion is of the type generalized modified
Duffing - Van der Pol equation subjected to weakly non-linear parametric and external excitations. In this paper
harmonic resonance and subharmonic resonances of order ( 1

2 and 1
3 ) are investigated by applying the method of

multiple scales. For each type of resonance we determine an approximate solution, steady-state solution, frequency
response equation and stability of the steady-state solution. Frequency response curves are plotted in which solid
curve represent stable solutions and dashed curve represent unstable solutions. Finally discussion for the figures is
given.

2. Formulation of the problem and perturbation analysis

Fig.1: The diagram of the dynamical model of the problem

The governing equation of motion for a simplified dynamic system of the micro-cantilever beam in MEMS
shown in (fig. 1) is represented by the following nonlinear second order differential equation [22]

mÿ + cẏ + ky + kcy
3 = Fe(y, t) + Fs(y, ẏ) (1)

where ( ˙ ) denotes the derivative with respect to t, y is the vertical displacement of the micro-cantilever relative to
the origin of the fixed plate, m is the mass, k and kc are the coefficients of linear and non-linear spring stiffness ,
c is the coefficient of linear damping and Fs and Fe are the squeeze film damping force and nonlinear electrostatic
force, respectively.
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The electrostatic force, Fe, between the capacitor plates (the fixed plate and the movable plate) generated by
applying a voltage V (t), can be expressed as

Fe =
ε0A

2
V 2(t)

(d− y)2
(2)

where ε0 is the absolute dielectric constant of vacuum, A the overlapping area between the two plates, d is the
gap between them, and the force due to electrostatic interactions has a square dependence on the voltage applied,
in order to isolate the parametric effects from harmonic effects, we can use a square rooted sinusoidal voltage
signal V = [V0cos(ωt)]1/2 [33]. Expanding the nonlinear electrostatic force Fe by Taylor series with respect to the
equilibrium position, i.e., y0 = 0 , gives

ε0A

2
V 2(t)

(d− y)2
=

ε0A

2
V 2(t)

d2
(1 +

2
d
y +

3
d2

y2 +
4
d3

y3 +
5
d4

y4 +
6
d5

y5 +
7
d6

y6 + · · ·). (3)

Viscous damping of micro structures vibrating in air in the narrow gap between two electrodes is dominated by
squeeze film damping. Starr [34] presented the expression of the damping force for a rectangular plate of dimension
as

Fs(y, ẏ) = − cs

(d− y)3
ẏ (4)

Expanding the squeeze film damping force Fs by Taylor series, yields

− cs

(d− y)3
ẏ = −cs

d
(1 +

3
d
y +

6
d2

y2 +
10
d3

y3 + · · ·)ẏ (5)

Substituting equations (3) and (5) into equation (1),

ÿ + ω2
0y + ελy3 + ε[µ0 + µ1(1 + 3y + 6y2 + 10y3)]ẏ− εF (2y + 3y2 + 4y3 + 5y4 + 6y5 + 7y6) cos(Ωt) = εF cos(Ωt) (6)

where ω0 =
√

k
m , ελ = kcd2

m , εµ0 = c
m , εµ1 = cs

md2 and F = ε0AV 2
0

2md3

Equation (6) represents the modified Duffing - Van der Pol equation subjected to weakly non-linear parametric and
forcing excitations. Here, F and Ω are the amplitude and the frequency of parametric and external excitations, µ0

and µ1 are the coefficients of viscous linear and nonlinear damping terms, ω0 is the natural frequency and λ is the
cubic nonlinear stiffness.

Using the method of Multiple Scales (Nayfeh [35]), we get a first order uniform solution of equation (6) in the
form

y(t; ε) = y0(T0, T1) + εy1(T0, T1) + ..., (7)

where T0 = t is the first scale associated with changes occurring at the frequencies ω0 and Ω, and T1 = εt is a slow
scale associated with modulations in the amplitude. In terms of T1, the time derivatives become

d

dt
= D0 + εD1 + ... &

d2

dt2
= D2

0 + 2εD0D1 + ... (8)

where Dn = ∂
∂Tn

. Substituting equations (7) and (8) into equation (6) and equating coefficients of like powers of ε
one obtains

D2
0y0 + ω2

0y0 = 0 (9)

D2
0y1 + ω2

0y1 =− λy3
0 − (µ0 + µ1 + 3µ1y0 + 6µ1y

2
0 + 10µ1y

3
0)D0y0 + 2D0D1y0

+ F (1 + 2y0 + 3y2
0 + 4y3

0 + 5y4
0 + 6y5

0 + 7y6
0) cos(T0Ω))

(10)

The solution of equation (9) can be expressed in the complex form

y0 = Aeiω0T0 + Āe−iω0T0 (11)
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where Ā is the complex conjugate of A. Then equation (10) becomes,

D0
2y1 + ω2

0y1 =−
(
3λA2Ā + iω0(µ0A + µ1A + 6µ1A

2Ā + 2A′)
)
eiω0T0

+ F
(1

2
+ 3AĀ + 15A2Ā2 + 70A3Ā3

)
eiΩT0

+ FĀ
(
1 + 6AĀ + 30A2Ā2

)
ei(Ω−ω0)T0

+ FĀ2
(3

2
+ 10AĀ +

105
2

A2Ā2
)
ei(Ω−2ω0)T0

+ FĀ3
(
2 + 15AĀ

)
ei(Ω−3ω0)T0

+ FĀ4
(5

2
+ 21AĀ

)
ei(Ω−4ω0)T0

+ 3FĀ5ei(Ω−5ω0)T0

+
7
2
FĀ6ei(Ω−6ω0)T0

+ NST. + c.c.

(12)

where NST. denotes the terms which do not produce secular terms and c.c. denotes the complex conjugate.
Equation (12) contain seven cases of resonance

Ω ' nω0 ; n = 1, 2, 3, 4, 5, 6, 7

In this paper we restricted our attention to three cases of resonance (harmonic resonance and subharmonic
resonances of orders ( 1

2 and 1
3 )).

3. Harmonic resonance (Ω ' ω0)

In this section, we study harmonic resonance of the MEMS represented by equation (6). To describe the
nearness of the excitation frequency Ω to the fundamental natural frequency ω0 i.e. Ω ' ω0, we introduce the
detuning parameter σ to convert the small-divisor terms into secular terms according to

Ω = ω0 + εσ (13)

Eliminating the secular terms from the equation (12) yields

−3λA2Ā− iω0(µ0A + µ1A + 6µ1A
2Ā + 2A′) + F (

1
2

+ 3AĀ + 15A2Ā2 + 70A3Ā3)eiσT1 = 0 (14)

Writing A in the polar form as A = 1
2a(T1)eiβ(T1) into equation (14) where a(T1) and β(T1) are real-valued

functions, representing, respectively, the amplitude and phase of the response, and separating real and imaginary
parts, we obtain the following modulation equations:

a′ = −1
4
a

(
2µ0 +

(
2 + 3a2

)
µ1

)
+

(
16 + 24a2 + 30a4 + 35a6

)
F sin(γ)

32ω0
(15)

aγ′ = σa− 3λa3

8ω0
+

(
16 + 24a2 + 30a4 + 35a6

)
F cos(γ)

32ω0
(16)

where γ = σT1 − β(T1).
For steady state solution, a′ = γ′ = 0, in equations (15) and (16) we obtain

8ω0a
(
2µ0 +

(
2 + 3a2

)
µ1

)
=

(
16 + 24a2 + 30a4 + 35a6

)
F sin(γ) (17)

12λa3 − 32ω0σa =
(
16 + 24a2 + 30a4 + 35a6

)
F cos(γ) (18)
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Equations (17) and (18) show that there are no trivial solution at a = 0. For non-trivial solution i.e. at a 6= 0,
eliminating γ from equations (17) and (18), we get the following frequency- response equation

64ω2
0a2

(
2µ0 +

(
2 + 3a2

)
µ1

)2
+ (12λa3 − 32ω0σa)2 =

(
16 + 24a2 + 30a4 + 35a6

)2
F 2 (19)

Solving equation (19) for σ, we obtain

σ =
12λa3 ±

√
(16 + 24a2 + 30a4 + 35a6)2 F 2 − 64 (2µ0 + (2 + 3a2) µ1)

2
ω2

0a2

32ω0a
(20)

A first-order approximation for the solution of equation (6) can be derived as

y = a cos(Ωt− γ) + O(ε). (21)

To determined the stability of the non-trivial solutions, let

a = a0 + a1(T1) & γ = γ0 + γ1(T1) (22)

where a0 and γ0 are solutions of equations (17) and (18), and a1 and γ1 are perturbations which are assumed to
be small compared with a0 and γ0. Substituting (22) into equations (15) and (16) and linearizing the resulting
equations, we obtain that

a′1 =
(2µ0g3 + µ1g4)

4g1
a1 + (−σa0 +

3λa3
0

8ω0
)γ1 (23)

γ′1 =

(
9λg2a

2
0 − 8σω0g3

)

8ω0g1a0
a1 − 1

4
(
2µ0 +

(
2 + 3a2

0

)
µ1

)
γ1 (24)

where,
g1 = 16 + 24a2

0 + 30a4
0 + 35a6

0 , g2 = −16− 8a2
0 + 10a4

0 + 35a6
0 ,

g3 = −16 + 24a2
0 + 90a4

0 + 175a6
0 and g4 = −32− 96a2

0 + 108a4
0 + 440a6

0 + 315a8
0.

Seeking a solution for equations (23) and (24) in the form (a1, γ1) = (Γ1, Γ2)eθT1 where Γ1, Γ2 and θ are
constants, one gets

2ω0 (4θg1 − 2µ0g3 − µ1g4) Γ1 + a0g1

(−3λa2
0 + 8σω0

)
Γ2 = 0 (25)

(−9λa2
0g2 + 8σω0g3

)
Γ1 + 2ω0a0g1

(
4θ + 2µ0 +

(
2 + 3a2

0

)
µ1

)
Γ2 = 0 (26)

For a nontrivial solution, the determinant of the coefficient matrix must vanish. We obtain this condition as

θ =
4µ0g5 + µ1g8

4g1
±

√
27λ2a4

0g1g2 − 16ω0

(
12λσa2

0g1g5 − ω0

(
4σ2g1g3 + 9a4

0 (g6µ0 + 5µ1a2
0g7)

2
))

8ω0g1
(27)

where,
g5 = −8 + 15a4

0 + 35a6
0 , g6 = 8 + 20a2

0 + 35a4
0 ,

g7 = 4 + 10a2
0 + 7a4

0 and g8 = −32− 96a2
0 − 12a4

0 + 140a6
0 + 105a8

0.

Consequently, a solution is stable if and only if the real parts of both eigenvalues (27) are less than zero.

4. Subharmonic resonance of order 1/2 (Ω ' 2ω0)

For this type of oscillations resonance, one must have Ω ' 2ω0, to express this nearness, let

Ω = 2ω0 + εσ (28)
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and write

(Ω− ω0) T0 = ω0T0 + εσT0 = ω0T0 + σT1 (29)

Eliminating the secular terms from the equation (12) yields

−3λA2Ā− iω0(µ0A + µ1A + 6µ1A
2Ā + 2A′) + FĀ

(
1 + 6AĀ + 30A2Ā2

)
eiσT1 = 0 (30)

Using the polar form A = 1
2a(T1)eiβ(T1) into the equation (30) and separating real and imaginary parts, we obtain

the following modulation equations:

a′ = − (µ0 + µ1) a

2
− 3µ1a

3

4
+

(
Fa

2ω0
+

3Fa3

4ω0
+

15Fa5

16ω0

)
sin(γ) (31)

aγ′ = σa− 3λa3

4ω0
+

(
Fa

ω0
+

3Fa3

2ω0
+

15Fa5

8ω0

)
cos(γ) (32)

where γ = σT1 − 2β.
For steady state solution, a′ = γ′ = 0, in equations (31) and (32) we obtain

(
Fa

ω0
+

3Fa3

2ω0
+

15Fa5

8ω0

)
sin(γ) = (µ0 + µ1) a +

3µ1a
3

2
(33)

(
Fa

ω0
+

3Fa3

2ω0
+

15Fa5

8ω0

)
cos(γ) = −σa +

3λa3

4ω0
(34)

Equations (33) and (34) show that there are two possibilities : (trivial solution ) at a = 0 and ( nontrivial solution)
at a 6= 0. Squaring and adding (33) and (34) we get the frequency-response equation

σ =
6λω0a

2 ±
√

(8 + 12a2 + 15a4)2 F 2ω2
0 − 16 (2µ0 + (2 + 3a2)µ1) 2ω4

0

8ω2
0

(35)

A first-order approximation for the solution of equation (6) can be derived as

y = a cos(
1
2
Ωt− 1

2
γ) + O(ε). (36)

The analysis of the stability of the trivial solutions is equivalent to the analysis of the linear solutions of equation
(30) by neglecting the non-linear terms we get

−iω0 (µ0A + µ1A + 2A′) + eiσT1FĀ = 0 (37)

To solve equation (37) one lets A = e
1
2 iσT1 (B (T1) + ib (T1)) where B and b are real, separates real and imaginary

parts and get

B (F + σω0) + bω0 (µ0 + µ1) + 2ω0b
′ = 0 (38)

b (−F + σω0) + Bω0 (−µ0 − µ1)− 2ω0B
′ = 0 (39)

Equations (38) and (39) admit solution of the form (B, b) ∝ (B, b)eθ0T1 where B and b are constants then

B (F + σω0) + bω0 (2θ0 + µ0 + µ1) = 0 (40)

b (−F + σω0)−Bω0 (2θ0 + µ0 + µ1) = 0 (41)

the eigenvalues equation can be obtained as

θ0 =
− (µ0 + µ1)

2
±

√
F 2 − σ2ω2

0

2ω0
. (42)
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To analyze the nontrivial solution we followed steps similar to those in the preceding section, we obtain the
following variational equations describing the stability of the steady state solutions:

a′1 =
3a2

0

(
4µ0

(
2 + 5a2

0

)
+ 5µ1a

2
0

(
4 + 3a2

0

))

2 (8 + 12a2
0 + 15a4

0)
a1 +

1
8
a0

(
−4σ +

3λa2
0

ω0

)
γ1 (43)

γ′1 =
3a0

(
λ

(−8 + 15a4
0

)− 8σω0

(
2 + 5a2

0

))

2 (8 + 12a2
0 + 15a4

0)ω0
a1 −

(
µ0 + µ1 +

3
2
a2
0µ1

)
γ1 (44)

Equations (43) and (44) admit solution of the form (a1, γ1) = (c1, c2)eθT1 where c1 and c2 are constants, provided
that

θ =
1
4
(
2(d2µ0 − d3µ1)

d1
±

√
9a4λ2d4 − 12a2λσd5ω0 + 4(24a2σ2d6 + d2

7µ
2
0 + 2d8µ0µ1 + d2

9µ
2
1)ω

2
0

d2
1ω

2
0

) (45)

where
d1 = 8 + 12a2 + 15a4, d2 = −8 + 15a4, d3 = 8 + 24a2 + 3a4, d4 = −64− 96a2 + 180a6 + 225a8,
d5 = −64 + 384a4 + 720a6 + 675a8, d6 = 16 + 64a2 + 90a4 + 75a6, d7 = 8 + 24a2 + 45a4,
d8 = 64 + 384a2 + 1440a4 + 2952a6 + 3915a8 + 2025a10 and d9 = 8 + 24a2 + 63a4 + 45a6.

Consequently, a solution is stable if and only if the real parts of both eigenvalues (45) are less than zero.

5. Subharmonic resonance of order 1/3 (Ω ' 3ω0)

In this case, Ω ' 3ω0. Then we can write

Ω = 3ω0 + εσ (46)

and write

(Ω− 2ω0) T0 = ω0T0 + εσT0 = ω0T0 + σT1 (47)

Then eliminating the secular terms from the equation (12) yields

−3λA2Ā− iω0(µ0A + µ1A + 6µ1A
2Ā + 2A′) + FĀ2

(
3
2

+ 10AĀ +
105
2

A2Ā2

)
eiσT1 = 0 (48)

Using the polar form A = 1
2a(T1)eiβ(T1) into the equation (48) and separating real and imaginary parts, we obtain

the following modulation equations:

a′ = − (µ0 + µ1) a

2
− 3µ1a

3

4
+

(
3Fa2

8ω0
+

5Fa4

8ω0
+

105Fa6

128ω0

)
sin(γ) (49)

aγ′ = σa− 9λa3

8ω0
+ 3

(
3Fa2

8ω0
+

5Fa4

8ω0
+

105Fa6

128ω0

)
cos(γ) (50)

where γ = σT1 − 3β.
For steady state solution, a′ = γ′ = 0, in equations (49) and (50) we obtain

(3Fa2 + 5Fa4 +
105Fa6

16
) sin(γ) = 6 µ1ω0a

3 + 4ω0a (µ0 + µ1) (51)

(3Fa2 + 5Fa4 +
105Fa6

16
) cos(γ) = 3λa3 − 8

3
σω0a (52)

Equations (51) and (52) show that there are two possibilities : (trivial solution ) at a = 0 and ( nontrivial solution)
at a 6= 0. Squaring and adding (51) and (52) we get the frequency-response equation

σ =
3

(
48λω0a

2 ±
√

F 2ω2
0 (48a + 80a3 + 105a5)2 − 1024ω4

0 ((3a2 + 2) µ1 + 2µ0) 2

)

128ω2
0

(53)
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A first-order approximation for the solution of equation (6) can be derived as

y = a cos(
1
3
Ωt− 1

3
γ) + O(ε). (54)

Now, the analysis of the stability of the trivial solution is determined as in the preceding section, so we get the
eigenvalues equation obtained as

θ0 = −1
2

(µ0 + µ1)± 1
2
iσ (55)

Also, the stability of the nontrivial solution is determined similar to the preceding section and the eigenvalues
equation can be obtained as

θ =
12 (µ0z2 − µ1z3)

8z1
±

√
27λ2a4z4 − 960λσω0a4z5 + 4 (16σ2z6 + 576µ2

0z
2
7 + 144µ0µ1z8 + 9µ2

1z
2
9) ω2

0

64ω2
0z2

1

(56)

where
z1 = 48+80a2+105a4, z2 = −16+35a4, z3 = 16+48a2+5a4, z4 = −2304+16480a4+33600a6+33075a8,
z5 = 384+1648a2+2520a4+2205a6, z6 = 768+5120a2+16480a4+22400a6+18375a8, z7 = 8+20a2+35a4,
z8 = 512 + 2944a2 + 9920a4 + 18600a6 + 21700a8 + 11025a10 and z9 = 64 + 208a2 + 440a4 + 315a6.

Consequently, a solution is stable if and only if the real parts of both eigenvalues (56) are less than zero.

6. Numerical results and discussion

This section presents numerical results in the form of frequency response curves obtained by solving the
frequency response equations (20), (35), (53) and stability conditions (27), (42), (45), (55) and (56). The numerical
results are plotted in groups of figures (2-7), (8-14) and (15-21), which represent the variation of the amplitude (a)
with the detuning parameter (σ) for given values of the other parameters. In all figures, the solid lines represent
stable solutions, while the dashed lines represent unstable solutions.

Figures (2-7) represent the frequency response curves for the harmonic resonance for certain values of the
parameters. In (Fig.2) we have two semi-symmetric ovals about σ = 0. The lower values of a are stable solutions
and the upper values of a are unstable solutions.

• By increasing (decreasing) the coefficient of the parametric and external force F (amplitude of the excitation)
the region of definition is decreased (increased), we have also by decreasing F two continuous solutions lower
branch is stable and the upper branch is unstable (fig.3).

• By decreasing (increasing) the value of natural frequency ω0 the region of definition is decreased (increased),
also by increasing ω0 we have two continuous solutions lower branch is stable and the upper branch is unstable
(fig.4).

• By increasing the value of λ, the symmetry is disappear and the value of unstable solution is increased (fig.5).

• By decreasing (increasing) the value of µ0 or µ1 the region of definition is decreased (increased), also by
increasing µ0 or µ1 we have two continuous solutions lower branch is stable and the upper branch is unstable
(fig.6, fig.7).

• By increasing the value of σ after certain value we note that their is no changes in the magnitudes for stable
and unstable solutions for given values of µ0 (i.e. there exists a saturation) (fig.6), while their exist a saturation
in the stable solutions only for given values of µ1 (fig.7).

Figures (8-14) represent the frequency response curves of the subharmonic resonance of order 1
2 . In all figures

(8-14) the trivial solution is stable. When we consider the same values of the parameters in the harmonic resonance,
we get a continues unstable curve (Fig.8), so we consider other values of the parameters. In (Fig.9) we have two
curves, the right curve has unstable solutions while the left curve has a multi-value solutions with the upper branch
is unstable, the lower branch is stable and there exist a saddle node bifurcation.
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• By increasing F , the region of definition and the magnitudes of the solutions are decreased. When F = 1.5
the stable solution disappears. By decreasing F , we have a one continues curve with jumping phenomenon
(fig.10).

• By increasing (decreasing) ω0, the region of definition and the magnitudes of the solutions are increased
(decreased). For ω0 = 0.9 we have an unstable curve (fig.11).

• By increasing (decreasing) λ, the region of definition, the magnitudes of the solutions and the region of
stability of the left curve are increased (decreased), while the magnitudes of the solutions of the right curve
is decreased (increased). For λ = 1.0 we have two unstable curves (fig.12).

• By increasing (decreasing) µ0 or µ1 , the region of definition and the magnitudes of the solutions are increased
(decreased). As µ0 = 2.0 or µ1 = 1.8, the response amplitude loses stability and we have an unstable curve
(fig.13, fig.14).

Figures (15-21) represent the frequency response curves of the subharmonic resonance of order 1
3 . In all figures

(15-21) the trivial solution is stable. When we consider the same values of the parameters in the harmonic resonance,
we get a continues unstable curve (Fig.15), so we consider other values of the parameters. In (Fig.16) we have a
continues curve with region of multivalued solutions, where the middle solution is stable and the upper and the
lower solutions are unstable.

• By decreasing (increasing) F , we note that the magnitude of (a), the region of multivalued and the region
of stability are increased (decreased). As F = 1.4, the response amplitude loses stability and we have a one
continues unstable curve (fig.17).

• By decreasing (increasing) ω0, the region of multivalued and stability is increased (decreased) and the mag-
nitude of (a)is decreased (increased). When ω0 = 1.4, the response amplitude loses stability and the region
of multivalued is disappeared. Also, we can see that there exist intersection point at σ = 0.0 (fig.18).

• By decreasing (increasing) λ, the magnitude of (a) for the upper solutions and the region of multivalued and
stability are decreased (increased), but, the magnitude of (a) for the lower solutions is increased (decreased).
When λ = 1.0, the response amplitude loses stability and the region of multivalued is disappeared (fig.19).

• By decreasing (increasing) µ0 or µ1 , the region of multivalued and stability is increased (decreased). For
µ0 = 1.0 or µ1 = 0.6, the response amplitude loses stability and we have a continues unstable curve (fig.20,
fig.21).
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Fig.2: The frequency response curves of the harmonic resonance Fig.3: Variation of the amplitude of the response with the

for the parameters F = 0.3, ω0 = 0.5, λ = 0.1, µ0 = 0.7 and µ1 = 0.2 detuning parameter for increasing and decreasing F
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Fig.4: Variation of the amplitude of the response with the Fig.5: Variation of the amplitude of the response with the

detuning parameter for increasing and decreasing ω0 detuning parameter for increasing and decreasing λ
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Fig.6: Variation of the amplitude of the response with the Fig.7: Variation of the amplitude of the response with the

detuning parameter for increasing and decreasing µ0 detuning parameter for increasing and decreasing µ1
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Fig.8: The frequency response curves of the subharmonic Fig.9: The frequency response curves of the subharmonic

resonance of order 1
2 for the parameters F = 0.3 resonance of order 1

2 for the parameters F = 0.8
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Fig.10:Variation of the amplitude of the response with Fig.11:Variation of the amplitude of the response with

the detuning parameter for increasing and decreasing F the detuning parameter for increasing and decreasing ω0
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Fig.12:Variation of the amplitude of the response with Fig.13:Variation of the amplitude of the response with

the detuning parameter for increasing and decreasing λ the detuning parameter for increasing and decreasing µ0
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Fig.14: Variation of the amplitude of the response with the Fig.15: The frequency response curves of the subharmonic resonance

detuning parameter for increasing and decreasing µ1 of order 1
3 for F = 0.3, ω0 = 0.5, λ = 1.0, µ0 = 0.7,µ1 = 0.2
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Fig.16: The frequency response curves of the subharmonic Fig.17: Variation of the amplitude of the response with the

resonance of order 1
3 for the parameters F = 0.4 detuning parameter for increasing and decreasing F
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Fig.18: Variation of the amplitude of the response with the Fig.19: Variation of the amplitude of the response with the

detuning parameter for increasing and decreasing ω0 detuning parameter for increasing and decreasing λ
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Fig.20: Variation of the amplitude of the response with the Fig.21: Variation of the amplitude of the response with the

detuning parameter for increasing and decreasing µ0 detuning parameter for increasing and decreasing µ1

7. Conclusion

In this paper we studied the weakly non-linear dynamic response (micro - electro - mechanical systems (MEMS))
represented by a mathematical model with modified Duffing - Van der Pol equation subjected to weakly non-linear
parametric and forcing excitations. The study is devoted to harmonic resonance and subharmonic resonances of
orders ( 1

2 and 1
3 ). By using multiple scales method, for each resonance modulation equation, steady-state solutions,

frequency response equation and stability of the steady-state solution are determined. Frequency response curves
are plotted. Finally discussion for the figures is provided.

From the frequency response curves of the harmonic resonance, we observe that the response amplitude consists
of two semi-symmetric ovals about σ = 0, the lower values of the amplitude (a) are stable solutions and the upper
values of the amplitude (a) are unstable solutions. By increasing F or decreasing any of ω0, µ0 or µ1, we get the
region of definition is decreased. While, by decreasing F or increasing any of ω0, µ0 or µ1, we get two continuous
curves, the lower curve has stable solutions and the upper curve has unstable solutions. By increasing the value of
λ, the symmetry disappears and the region of stability is increased.

From the frequency response curves of the subharmonic resonance of order 1
2 we observe that the trivial solution

is stable. The non trivial solutions loses stability and the region of multivalued disappear by increasing any of ω0,
µ0 or µ1. The regions of definition are increased (decreased) when the values of the parameters ω0, µ0 or µ1 are
increased (decreased). When increasing F or decreasing λ we get two unstable curves. By increasing the value of
λ the region of multivalued and stability is increased.

From the frequency response curves of the subharmonic resonance of order 1
3 we observe that the trivial solution

has stable solutions. The non trivial solutions loses stability and the region of multivalued disappear by decreasing
λ or increasing any of F , ω0, µ0 or µ1. The regions of multivalued and stability is increased (decreased) when
the values of the parameters F , ω0, µ0 or µ1 are decreased (increased). By increasing the value of λ the region of
multivalued and stability is increased.
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