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Abstract 
 

Poverty and crime are two major problem areas. The economic theory of crime shows a direct correlation between poverty and crime. In 

this study, we propose a model that shows the correlation between poverty and crime. Then we obtain the dynamic system of the proposed 

model. In the next step, we will compute the reproductive number by finding the maximum eigenvalue of Jacobian matrix to study of 

stability and un-stability of the presented model. 
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1. Introduction 

Economic theory of crime has direct association between poverty 

and crimes. The model of this study attempts to evaluate the dy-

namics of poverty system-crime via stability analysis of ODE sys-

tem as performed to identify economical strategies to fight against 

crime in big cities. 

There is a direct association between poverty and crimes [1, 8]. 

Becker’s economic theory about crime (1968) states that people 

choose delinquency when crime committing is lower than achieved 

benefits. Thus, those living in poverty can commit the crime than 

public population [1, 2]. Delinquency is defined as theft, stealing 

[1-3]. In the paper of Becker, statistical and economic analysis is 

used to determine optimal control of crime [1]. 

Here, we test a dynamic system of presented model and achieve 

realistic and dynamic solutions of this question [4-7]. We observe 

that from economic aspects, arresting each prisoner creates a higher 

load in society compared with the crime itself. We will compute the 

reproductive number by finding the maximum eigenvalue of Jaco-

bian matrix to study of stability and un-stability of the presented 

model. Finally, the goal is to reduce crime as total costs of crime 

control and costs of remained crimes are less than total costs of 

crime under the existing condition. 

2. Mathematical modeling 

Figure (1) indicates the relationship between non-impoverished and 

poor people, jailed and rehabilitated. Here, we have non-impover-

ished class N, the poverty class P, the criminal class C, the jailed 

class J and the recovered class R and 𝑇 = 𝑁 + 𝑃 + 𝐶 + 𝐽 + 𝑅 for 

total people in society. Ordinary differential equations or dynamic 

systems for Figure (1) are shown as followings: 

 

{
 
 
 

 
 
 
𝑑𝑁

𝑑𝑡
= 𝜇𝑇 − (𝜇 + 𝛼1)𝑁 = 𝐹1,                            

𝑑𝑃

𝑑𝑡
= 𝛼1𝑁 − (𝜇 + 𝛼2

𝐶

𝑇
+ 𝛼5)𝑃 = 𝐹2,           

𝑑𝐶

𝑑𝑡
= 𝛼2

𝐶

𝑇
𝑃 + 𝛼2𝛼6

𝐶

𝑇
𝑅 − (𝜇 + 𝛼3)𝐶 = 𝐹3,

𝑑𝐽

𝑑𝑡
= 𝛼3 + 𝛼4𝐽 − (𝜇 + 𝛼4)𝐽 = 𝐹4,                   

𝑑𝑅

𝑑𝑡
= 𝛼5𝑃 + 𝛼4𝐽 − (𝜇 − 𝛼2𝛼6

𝐶

𝑇
)𝑅 = 𝐹5.    

                            (1) 

 

Here, 
𝑑𝑁

𝑑𝑡
= 0,

𝑑𝑃

𝑑𝑡
= 0,

𝑑𝐶

𝑑𝑡
= 0,

𝑑𝐽

𝑑𝑡
= 0,and

𝑑𝑅

𝑑𝑡
= 0denote the speed of 

increase of non-impoverished, poor, criminal, jailed and recovered. 

Let 𝜇 denotes death speed, 𝜎 denotes the rate of the flow from the 

non-impoverished class N to the impoverished class P. 𝛼2 indicates 

transmission probability (for example, probability speed of trans-

ferring poor people to criminals or recovered people to criminals), 

𝛼3 denotes speed of jailing of criminals, 𝛼4 is releasing of jailed 

from jail, 𝛼5 denotes speed of recovery of impoverished without 

committing crime, 0 ≤ 𝛼6 ≤ 1 is transmission coefficient of recov-

ered people to criminal people and 
𝐶

𝑇
 is probability of criminals to 

total people in society. 
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Fig. 2: Flowchart of Transition Stages of People in Modelling the Relation-
ship between Poverty and Crime. 

 

As shown in Figure (1), in order that recovered or healthy people 

commit crime, it depends upon the fact that healthy person visits 

the criminal on which probability and it is regarding the ratio of 

criminal to total people, the probability of criminals and probability 

of transferring healthy people to commit crime. In order that a poor 

person commits crime, it depends upon the probability of criminals 

and transmission speed of impoverished to criminals.  

Important discussions of great important in such modellings include 

reproductive number as obtained via finding the greatest eigenvalue 

and it is system stability points or model. To find stability points, 
𝑑𝑁

𝑑𝑡
= 0,

𝑑𝑃

𝑑𝑡
= 0,

𝑑𝐶

𝑑𝑡
= 0,

𝑑𝐽

𝑑𝑡
= 0, and 

𝑑𝑅

𝑑𝑡
= 0 are applied. The stabil-

ity zone is plotted via reproductive number to define all stability 

and convergence points and all instability and divergence points.  

3. Reproductive number 

Reproductive Number is denoted by  ℜ and to find it, derivative and 

Jacobian methods are used. In derivative method, ascending and de-

scending states are used for stability and non-stability of required 

system. In Jacobian method, |𝐽 − 𝜆𝐼| = 0 is used and greatest ei-

genvalue is found. Here, J is Jacobian matrix and 𝜆 is eigenvalue 

and I is elementary matrix.  

3.1. Direct method to find reproductive number 

Note 1: One of the simple methods to find reproductive value ℜ =
ℜ𝑃 + ℜ𝑅, is solving equations 𝐹𝑖 = 0, (𝑖 = 1,… ,5) as followings: 

At first, by using the equations 𝐹𝑖 = 0, (𝑖 = 1,2,3) , ℜ𝑃  can be 

found as follows: 

 

𝜇𝑇 − (𝜇 + 𝛼1)𝑁 = 0 ⟹  𝑁 = (
𝜇

𝜇 + 𝛼1
) 𝑇, 

 

𝛼1𝑁 − (𝜇 + 𝛼2
𝐶

𝑇
+ 𝛼5)𝑃 = 0 ⟹  𝑃 = (

𝛼1
𝜇 + 𝛼5

)𝑁, 

 

𝛼2
𝐶

𝑇
𝑃 + 𝛼2𝛼6

𝐶

𝑇
𝑅 − (𝜇 + 𝛼3)𝐶 = 0 ⟹  𝐶 = (

𝛼2
𝜇 + 𝛼3

)𝑃, 

 

Therefore, based on this solution, first reproductive, can be written 

as:  

ℜ𝑃 = 𝐶 = (
𝛼2

𝜇 + 𝛼3
) × (

𝛼1
𝜇 + 𝛼5

) × (
𝜇

𝜇 + 𝛼1
). 

 

By using the equations 𝐹𝑖 = 0, (𝑖 = 3,4,5), ℜ𝑅 can be found as fol-

lows: 

 

𝛼1𝑁 − (𝜇 + 𝛼2
𝐶

𝑇
+ 𝛼5)𝑃 = 0 ⟹  𝑃 = (

𝛼1
𝜇 + 𝛼5

)𝑁, 

 

𝛼2
𝐶

𝑇
𝑃 + 𝛼2𝛼6

𝐶

𝑇
𝑅 − (𝜇 + 𝛼3)𝐶 = 0 ⟹  𝐶 = (

𝛼2𝛼6
𝜇 + 𝛼3

)𝑃, 

 

𝛼5𝑃 + 𝛼4𝐽 − (𝜇 − 𝛼2𝛼6
𝐶

𝑇
)𝑅 = 0 ⟹  𝐽 = (

𝛼3
𝜇 + 𝛼4

) 𝐶, 

 

Therefore, based on this solution, second reproductive, can be writ-

ten as:  

 

ℜ𝑃 = 𝐽 = (
𝛼2𝛼6
𝜇 + 𝛼3

) × (
𝛼1

𝜇 + 𝛼5
) × (

𝛼3
𝜇 + 𝛼4

). 

 

Now according definition ℜ = ℜ𝑃 + ℜ𝑅, general formula for the 

reproductive number (ℜ) can be written as follows: 

 

ℜ = (
𝛼2

𝜇 + 𝛼3
) × (

𝛼1
𝜇 + 𝛼5

) × (
𝜇

𝜇 + 𝛼1
)

+ (
𝛼2𝛼6
𝜇 + 𝛼3

) × (
𝛼1

𝜇 + 𝛼5
) × (

𝛼3
𝜇 + 𝛼4

). 

3.2. Jacobian method to find the reproductive number 

In this section, we try to find general formula for the reproductive 

number (ℜ) by using the Jacobian method. At first Jacobian matrix 

of system (1) is formed and then the eigenvalues of this matrix are 

found and via greatest eigenvalue, reproductive number is found. 

We find the Jacobian matrix around the equilibrium point of system 

(1). To find the Jacobian matrix around the equilibrium point the 

below equations will be used: 

 

{
 
 
 
 

 
 
 
 
𝐹1 = 𝜇𝑇 − (𝜇 + 𝛼1)𝑁,                            

𝐹2 = 𝛼1𝑁 − (𝜇 + 𝛼2
𝐶

𝑇
+ 𝛼5) 𝑃,           

𝐹3 = 𝛼2
𝐶

𝑇
𝑃 + 𝛼2𝛼6

𝐶

𝑇
𝑅 − (𝜇 + 𝛼3)𝐶,

𝐹4 = 𝛼3 + 𝛼4𝐽 − (𝜇 + 𝛼4)𝐽,                   

𝐹5 = 𝛼5𝑃 + 𝛼4𝐽 − (𝜇 − 𝛼2𝛼6
𝐶

𝑇
)𝑅.      

 

 

The Jacobian matrix for this equations can be defined as follows: 

 

𝐽 =

[
 
 
 
 
 
 
 
 
 
 
 
 
𝑑𝐹1
𝑑𝑁
𝑑𝐹2
𝑑𝑁
𝑑𝐹3
𝑑𝑁
𝑑𝐹4
𝑑𝑁
𝑑𝐹5
𝑑𝑁

  

 
𝑑𝐹1
𝑑𝑃
𝑑𝐹2
𝑑𝑃
𝑑𝐹3
𝑑𝑃
𝑑𝐹4
𝑑𝑃
𝑑𝐹5
𝑑𝑃

  

 
𝑑𝐹1
𝑑𝐶
𝑑𝐹2
𝑑𝐶
𝑑𝐹3
𝑑𝐶
𝑑𝐹4
𝑑𝐶
𝑑𝐹5
𝑑𝐶

  

 
𝑑𝐹1
𝑑𝐽
𝑑𝐹2
𝑑𝐽
𝑑𝐹3
𝑑𝐽
𝑑𝐹4
𝑑𝐽
𝑑𝐹5
𝑑𝐽

  

 
𝑑𝐹1
𝑑𝑅
𝑑𝐹2
𝑑𝑅
𝑑𝐹3
𝑑𝑅
𝑑𝐹4
𝑑𝑅
𝑑𝐹5
𝑑𝑅 ]

 
 
 
 
 
 
 
 
 
 
 

 

 

Eigenvalue of this matrix is found by the following equation easily: 

Note 1: If 𝜆𝑚𝑎𝑥 is the greatest eigenvalue of 𝐴5×5 matrix, then if 

𝜆𝑚𝑎𝑥 > 0, the system is stable and if 𝜆𝑚𝑎𝑥 < 0, the system is un-

stable and if 𝜆𝑚𝑎𝑥 = 0, the system is under critical condition. 

Finally, by using the greatest eigenvalue the reproductive number 

is found as follows: 

 

ℜ = ℜ𝑃 + ℜ𝑅, 
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ℜ𝑃 = (
𝛼2

𝜇 + 𝛼3
) × (

𝛼1
𝜇 + 𝛼5

) × (
𝜇

𝜇 + 𝛼1
), 

ℜ𝑅 = (
𝛼2𝛼6
𝜇 + 𝛼3

) × (
𝛼1

𝜇 + 𝛼5
) × (

𝛼3
𝜇 + 𝛼4

). 

 

Factors 
𝛼2

𝜇+𝛼3
 and 

𝛼2𝛼6

𝜇+𝛼3
 factors show the number of new delinquents 

of classes P, R as produced by a delinquent during criminal periods, 

before being jailed. 
𝛼1

𝜇+𝛼5
 factor denotes the probability that a non-

impoverished person enters an impoverished class while 
𝜇

𝜇+𝛼1
 and 

𝛼3

𝜇+𝛼4
 respectively are the probabilities in which a person P is re-

mained in class p or is transferred to class R. 

Note 2: If ℜ is reproductive number for matrix 𝐴5×5, then if  ℜ > 1, 

the system is stable and if  ℜ < 1, the system is instable and if  ℜ =

1, the system is under critical condition. 

4. Numerical study 

4.1. Convergence study 

In this section we want to study convergence of solutions to free-

equilibrium point. Initial values for this purpose have been used as 

follows: 

 

𝑁(0) = 1000, 𝑃(0) = 100, 𝐶(0) = 50, 𝐽(0) = 25, 𝑅(0) = 0, 
 

𝛼1 = 0.4,𝛼2 = 0.1, 𝛼3 = 0.2, 𝛼4 = 0.15,𝛼5 = 0.3, 𝛼6 = 0.25, 𝛾
= 0.05. 

 

Figure (2-5) are showing the convergence of solutions when time 

goes to infinity. This points are free-equilibrium points. Figure (2) 

shows convergence of poverty and criminal solutions to free-equi-

librium point as (149.21, 0). Convergence of poverty and jailed so-

lutions to the free-equilibrium point (149.21, 0) is presented in fig-

ure (3). Figure (4) indicates convergence of poverty and recovery 

solutions to (149.21, 894.24) as free-equilibrium point and figure 

(5) displays convergence of criminal and recovery solutions to point 

(0, 894.24) as free-equilibrium point. 

 

 
Fig. 2: Convergence of Poverty and Criminal Solutions to Point (149.21, 0). 

 

 

Fig. 3: Convergence of Poverty and Jailed Solutions to Point (149.21, 0). 

  

 
Fig. 4: Convergence of Poverty and Recovery Solutions to Point (149.21, 

894.24). 

 

 
Fig. 5: Convergence of Criminal and Recovery Solutions to Point (0, 

894.24). 

 

Role of imprisoning of criminal people in the sustainability and 

constancy of a community 

4.2. Role of imprisoning of criminal people in the sustain-

ability and constancy of a community 

 

In this section we study the role of imprisoning of criminal people 

in the sustainability and constancy of a community. Initial values 

for this purpose have been used as follows: 

 

𝑁(0) = 20000,𝑃(0) = 5000, 𝐶(0) = 200, 𝐽(0) = 50, 𝑅(0) = 0, 
 

𝛼1 = 0.6,𝛼2 = 0.7, 0 ≤ 𝛼3 ≤ 1, 𝛼4 = 0.6, 𝛼5 = 0.8, 𝛼6 = 0.7, 𝜇
= 0.1. 

 

Figures (6-9) are showing the poverty, criminal, jailed and recov-

ered population as function of parameter 𝛼3. Here 𝛼3 defines speed 

of peoples from jailing class to criminal class. Figure (6) shows the 

poverty population as a function of 𝛼3; in this figure with increasing 

𝛼3 from 0 to 1, poverty populations going to decrease. Maximum 

values for all curves are between times 0 to 10 and after time 10 all 

these looks stable and constant to free-equilibrium points. The crim-

inal population as function of parameter 𝛼3has been shown in fig-

ure (7). As seen from figure (7), with increasing parameter 𝛼3 from 

0 to 1 criminal population decreases and criminal population with 

more rapidly is going to zero. Figure (8) indicates the jailed popu-

lation as function of parameter 𝛼3. In this figure with increasing 

parameter 𝛼3  from 0 to 1, the jailed population increases. This 

shows that the police have done better its role in the jailing crimi-

nals' population. The recovered population as function of parameter 
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𝛼3has been shown in figure (9). Figure (9) is showing that with in-

creasing parameter 𝛼3from 0 to 1, also recovered population in-

creases.  

 

 
Fig. 6: Poverty Population as Function of Parameter 𝛼3 (𝛼3: Speed of Jail-

ing of Criminals). 

 

 
Fig. 7: Criminal Population as Function of Parameter 𝛼3 (𝛼3: Speed of Jail-

ing of Criminals). 

 

 
Fig. 8: Jailed Population as Function of Parameter 𝛼3 (𝛼3: Speed of Jailing 

of Criminals). 

 

 
Fig. 9: Recovered Population as Function of Parameter 𝛼3 (𝛼3: Speed of 

Jailing of Criminals). 

5. Conclusion 

The economic theory of poverty and crime has been modeled as 

dynamic systems. Study of the proposed dynamic system shows the 

correlation between poverty and crime. Important parameters of the 

presented method have been appeared in the computed reproductive. 

This means that reproductive number is playing an important role 

in dynamic systems. When the reproductive number is greater than, 

equal or less than 1; model is un-stable, critical or stable, respec-

tively. In stable case, the poverty, criminal and jailed populations 

will have reached to zero, and this will show an ideal society. In the 

next, we study the role of imprisoning of criminal people in the sus-

tainability and constancy of a community. We showed that the po-

lice important role in controlling the societies and can be more help-

ful in keeping society stable. This will reduce crime as total costs 

of crime control. 
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