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Abstract

In plasma physics, fluid dynamics and nonlinear optics, Korteweg-de Vries (KdV)-type equations are used to
describe certain phenomena (ion acoustic wave in plasma, quantum hydrodynamic model, wave motion on the
surface of shallow water and the unidirectional propagation of long wave of small amplitude and exists in many
physical branches). In this paper, KdV-type equations are investigated. We are used Bécklund Transformation to
obtain new exact solutions for the (KdV)-type equations. The method of characteristics is used and the Béacklund
transformation are employed to generate new solutions from the old ones. By the homogenous balance method, we
derive an auto—Bécklund Transformation (ABT) for the KdV equation. Thus, families of solution for KdV-type
equations are obtained.

Keywords: KdV-type equations, Backlund transformation, auto-Bdcklund transformation and exact solutions.

1. Introduction

Nonlinear evolution equations (NLEEs) are important mathematical models to describe physical phenomena. They
are also an important field in the contemporary study of nonlinear physics, especially in soliton theory. The research
on the explicit solution and integrability in helpful in clarifying the movement of matter under nonlinear interaction
and plays an important role in scientifically explaining the physical phenomena see for example, fluid mechanics,
plasma physics, quantum hydrodynamic model, optical fibers, solid state physics, chemical kinematic, chemical
physics and geochemistry. In this paper we will consider the following KdV-type equations.

The KAV equation

qt + 6(]90 + 6(]% + Quzx = 0. (].)
The MKdV equation in g,

The investigation of the exact solutions of nonlinear partial differential equations (NPDEs) plays an important
role in the study of nonlinear physical phenomena . In the past decades, there has been significant progression
in the development of methods such as the inverse scattering method [1-2], Hirotas bilinear method [3], Painlevé
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expansions [4-7], truncated Painlevé [8], homogeneous balance method [9-10], the linearized transformation method
[11], tanh function method [12-15]and several ansatz method [16-17]. The Bécklund transformation (BT) technique
is one of the direct methods for generating a new solution of NLEEs from a known solution of that equation (see,
for example, [18-20]). Previously, Konno and Wadati [21], for example, had derived some BTs for the NEEs of the
AKNS class [2,21]. These BTs explicitly express the new solutions in terms of the known solutions of the NLEEs
and the corresponding wave functions, which are solutions of the associated AKNS system. The AKNS system is a
linear eigenvalue problem in the form of a system of first-order partial differential equations. Therefore, the problem
of obtaining new solutions by BTs is equivalent to obtaining the wave function. The main aim of this paper is to
derive BT, ABT and construct solutions for the KdV-type equations. [1].

2. The AKNS system and the BT for the NLEEs

It is well known that many integrable NLEEs can be derived from the following AKNS system eigenvalue problem,
defined in the from

Yo = Uth,thy = VY (3)

v o= (10 )v=(4 2, (4)

r

where 7 is a parameter, independent of x and t, q and r are function of x and t, while A,B and C are scalar function
of g(z,t). The integrability condition ¢,; = 14, yields at once the evolution equations in the general form

-A,+q¢qC—-rB=0, q—B,—2qA+2nB=0, 1, —C,—2nC+2rA=0. (5)

By suitably choosing A, B, C and r in (5), we obtain various NLEEs which ¢ must satisfy. Konno and Wadati [21]
introduced the relation

_ W

= 6
(0> (6)

and for any of the NLEEs derived a BT with the following form:

¢ =q+F(T,n), (7)

where ¢’ is the new solution generated from the old q.

2.1. The KdV equation

r=-—1

A=—dn®—2q—q, —6n, B=—4n’q—06q—2¢" —20¢x — qux, C =47>+2q+6. (8)
To derive the new solution ¢’ from the known solution ¢ we use the BT

Ol'(x, t)

/ — _ 2 ) 9
qd=q 5 (9)
2.2. For the MKdV equation
r = —q = UTI

3 1 2 1 2 L 3 1 2 L 3
A= —4n’ — in(ux) , B= S Uaza + Nuge + 207Uy + 7V C= — 5 Ueas + gy — 20 Uy — 1l (10)

To derive the new solution ¢’ from the known solution ¢ we use the BT

q = q+4tan™(T). (11)
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Figure 1: (a) (
The solition solution of (15) for different values n = .2, ¢ =5 and ¢g = —0.1.

Proposition. The MKdV equation (2) is invariant under the BT

ou' Ou (v —u

ax+ax_4’78m( 2 ) (122)
o' Ou AT u—u

matélAszn( 5 )+2(BC)+2(B+C’)cos< 5 ) (12b)

where u is a solution of the equation, u’ also satisfy the same equation and the BT for the class of the AKNS system
can be constructed from the inverse scattering formalism (Proof, see Appendix A).

3. The known solution is a constant

3.1. The KdV equation

To construct the solution of equation (1), we start with the zero solutions ¢(0) = gg. By substituting this solution
in the two matrices U and V we obtain:

_An3 _ _ A2 _ 2
I G\ y—( 4200 = 6n ; 4n7go — 690 — 2q5 (13)
-1 —n 4n* +2qo + 6 4n” + 2nqo + 61

From the AKNS system, we get the solution

n .. do .
U202 U3,  Ulpt cosh ap + — sinh ap — sinh ap
wszeUﬂ=¢o[I+Uﬂ+ gt e e = | @ o 0 :
2! 3! 4! sinh p coshap — = sinh ap
a

(14)

where a? = 7?2 — go. Then the solution of KdV equation corresponding to the known solution ¢(0) = gy anther
T
wO = (07 1) 9

+ o (=1 = 302 + (& + n?) cosh 2ap — 2nasinh 2ap)
q = X 5 ) (15)
2 (a cosh ap — nsinh ap)

where p = x — (402 + 2qo + 6)t, and a? = 1% — go. We have represented this solution for a set of parameter values
in Fig. 1.
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(b)

Figure 2: (a)
The kink solution of (19) for different values n = 1 and ¢ = 1. (a)in the 3D and (b) in the plane at t =0, 1,2

3.2. The MKdV equation

To construct the solution of equation (2), we start with the zero solutions ¢(0) = 0. By substituting this trivial

solution in the two matrices U and V we obtain:

o n 0 o —4773 0
U<0 —77>’V(0 4n3>

From the AKNS system (3)-(4)
dy = Updx + Vpdt = (Udz + Vdt) ¢ (16)
and thus we get
dyp = Urpdp,dp = dx — (4772) p=x— (477275) (17)
Then the solution of (23) is
(18)

np
Y= 1ﬁo(e enp>

Choosing ¥y = (1, 1)T we obtain the new solution of the MKdV equation corresponding to the known solution
q(0) =0
q = 4tan™! (62’7(””’4”2”) )

We have represented this solution for a set of parameter values in Fig. 2

(19)

4. The known solution ¢ = ¢(z,t) is a simple function

In this case the system (3)-(4) cannot be solved for the vector ¥ as a whole, but it can be solved in the component
11 and 9 separately. From (3)-(4), after inserting the known solution ¢(z,t) of the KdV equation into the
corresponding matrices U and V we will have the following system of partial differential equations for unknowns

and o :
Y1z = N1 + qib2 (20a)
Yoz = TP1 — Mih2 (20b)
(20c)
(20d)

1y = Apy + By
oy = Cp1 — Athy
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These equations are compatible under the conditions of the assumed values of the matrices U and V connected with
the KdV equation under consideration. Solving for 1 from (20b) yields

Y1 = = (o — ) ()

Substituting this 1, into (20d) we have

Cpra — s = 5 (Co = ) (2

This is linear first-order partial differential equation with 1o as the unknown function; it can be solved by the
method of characteristics or another method. After 15 has been obtained from (22), and substituting it into (21),
we will obtain ;. To be more specific, we apply the last technique in the following example:

4.1. The KdV equation

Let
r — 6t 1

3(2t+1) b7 -3 (23)

t) = .
q(z,t) 5
By direct calculation one check that equation (23) is a solution of the KdV equation (1). Inserting equation (23)
into equation (22), together with equations (3) and (4), gives

P+ 246 =—. 24
<” T3@irn " )wsz’W 3(2t+1) (24)
equation (24) has the following system ODEs as its characteristic equations:
dx 2(x — 6t)
— = An*+6) + ot 25
i~ WO T gy (25)
d dt
dipa _ , (26)
P 3(2t+1)
Solving these two equations gives the general solution of the unknown 5 in equation (24), which reads:

by = (2t + 1)VOF(€) (27a)
E=(x+3)(2t+1)"3 =3 +1)(2t +1)%/3, (27b)

where F is an arbitrary function. Substituting equations (23) and (27) into equation (21) gives the general solution
of 11, which reads:

1= (2t +1)7VOF(€) — (2t + 1)V/OF(€). (28)

To determine the function F'(§), we substitute from equations (23), (27) and (28) into equation (20a), then F'(§)
must satisfy the following Airy equation [22]

d’F(§) | €

ez + gF(f) =0. (29)
Therefore, we obtain the function F'(§) as follows:
F(&) = c14i(§) + 2 Bi(§), (30)

where Ai(§) and Bi(§) are two Airy functions [22], while ¢; and ¢y are two arbitrary constants
After F (&) has been determined, equations (27), (28) and (6) leads to

_ —isEE)
D=+ ) g (31)

then substituting this T' and equation (23) into the BT (7) yields the new solution ¢ of the KdV equation (1)
corresponding to the known solution (23)
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5. The known solution is a traveling wave

In this we suppose that the components ¢ and r of the all matrix U are function of p

qg=q(p), r=r(p), where p=2x—Kt. (33)
then the components A, B and C of the matrix V' determined by equations (5) are also functions of p:

A= A(p), B=DB(p), and C=C(p). (34)
We require the quantity

B=(A+Kn?+(B+Kq) (C+Kr), (35)

to be constant with respect to p (or x and t). Under these assumptions, the following result holds, which is crucial
in the subsequent exact solution. Solving system (22) by applying the method of characteristics as section 4, the
PDE (22) possesses the following characteristic equations:

dt dx 2dipy
oy 36
—r  C  (Cp—r1)tbe (36)
Using equations (33) and (34) substituting in equation (36) gives
dt dp B 2d1)y
. - ’ : (37)
r  (C+Kr) (C+ Kr), s

These equations yield the following system of ODEs
d(ngp) _ (C+Kr), (38)

dp (2(C+ Kr))
dp (C+ Kr)
o - 39
dt r (39)
Integrating (39) we get

rdp

—t4+ k= ___F 40

T / (C+ Kr) (40)
where k; is an integration constant. Integrating equation (38) leads to
b = ko (C + K7)'/?, (41)
where ko is another integration constant.
Denoting

rdp
= | ——FF. 42

w0 = [ e (42)
Substituting from equation (42) into equation (40), we have
o(p)+t=k. (43)
From equations (41) and (43), we obtain the general solution of equation (22):
Yo = (C+ Kr)' P F(e), (44)

where

§=oalp)+t (45)
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and F(§) is a differential function of £. Substituting equation (44) into equation (21) gives the general solution for

1
Y1 = (C+ Kr) V2 (Fi+ (A+ Ky F). (46)

To determine the function F'(§), we substitute equations (44) and (46) into equation (20a), and we find that F'(&)
must satisfy the following second order ODE:

Fly — BF =0, (47)

where (3 is a constant defined in equation (35). According to the sign of 3, equation (47) will have the following
three different solutions:

F&)=cié+ e when (=0, (48a)
F (&) = crsinhw(€ + ¢2) when >0 w?=4, (48Db)
F(§) = c1sinw(€ + ¢2) when <0 w?=-0, (48¢)

where ¢; and ¢y are integration constants. Substituting these solutions into equations (46) and (44), respectively,
we obtain the corresponding different solution of system (3)-(4):

P\ (C+Kr) Y2 [(A+ Kn) (1€ + ¢2) + 3] when G — )
( V2 ) - ( (C+ Kr)'? (e16 + ¢2) ) hen  §=0, (49a)

P\ _ [ a (C’—!—Kr)_l/2 [(A+ Kn) sinhw (ca + &) + weoshw (€ + ¢2)]

( Vs ) = < . (C+KT)1/2 sinhw (€ + c) , when >0, (49b)
n\_ [ a (C+Kr)71/2 [(A+ Kn) sinw (c2 + &) + weosw (€ + ¢2)]

< o > N < e (C+ Kr)l/2 sinw (§ + ¢2)  when S <0. (49)

These results (49a)-(49¢) are valid for any NLEE contained in the AKNS system (3)-(4), provided they satisfy
assumption (33) and (34).

Now, applying the results obtained here and the known traveling wave solution of the KdV-type equations obtained
in section 3. allows us to construct a new class of solutions of the corresponding KdV-type equations by means of the
BTs. The constant 3 defined by (35) is zero and, therefore, the corresponding solution of the AKNS system (3)-(4)
is (49a). By substituting equation (49a) into equation (6) we get the common expression of I' for the KdV-type
equations.

r=(C+Kr)™" [(A + Kn) + (ngﬂ , c=ci/co. (50)

5.1. The KdV equation

90 (—n* — 302 + (a® + n?) cosh 2ap — 2na sinh 2ap)

Let q= ) (51)

2 (avcosh ap — nsinh ap)?
where p = z — (4n? + 2o + 6)t, and o? = n? — go. Clearly (51) satisfies the KdV equation (1) as can be seen by
direct substitution. Substituting in equation (35) we obtain that the constant § is equal zero. Substituting in two
relations (43) and (45)

rd 1 2 2 _ )
= / (c +§(r) 1= Toa2ao (‘2” cosh 2ap + w sinh 2ap — 2qop + 16a2q0t> : (52)

Substituting in relation (50), then

_ —2n*sinh ap + 2na cosh ap + o sinh ap 1 ( 1

I =
c+ ¢

- sinh.ap — acoshap)’ 53
nsinh ap — acosh ap 4a2qq )(775111 ap — acoshap)”, (53)
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Figure 3: (a) (b)
The singular solition solution of (54) for different values n = .2, ¢ =5 and ¢p = —0.1

Then substituting from relations (53) and (51) into (7), we obtain

qo (—n? — 302 + (a® + n?) cosh 2ap — 2nasinh 2ap)
2 (avcosh ap — nsinh ap)?

’

—2n? sinh 2 h inh 1 1
-9 7 Smhap +anacoshap ¥ osSmhap (nsinhap — avcosh ap)? | . (54)
nsinh ap — acosh ap 4a2qp \c+¢& -
We have represented this solution for a set of parameter values in Fig. 3.
5.2. The MKdAV equation
(55)

Let q = 4tan™ (7).
Clearly (55) satisfies the KdV equation (2) as can be seen by direct substitution. Substituting in equation (35) we

obtain that the constant § is equal zero. Substituting in two relations (43) and (45)

rdp 1 3 4
= = = (3217t P — 4 . 56
3 /(C+Kr)+ 32773( n’t+e p) (56)
Substituting in relation (56), then
(57)

r e?1P (2 + e — 3203 (t + ¢) + 4np)
B 1+ dnetne (8n2(t + ¢) — p)

)

Then substituting from relations (57) and (55) into (11), we obtain

q/ _ 4 tan71 (€2np) + ta,n71 6277’) (2 + 64"7/7 - 32"73 (t + C) + 4np) (58)
1+ dnene (8n2(t + ¢) — p) ’

where p = = — 4nt. We have represented this solution for a set of parameter values in Fig. 4.

6. Auto-Backlund transformation for KdV equation

Consider the KdV equation
(59)

qt + 6(]:6 + 6(](]1 + Qraa = 0.
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(b)

Figure 4: (a)
The double kink of the solution (58) for different values n =1 and ¢ = 1. (a)in the 3D and (b) in the plane at
t=1.

According the idea of improved HB [9-10], we seek for ABT [23-24] of equation (59), when balancing qq, with gy,

then gives N = 2. therefore, we may choose

(60)

0 f(w
=TI o + 1) o
Oz
where ug(x,t) is a solution of equation(59). Substituting equation (60) into equation (56), we obtain

[Gf/lfm + f(S)](wz)s + [Wz:vt + 6wrrz + GWxIxUO + 6u0zwzz + wzz:vzr]f/ + [2wxwzt + Wiy + lswzwzm + ngu()x
+18WaWaa o + PWewWerre + 10Weewaze| [ + [wiw? + 6w? 4 6wiug + 10w weee + 15waw?, 1 f" 4 [10w3weg | fP
+[6wzmwzmx}(f/)2+[GWngmx+18wmw32¢z]f/f//+[GW;:Zwmm](f/l)z“i’[6w§wxx}flf///+[uot +6u01v +6u0u01 +u0zmm] = 0, (61)

where f(9) = d'f/dw the subscripts denote the partial derivatives, setting the coefficient of w? to zero yields an

ordinary differential equation for f

6f"f" + f =0, (62)
which admits a solution
f=2lnw. (63)
According to (77), we get

(64)

2
M2 r(4) rpn 2 op(4) Lttt N2 — _9 ¢l
(f") M rr 3/ Ir () f
By making use equation (64), equation (61) can be written as a finite series of f/, f” and "/, then we get

[wwwt +6wwwa: +6wwzxu0+6u0mwwz +w1xwwx] f, + [2wacth _H")twa:a: + lgwwwwx +6w;% Uz + 18wxwwx 7] +5wwwa:a:a:w - 2wmxwa:zw] f

+[wtwi + 6w2 + Gwiuo + 4wgwmm — 3wxwiz]f’"= gt + 6qz + 69qs + Grzz = 0, (65)

Decomposing the coefficient of f"' as
[wiws + 6w§ + 6w2u0 + dwpWepe — 3w§m]wz = Aw,. (66)
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Integrate the coefficient of f’ with respect to z once and setting the constant of integration to zero. Denote

B = wyt + 6wey + 6Uower + Wrzra-

Rewriting the coefficient of f”/ we have

Coeff.of "= A, + Bws.

Substituting equations (66), (67) and (68) into equation (65) gives

Aw, f" + (Ay + Bwg) f" + B, f' =0,

that is
24w, A, + Bw, B, Bw— A
— — = =0.
w3 w? w w? -

Thus we have a ABT as follows
q(z,t) = 2[lnw(z, )], + uo(zx, t).

We can write the relation (70) as

Bw — A = (Wgt + 6wz + 6UoWaes + Weper)w — [Wiws + 6w + 6wy + dweWazs —

By equation (72)
(DyDy + 6(1 + ug)D2 + D) w-w =0,
where

D;"Dfab = (893 — 8xz)m(8t - 815/)&(1', t)b((E/, t/) |a:’::v,t’:t .

475

(71)

(72)

(73)

(74)

Now setting ug(z,t) = 0 and we use the auto-BT consisted of (63) and (7) to obtain two-soliton solution of equation

(59). We supposed that the solution of equation (73) in the form

U)(.I',t) =1+ Z‘Si(bh

i=1

(75)

where ¢;(x,t),(i = 1,2,3,...) to be determined later, ¢ be a small parameter. Substituting (75) into (73) and

collecting all terms with the same order of € equal to zero then we obtain

el 0=0,

el (DuDy +6D2 + D*) (¢ -1+ 1-¢y) =0,

e?: (DaDy+6D% + DY) (¢ -1+ d1- b1+ 1- o) =0,

e’ (DyDy +6D% + DY) (65 1+ G- 1+ ¢ - o +1-¢3) =0
Note that

(Dath =+ 6D§ + Di) (¢1 : 1) = (Dth + 6ch + D;l) (1 ' ¢1) = ¢i:ct + 6¢zxw + ¢ixzxac7

the linear equation @141 + 60120 + Pizzzs take an exponential solution

d(x,t) = exp(&r) +exp(&2) & = ax + wit + o,
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where «;,w;,and &, (i = 1,2) are constants and satisfy
qw; +6a +at =0, (i=1,2) (82)

From (50), we get

2(¢13¢t + 60120 + ¢13:xmc) = - [Dth + 6D:2c + Di] (¢1 : ¢1) ) (83)
and
(DD +6D; + Dy e - e = [(wa — wi) (a2 — 1) + 6(aj — af) + (a3 — a7)]es +42, (84)
we have
¢2($7t) — f1téa+Al2 (85)
where
_ _ 2 _ 2 4 _ 4
Atz _ (w2 —wi)(ag —a1) +6(a; — af) + (a3 — af)
e = 2 2 11 (86)
(w2 +wi)(az +a1) +6(a5 + af) + (a5 — af)
and
¢3(z,t) =0 for k>3 (87)
Therefore the two-soliton solution of equation (1) is obtained from
u(z,y,t) =2 [In (1+ [e +e* + 6€1+€2+A12])]w (88)

7. Conclusion

In this paper, the Backlund transformations and a series of new exact explicit solutions of the KdV-type equations
have been established. We used the inverse scattering transform to derive the Bécklund transformations for the
MKdV equation see relation (A7) (in Appendix A). The solutions include (a) the solitary wave solutions, (b)
singular traveling solutions, (c¢) single-soliton solutions, (d) Kink and double-kink solutions. In addition to some
known solutions re-deriving in a systematic way, several entirely new and more general explicit exact solitary wave
solutions can also be obtained. We derive the auto-Bécklund transformation for KdV equation (1). There exist two
types, the first one is the soliton, singular solutions (see Figs 3a, 3b) and the second type is the kink and double
kink (see Figs 2, 4) for the MKdV equation. Finally the results of this paper are useful in the interpretation of
some physical phenomena, especially in plasma physics, fluid and nonlinear optics.

Appendix A

Proof of Proposition. Application of the integrability condition ¥/, = ¥} in equations (12a), (12b) and using
equation (10) shows that

u —u

0 (9 9 _ gy Asinu’ — u) +4n(B — C) cos( ) + 20(B + C) + 2 cos(u’ — u) (A1)
ot \az oz ) H1Asm ! " ! o
and
0 [ouw Ou (U —u u —u (U —u
w(m‘m)—“ﬂv“< 2 )”A“’b( 2 )[‘2“”4"“( 2 ﬂ
r_ r_ I
12(By— Ca) +2(By 4+ Cy) cos (“ . “) _(B+C)sin (“ . “) {—2uz+4nsin (“ . “)} | (A2)

3
from the equations (A1) and (A2) we obtain u,; = —5(u1)2um — Ugprz. Similarly, application of the integrability

3
requirement yields u,, = —i(u;)zu;x —ul.... Hence, the relations (12a) and (12b) leave (3) invariant; that is, they
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constitute an ABT of the MKdV equation.
Consider now the following scattering problem:

o
ox

_ Uy Oy Ug
=nyY1 — 71#2, 7 = —na + 5 1, (A3)

by choosing the t-dependency of the eigenfunction ¢, and s to be

9 9
(;/;1 = A(x,t,n)r + B(z,t,n)e, 4(;/;2 = C(z,t,n)np1 — Az, t,n)s. (A4)
Defining I" = % the scattering equation (A4) gives the Riccati forms
2
or u; u or
— =l - —I%  — =24+ B-CI” A
We Put

(“ ;“) — tanl. (A6)

Substituting from equation (A6) into equation (A5) given the relation (12), Thus. from equation (A6), the BT for
the MKdV-type equation in the case of the class ZS/AKNS system take the form

u' = u+ 4tan~'T. (A7)

1
If we choose I' = T and v’ as in (A7), then I'" and v’ satisfy equation (A5).
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