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Abstract 
 

A three-dimensional analytical method is evolved to analyze the distribution of air impurities released from raised point of reference in 

the civic zone in the existence of mesoscale wind along with huge air current. The huge air current and eddy diffusivities are taken as 

constants. The purpose of developing a model is for better understanding of the physical, chemical and dynamical properties of air 

pollution and meteorology. The analytical model is solved using the Fourier transform technique, variable separable method and series 

solution. In an urban area, mesoscale wind prevents the distribution of air impurities in the aerosphere. As a result of this there will be 

rise in aggregation of impurities in the aerosphere. The aggregation of air impurities is less for the point source which is at the origin in 

the existence of mesoscale wind as indicated by the research investigation. 
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1. Introduction 

The natural resources supporting life are air, water, soil and solar 

energy. Man can survive for a few weeks without food, for a few 

days without water, but without air, for only a few minutes. Hence 

air is considered as one of the most vital and precious natural 

resources. Today most of the natural resources are polluted. The 

increase in population, transportation and industrialization has 

resulted in the increase of all kinds of pollutants in the 

environment. The natural capacity of the environment to endure 

and maintain development has dwindled in the visage of the ever-

increasing expulsion of pollutants. The control of air pollution is 

one of the difficult tasks facing an environmental manager. Both 

soil and water can be confined and gathered at one place while air 

cannot be gathered and confined in one place. Hence the control 

technologies for air pollution have to be at the source before the 

release of pollutants in to the air. To protect ourselves from 

contaminants released to the atmosphere, it is better to understand 

the physical phenomenon involved in the atmospheric pollutant 

dispersion. In order to reduce the pollutants emission in to the 

atmosphere it is necessary to monitor air quality constantly. 

Therefore, precise modeling of pollutants concentration near earth 

surroundings is significantly important.  

Urban heat island produces local wind known as  mesoscale wind. 

It has to be taken into explanation beside the large scale air current  

to forecast the concentration of air impurities.  Griffiths 

[1]observed that huge air current is insufficient to forecasts 

atmospheric impurities in civic zone. An analytical model on 

distribution of air impurities by considering constant air current 

velocity was proposed by Verma VS[2] Varma et al [3]studied the 

distribution of air impurities with variable wind velocity. Sharan et 

al. [4], [5]outline the mathematical modeling structure of 

atmospheric distribution. All these models are analytical models 

and they are not measured the consequences of mesoscale air 

current  in an urban zone.  Chandler [6] pointed out that close to 

the centre of heat islet the erect amalgamation would be enhanced 

by mesoscale air current. Dilley and Yen [7] have presented a 

mathematical method for the distribution of atmospheric pollutant 

in the presence of mesoscale wind for a line source. 

Pandurangappa C and Lakshminarayanachark K [8], [9], [10], 

[11], [12], [13], [14], [15}, [16]  have made a thorough study on 

the consequences of mesoscale  wind on the distribution of air 

impurities using numerical model. Some of the authors have 

studied the health disorders due to air pollution. Pope et al.[17] 

showed that respirable particulate air pollution causes persistent 

respiratory disease and also increases the mortality rate. However 

these works did not compact with the consequences of mesoscale 

air current for the point source. In view of this, we develop an 

analytical method for the distribution of air pollutants released 

from an elevated point reference in the presence of mesoscale air 

current generated by city heat island. 

2. Mathematical model formulation 

Basic equation describing distribution of pollutants in the 

ambience based on the gradient transport theory is 
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Where 𝐶  is the congregation of pollutants in the atmosphere 

𝑢, 𝑣, 𝑤  and 𝑘𝑥 ,𝑘𝑦 , 𝑘𝑧 are the wind speed and diffusivities in 

𝑥, 𝑦, 𝑧directions. 𝛼is the removal rate of the air pollutant due to 

some natural mechanism. 

The corporal problem consists of a point source elevated at a 

distance ℎ𝑠  mts from the ground. We suppose that the air 

impurities are emitted at steady speed from the point reference.  

The pollutants are transited parallel to huge scale air current and 

horizontally plus vertically by the local air current called 

mesoscale wind. The centre of warm islet is considered at origin, 
(𝑥 = 0, 𝑦 = 0). The concentration distribution was computed up 

to the preferred downwind length 𝑙 = 5 𝑘𝑚 i.e., 0 ≤ 𝑥 ≤ 𝑙.  
While formulating mathematical model the following assumptions 

are made: 

(i) The pollutants are emitted from the point source at a constant 

rate. 

(ii) Steady state conditions are measured, i.e., 
𝜕𝐶

𝜕𝑡
= 0. 

(iii) 𝑥 −axis is slanting towards the mean wind (𝑢 = 𝑈𝑎𝑛𝑑𝑣 =
0). 

(iv) The parallel transfer by the air current dominates over parallel 

distribution, i.e., 𝑢
𝜕𝐶

𝜕𝑥
>>

𝜕

𝜕𝑥
(𝑘𝑥

𝜕𝐶

𝜕𝑥
). 

(v) Removal mechanism of pollutants is neglected i.e., 𝛼 = 0. 

Under the above assumptions, equation (1) takes the following 

form. 
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Where 𝑥, 𝑦, 𝑧  are the Cartesian co-ordinates, 𝑈(𝑥)  is the air 

current velocity in the 𝑥direction which varies with the downwind 

distance. It is assumed in the form  

𝑈(𝑥) =  𝑈0(1 − 𝑎𝑥), 

where𝑈0 is the mean wind velocity. 

W(z) = 𝑈0𝑎𝑧  represents wind speed in the 𝑧 direction. Typically 

𝑘𝑦 > 𝑘𝑧  in the atmosphere. 

The boundary conditions for the equation (2) are taken as follows: 

(1) The pollutant is liberated from lofty point reference with 

intensity 𝑄 located at the point  (0, 0, ℎ𝑠) 

 

C(x, y, z)  =
𝑄𝛿(𝑦)𝛿(𝑧−ℎ𝑠) 

𝑈(𝑥)
,      x = 0, 0 ≤ ℎ𝑠 ≤ H              (3)                    

  (3) 

Where 𝛿 is the Dirac delta function, ℎ𝑠 is the stack height and 𝐻 is 

the mixing height. 

(2) Far off from the point source in cross wind direction the 

concentration of pollutants is zero. i.e., 

 

𝐶(𝑥, 𝑦, 𝑧) = 0when𝑦 → ±∞                                                        (4)   (4) 

 

(3) The pollutants are reflected at the ground surface. i.e., 

 
𝜕𝐶

𝜕𝑍
 = 0         𝑎𝑡   𝑧 =  0          (5) 

 

(4) There is no diffusion flux at the vertical height 𝐻 from the 

ground surface. 

 

𝑘𝑧
𝜕𝐶

𝜕𝑧
=  0at𝑧 =  𝐻                                       (6) 

 

In the present work, the large scale wind velocity is taken as 

constant. i.e., 𝑢 =  𝑈0. It is presume that the parallel mesoscale 

wind fluctuate in the similar vertical manner as 𝑢. The vertical 

mesoscale air current  𝑤(𝑧) can be identified by integrating the 

continuity equation  

𝑢𝑒 =  −𝑎𝑈0𝑥 

𝑤𝑒 =  𝑎𝑈0𝑧 

𝑎is the proportionality constant. 

𝑈(𝑥) =  𝑢 + 𝑢𝑒  =   𝑈0( 1 − 𝑎𝑥) 

 we =  a U0 z 

 

3. Method of solution 

 
The partial differential equation (2) describing the distribution  of 

air pollutant and the boundary conditions are made non 

dimensional by using the following dimension less parameters:  
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𝑦
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𝐻
 ,     𝑈∗ =  

𝑈
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𝑄
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𝑈0𝐻2𝑎

𝐾𝑧0
. 

 

Where  𝑈0 is the reference wind velocity and 𝐾𝑧0 is the reference 

diffusivity. Equation (2) and the boundary conditions (3) - (6)  are 

put in the non dimensional form on dropping asterisk (*). 

 

(1 − 𝑎𝑥)
𝜕𝐶

𝜕𝑥
 +  𝑎𝑧

𝜕𝐶

𝜕𝑧
 =  𝛽

𝜕2𝐶

𝜕𝑦2   +  𝛾
𝜕2𝐶

𝜕𝑧2 − 𝛼𝐶        (7) 

 

𝐶 =  
𝛿(𝑦)𝛿(𝑧−ℎ𝑠) 

(1−𝑎𝑥)
     𝑎𝑡       𝑥 =  0         (8) 

 

𝐶 =  0                  when      𝑦 → ±∞          (9) 

 
𝜕𝐶

𝜕𝑧
= 0                       𝑎𝑡        𝑧 =  0                     (10) 

 
𝜕𝐶

𝜕𝑧
  = 0                     𝑎𝑡         𝑧 =  1                    (11) 

 

We solve equation (7)  along with the equations (8) - (11) by using 

Fourier transform method. Taking Fourier transform of equation 

(7) with respect to y, we get 

 

(1 − 𝑎𝑥)
𝜕𝐶̅

𝜕𝑥
+  𝑝2𝛽𝐶̅ =  𝛾

𝜕2𝐶̅

𝜕𝑧2 – 𝑎𝑧
𝜕𝐶̅

𝜕𝑧
                                        (12)   (12) 

 

Where  𝐶̅  =   𝐶̅(𝑥, 𝑝, 𝑧)  is the Fourier transform of 𝐶 =
 𝐶(𝑥, 𝑦, 𝑧)  with respect to 𝑦  and 𝑝  is the corresponding Fourier 

transform parameter. Taking Fourier transform of (8) – (11), the 

boundary conditions become: 

 

𝐶̅ =  
𝛿(𝑧−ℎ𝑠) 

(1−𝑎𝑥)
      𝑎𝑡       𝑥 = 0                                                      (13) 

   (13) 

𝐶̅ = 0               𝑤ℎ𝑒𝑛   𝑦 → ±∞                                                  (14) 

   (14) 
𝜕𝐶̅

𝜕𝑧
= 0               𝑎𝑡         𝑧 = 0                                                     (15) 
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𝜕𝐶̅

𝜕𝑧
= 0               𝑎𝑡         𝑧 = 1                                      (16) 

 

Again, equation (12) is solved by variable separable method. 

Assume trial solution as,  

 

𝐶̅ = 𝑋(𝑥)𝑍(𝑧)                         (17) 

 

Where X(x) is a function of only 𝑥  and 𝑍(𝑧) is a function of only 

𝑧. 

Using equation (17) in equation (12) we obtain two ordinary 

differential equations: 

 
(1−𝑎𝑥)

𝑋

𝑑𝑋

𝑑𝑥
+  (𝑝2𝛽 + 𝜆2) = 0                                      (18) 

 

𝛾
𝑑2𝑍

𝑑𝑧2
− 𝑎𝑍

𝑑𝑍

𝑑𝑧
+ 𝜆2𝑍 = 0                        (19) 

 

Where  𝜆2 is a separation constant. 

Solution of equations (18) and (19) are respectively given by 

 

𝑋 =  𝐶1(1 − 𝑎𝑥)
𝑝2𝛽+ 𝜆2

𝑎                       (20) 

 

𝑍 =  𝑎0𝑓(𝑧) + 𝑎1 𝑔(𝑧)                      (21) 

 

Where  𝑎0, 𝑎1  and 𝐶1 are arbitrary constants and 

𝑓(𝑧)  =  1 −
𝜆2

2!  𝛾
𝑧2 −

𝜆2 (2𝑎 − 𝜆2) 

4! 𝛾2 𝑧4

−
𝜆2 (2𝑎 − 𝜆2)(3𝑎 − 𝜆2)  

6! 𝛾3 𝑧6 − ⋯ ⋯ ⋯ ⋯ 

𝑔(𝑧) = 𝑧 + 
 (𝑎 − 𝜆2) 

3!  𝛾
𝑧3 +

(𝑎 − 𝜆2) (3𝑎 − 𝜆2) 

5!  𝛾2 𝑧5

+
(𝑎 − 𝜆2)(3𝑎 − 𝜆2) (5𝑎 − 𝜆2)  

7! 𝛾3 𝑧7  

+ ⋯ ⋯ ⋯ ⋯ 
Therefore, substituting the values of  𝑋(𝑥)from equation (20) and 

𝑍(𝑧) from equation (21) in equation (17), we get 

 

𝐶̅ =  (1 − 𝑎𝑥)
𝑝2𝛽+ 𝜆2

𝑎 [𝑎0𝑓(𝑧) + 𝑎1𝑔(𝑧)]                                   (22) 

   (22) 

Where 𝐶1 is taken as 1, without any loss of generality. Now, using 

the boundary conditions 

 
𝜕𝐶̅

𝜕𝑧
= 0, 𝑧 = 0 𝑎𝑛𝑑  

𝜕𝐶̅

𝜕𝑧
= 0, 𝑧 = 1we get𝑁 =  

𝑓′(1)

𝑓(1)
                  (23) 

 

Again, using the boundary condition  𝐶̅ =  
𝛿(𝑧−ℎ𝑠)

(1−𝑎𝑥)
 , 𝑥 = 0  and as 

well as applying 

∫ 𝛿(𝑧 − ℎ𝑠)𝑓𝑛
1

0
(𝑧)𝑑𝑧 =  𝑓𝑛(ℎ𝑠)and 

∫ 𝑧𝑝𝑓𝑚
1

0
(𝑧)𝑓𝑛(𝑧)𝑑𝑧 =  0, 𝑚 ≠ 𝑛,  the solution is given by 

 

𝐶̅ = (1 − 𝑎𝑥)
𝑝2𝛽+𝜆2

𝑎
𝑓(ℎ𝑠)

𝑝
  f(z)                                         (24) 

 

Where  𝑝 = ∫ 𝑓2(𝑧)𝑑𝑧
1

0
 . 

Finally, taking the inverse Fourier transform of  (24), we get 

 

C =  0.28209 √
a

β log(
1

1−a x
)

(1 − ax)
λ2

a
f(hs)  f(z)

 p
  exp (

a y2

4 β log (1−a x)
)

                                                                               (25) 

4. Results and discussion 

 
A three-dimensional analytical method to calculate surrounding 

atmospheric congregation of impurities all along the down-wind 

and vertical distance discharged from an elevated point reference 

is presented. The problem was solved by the method of separation 

of variables, Fourier transform and series solution has been used. 

By drawing graphs we analyze the result for pollutant 

concentration with and without mesoscale wind for different 

heights (𝑧 =  0.3, 𝑧 =  0.6, 𝑧 =  0.9)  in the direction of wind 

blowing. It is observed that the concentration decreases as 𝑥 

increases. It is also observed that the concentration of pollutants is 

more when the crosswind distance 𝑦 = 0 and 𝑥 = 0 , when 

compared with the concentration at crosswind distance 𝑦 = 2   
and  𝑥 = 0,  because the source is at 𝑦 =  0. 

We find the consequences of various parameters on distribution of 

air impurities the congregation profile in non-dimensional form is 

calculated with the help of  equation (25).  

The parametric values used in the analysis are:  

𝛽 = 10,    𝛾 = 1, ℎ𝑠 = 0.2,       𝑘𝑧 = 0.01 

The figures 1, 2 and 3 demonstrates that the rate of change of 

concentration profile in the direction of wind blowing for different 

crosswind distances in the presence and absence of mesoscale 

wind at the upright distance 𝑧 = 0.3, 0.6, 𝑎𝑛𝑑 0.9.  From the 

graphs we observe that concentration decreases as downwind 

distance 𝑥 increases. It is also observed that the concentration of 

pollutants is more when the crosswind distance 𝑦 = 0 and 𝑥 =
0, when compared with the concentration at crosswind distance y 

= 2 and x = 0. This is because the point source is kept at  𝑥 =
 0, 𝑦 =  0and 𝑧 = ℎ𝑠. Also we observed that the concentration of 

pollutants is less in the presence of mesoscale air current  in 

contrast to the absence of mesoscale air current. The reason for 

this is the horizontal constituent of mesoscale air current against 

the large scale air current for x > 0. 

Figure 4 (a) and 4(b) demonstrates the concentration profile with 

downwind distance for different crosswind distances at a vertical 

distance z = 0.3. The figure depicts that the concentration 

decreases for the increasing values of cross wind distance as we 

move to the left or right of the origin. 

Figure 5 demonstrates the concentration versus crosswind distance 

in the presence of mesoscale wind. The point source is at x = 0, y 

= 0 and height hs = 0.2 m. From the graph we observed that the 

attentiveness of the pollutant is more near the origin and decreases 

in bothe the directions  as  crosswind distance increases and it 

becomes zero at certain cross wind distance. 

Figure 6 demonstrates the variation of concentration profile with 

vertical distance for different crosswind distance. From the figure  

we observed that the concentration decreases as vertical distance 

increases also we observed that concentration of pollutants is less 

for the increase of  crosswind distance. 
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Fig 1:  Variation of concentration profile with downwind distance for different crosswind  distances  in the presence andabsence of mesoscale wind at the 

vertical distance z = 0.3. 
 

 
Fig. 2:  Concentration versus downwind distance for different crosswind distance  at the vertical distance z = 0.6 

 

 
Fig. 3: Variation of concentration profile with downwind distance for difference crosswind distance at the uprightdistance  z = 0.9. 

 

 
Fig. 4: Variation of concentration profile with downwind distance for  various crosswind distances  at the verticaldistance z = 0.3. 
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Fig. 5: Disparity of concentration profile with crosswind distance in the existence  of mesoscale wind at the downwind distance x = 0.3 and vertical 

distance z = 0.3 

 

 
Fig. 6: Variation of concentration profile with vertical distance for different crosswind distance y = 0, y = 1,  at x = 0.3. 

 

5. Conclusion 

 
In this model we studied the consequences of  mesoscale air 

current on the distribution of atmospheric pollutants liberated from 

the point source in an urban area. We analyze  the result for the 

distribution of air pollutants along downwind, crosswind and 

vertical distance. The concentration of pollutants decreases with 

increase in downwind distance and it becomes negligible at x =3. 

Also the model shows  that the  congregation of atmospheric 

impurities is less in the presence of  mesoscale air current when 

compared in its absence. The reason for this is, the  centre of heat 

island is at (0, 0, hs). 
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