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Abstract 
 

A finite collection of mappings which are contractions on a complete metric space constitutes an iterated function system. In this paper 

we study the generalized iterated function system which contain generalized contractions of integral type from the product 

space
m

M M . We prove the existence and uniqueness of the fixed point of such an iterated function system which is also known as 

its attractor. 
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1. Introduction 

J. Hutchinson [4] introduced the iterated function system in the 

present form, which is a finite collection of mappings which are 

contractions on a complete metric space, but it was popularized in 

the research area by M. Barnsley [7]. Much of a research has been 

carried out to extend this classical framework of fractals to general 

and infinite spaces. Results regarding the infinite IFS and general-

ized IFS can be found in the works by N. A. Secelean [12], D. 

Dumitru [3], R. Miculescu and A. Mihail [10, 11]. An iterated 

function system is a simple mathematical tool for constructing a 

fractal set through a finite collection of contraction mappings. 

Since the IFS help to obtain a good approximation of objects in 

the real world, it serves as a basis for some data compression 

methods.  

Here, our aim is to extend the contraction :f M M of integral 

type to functions :
m

f M M and use it to define generalized 

integral type Iterated Function System (GI-IFS) and study the 

fixed point of such a GI-IFS. 

2. Iterated Function Systems 

Let us discuss some of the well-known results required to under-

stand iterated function system. Throughout the paper, ( , )M d will 

denote a complete metric space and ( )C M will denote the set of 

all non-empty compact subsets of M . 

 

Definition 2.1 [5]: ‘The Hausdorff metric 
Hd  on ( )C M  is de-

fined by  ( , ) {sup{ ( , )},sup{ ( , )}}H
x A y B

d A B max dist x B dist y A
 

  

for , ( )A B C M ’. 

We can see that ( )C M  is complete in the metric Hd . That is, if 

,x y M  and , ( )A B C M , we have the distance from a point x 

to the set B  defined as ( , ) { ( , ); }d x B min d x y y B   and the 

distance from set A  to set B  defined as 

( , ) { ( , ); }d A B max d x B x A  . Then the Hausdorff distance 

from a set A  to a set B  is defined as 

( , ) ( , ) ( , )
H

A B d A B d B Ad   . Defining so,  
Hd  is a metric de-

fined on ( )C M . 

 

Definition 2.2 [5]: A mapping :w M M  on the metric space 

( , )M d  is said to be a contraction if there is a number s with 

0 1s   such that ( ( ), ( )) ( , ), ,d w x w y s d x y x y M   . We can 

easily prove that such a mapping is  continuous. If it becomes an 

equality, ie., if ( ( ), ( )) ( , )d w x w y s d x y , then w is called a 

similarity as it transforms sets into geometrically similar ones. 

 

In 1922, a Polish mathematician S. Banach [13] proved one of the 

very important result which paved the way to fixed point theory 

which is known as the Banach contraction principle.  

 

Theorem 2.3: Let :w M M  be a contraction mapping on a 

complete metric space ( , )M d  with the contractivity factor ‘s’. 

Then w  possesses exactly one fixed point x M
å

. Moreover, 

for any point x M , the sequence { ( ); 0,1, 2, }
n

w x n    con-

verges to x
å

. ie., lim ( )
n

n

w x x



å

, for each x M . 

The theorem due to Banach stated above guarantees the existence 

and uniqueness of the fixed point of an IFS which consists of a set 

of contractive maps over a complete metric space.  

 

Definition 2.4: A complete metric space ( , )M d  together with a 

finite set of contraction mappings :kw M M  with respect to 

the contraction factors ks  , for 1,2, ,k N   constitutes a (hy-

perbolic) Iterated Function System [6]. The abbreviation IFS is 
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used for iterated function system. The notation of the IFS just 

defined is { ; ,k 1,2, , }kM w N   and its contraction factor is 

{ : k 1,2, , }ks max s N   . The IFS is hyperbolic since each 

kw  in the definition is a contraction mapping. 

 

Theorem 2.5: [6] Let { ; ,1 k }kM w N   be a hyperbolic IFS 

with contraction factor s. Then the transformation 

: ( ) ( )W C M C M   defined by 
1

( ) ( )
N

k

k
W B w B



  for all 

( )B C M , is a contraction mapping on the complete metric 

space ( ( ), )C M h  with contraction factor s . That is, 

( ( ), ( )) . ( , )H W B W C s h B Cd   for all , ( )B C C M . Its unique 

fixed point, ( )A C M , obeys 
1

( ) ( )
k

N

k

A W A w A


   and is given 

by lim ( )
n

n

A W B




  for any ( )B C M , where 
n

W


 denotes 

......oW o W  (n times). 

The fixed point ( )A C M  described in the above theorem is 

called the attractor of the IFS.  

 

Every IFS can be considered as a particular case of generalized 

iterated function system (GIFS).  

 

Definition 2.6: Let ( , :1 )
m

i
M f i n   be a GIFS. The function 

: ( ) ( )
m

F C M C M  defined by 

1 2 1 2

1

( , , , ) ( )
n

m i m

i

F C C C f C C C


     is called the fractal 

operator associated with the GIFS [3]. The function F  is a con-

traction with contraction factor 
1, ,

max
i n i

c c
 

  where 
i

c  is the 

contraction factor of 
i

f  for each i. 

3. Main Results 

In the classical definition of IFS, there is a finite collection of 

Banach contraction mappings on M. In this section we discuss 

about an IFS where each of the contractions are of integral type 

[8]. The following result by A. Branciari [1] was the motivation 

behind the definition of integral type IFS. 

 

Theorem 3.1: Let ( , )M d  be a complete metric space, (0,1)s , 

and let g : M M  be a mapping such that for each ,x y M , 

 

(g ,g ) ( , )

0 0

( ) ( ) ,

d x y d x y

t dt s t dt     

where : [0, ) [0, )     is a Lebegue -integrable mapping on 

each compact subset of [0, ) , nonnegative, and such that for 

each 
0

0, ( ) 0t dt 
ò

ò ; then f has a unique fixed point a M  

such that for each , lim ( )
n

n

x M x ag


  . 

 

We have defined the Integral type IFS [8, 9] on the basis of defini-

tion of hyperbolic iterated function system given by Barnsley [7].  

 

Definition 3.2: An integral type-iterated function system (I-IFS) 

consists of a complete metric space (M, d) together with a finite 

set of integral type-contraction mappings :
n

f M M  having 

contraction factors (0,1)
n

k   , for 1,2,3, ,n N  . We name 
n

k  

as the I-contractivity factor of integral type contraction 
n

f , for 

each 1,2,3, ,n N  . 

The proof of the following theorem can be found in [8]. 

 

Theorem 3.3: Let ( , )M d  be a complete metric space and 

{ ; : 1 }
n

M f n N   be an I-IFS having I-contractvity factors 
n

k  

or each n  . Consider the transformation : ( ) ( )F C M C M  

given by 
1

( ) ( )
N

n

n

F B f B


  for each ( )B C M . Then F is a con-

traction on the complete metric space ( ( ), )HC M d  with I-

contractivity factor { : 1 }
n

k max k n N   . Its unique fixed 

point, ( )A C M , obeys 
1

( ) ( )
N

n

n

A F A f A


   and is given by 

lim ( )
on

n

A F B


  for any ( )B C M . 

Here ( )A C M  as defined above becomes the attractor of the I-

IFS { ; : 1 }
n

M f n N  . 

 

We now introduce the notion of integral type conditions for func-

tions :
m

f M M . On the product space we consider the metric 

1 1 1 1
((p , ), (q , ,q )) max.{ (p ,q ), , (p ,q )}

m m m m
d p d d    . 

Let ( , )M d  be a metric space. and :
m

f M M  where m .  

 

We say that f is satisfying the integral type condition if for  

 

(0,1)c  and for each 
1 1

(p , , p ),q (q , ,q )
m

m m
p X     , 

 

1 1
( (p , ,p ), (q , ,q )) (p ,q )

0 0

( ) ( ) ,

m m i i
d f f d

i
t dt c t dt 

 

   

for each i: 1 i m  . 

 

Theorem 3.4: Let (M, d) be a complete metric space. For m  

let :
m

f M M  be a function of integral type. Then f has a 

unique fixed point. 

 

Proof: For 1m  , this becomes the well known result which has 

been proved by A. Biancari [1] , that is, there exist a unique fixed 

point for an integral type contraction :f M M . 

So here we consider the case where 1m  . Let us define 

:g M M  as (p) : (p,p, , p)g f  , for all p M . Since 

:
m

f M M  is a function satisfying integral type condition, by 

definition, for (0,1)c  and for each 

1 1(p , ,p ),q (q , ,q ) m

m mp M     , 

1 1
( (p , ,p ), (q , ,q )) (p ,q )

0 0

( ) ( ) ,

m m i i
d f f d

i
t dt c t dt 

 

   for each i: 1 i m  . Let 

us take 
1 2 m

p p pp     and 
1 2 m

q q qq     with 

p,q M , and 

( , ) (p,q)

0 0

( ) ( ) ,

d fp fq d

t dt c t dt    then we have 

( (p,p, ,p), (q,q, ,q)) (p,q)

0 0

( ) ( ) ,

d f f d

t dt c t dt 

 

  . 

Thus we have for each ,x y M , 

( (p), (q)) (p,q)

0 0

( ) ( ) ,

d g g d

t dt c t dt   . 

Thus g  is a function of integral type condition. This implies that 

there exist an a M  such that ( , , , )g a a a a  . Let ,a b M  
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such that a b  be two fixed points of f . Then 

( , , , )f a a a a   and ( , , , )f b b b b   which means 

( )g a a  and ( )g b b . Since g  is an integral type mapping on 

a complete metric space it has a unique fixed point and so a b . 

 

Theorem 3.5: Let :
m

i
f M M  be an integral type contraction 

mapping on a complete metric space ( , )M d  with I-contractivity 

factor ‘k’. Then the operator : ( ) ( )
m

F C M C M  defined by 

1 1 2

1

( , , ) ( )
m

m i m

i

F B B f B B B


      is an integral type con-

traction having a unique fixed point such that ( , , , )F A A A A  . 

 

Proof: Since each 
i

f  is a contraction of integral type, we have 

1 1
( , )( ( , , ), ( , , ))

0 0

( ) ( ) ,

j ji m i m
d x yd f x x f y y

j
t dt c t dt 

 

   for each ,
j j

x y X  

where {1,2, , }j m  . Let us choose , ( )
j j

A B C M . We will 

prove that 

1 1
( , )( ( , , ), ( , , ))

0 0

( ) ( )

j jm m HH
d A Bd F A A F B B

j
t dt c t dt 

 

  . 

To prove this, let us choose an arbitrary 
1

( , , )
m

z F A A  . Then 

there exists an {1,2, , }i m   and 
1 1

, ,
m m

x A x A    such that 

1
( , , )

i m
z f x x  . 

By the definition of Hausdorff metric there exists a 

1 1
, ,

m m
y B y B    such that 

( , ) ( , )

0 0

( ) ( )

j j H j j
d x y d A B

j
t dt c t dt   . 

This implies that 

1 1
( , )( ( , , ), ( , , ))

0 0

( ) ( )

H j ji m i m
d A Bd f x x f y y

j
t dt c t dt 

 

  . Then 

we have 
1 1

1 1 1

, ,

inf ( ( , , ), ( , , )) ( , ( , , ))
m m

i m i m i m

w B w B

d f x x f w w d z f B B
  

     and 

so 

1
( , )( , ( , , ))

0 0

( ) ( )

H j ji m
d A Bd z f B B

j
t dt c t dt 



  . Hence we have 

1
( , )( , ( , , ))

0 0

( ) ( )

H j jm
d A Bd z F B B

j
t dt c t dt 



  . 

As z  is arbitrarily chosen from 
1

( , , )
m

F A A , and since 

1
( , , )

m
F A A  is a compact set in ( )

m
C M  and the function 

1
( , ( , , ))

m
z d z F B B   continuous, we have 

1

1 1 1

( , , )

( ( , , ), ( , , )) sup ( , ( , , ))

m

m m m

z F A A

d F A A F B B d z F B B
 

    So we have 

1 1
( , )( ( , , ), ( , , ))

0 0

( ) ( )

H j jm m
d A Bd F A A F B B

j
t dt c t dt 

 

   Proceeding in the 

similar way we can prove that 

$

1 1
( , )( ( , , ), ( , , ))

0 0

( ) ( ) .

H j jm m
d A Bd F B B F A A

j
t dt c t dt 

 

   This completes our 

proof and so 
1 1 2

1

( , , ) ( )
m

m i m

i

F B B f B B B


     is an integral 

type contraction. So by the theorems above, there exists a unique 

element A M  such that ( , , , )F A A A A   and this fixed point 

of F  is called the attractor of the generalized I-IFS defined on 

( )
m

C M . 

Example 3.6: Let M


  with the Euclidean metric | . |d  , 

:
 
  and :f M M  defined as follows: 

 ( )t  = 1 t


   and  

 

0 [0,1]

( )
(1, )

2

x

f x x
x




 






 

If , [0,1]x y ,

( , ) ( , )

0 0

( ) 0 ( ) .

d fx fy d x y

t dt c t dt     

If , (1, )x y  , then 

( , ) ( , )

0 0

| | 1 1
( ) | | ( ) .

2 2 2

d fx fy d x y
x y

t dt x y t dt 


      Hence the con-

ditions are satisfied and f  has a unique fixed point according to 

the theorem. 

4. Conclusion  

In this paper we have generalized the contraction mapping which 

is of integral type to the product space. Using such contractions, 

we have defined a generalised IFS and studied its fixed point on a 

product space which is complete. An example to support the fixed 

point theorem of integral type is also given for completion. The 

topological properties of integral type IFS will be carried out in 

the upcoming research papers. 
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