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Abstract 
 

Classical approach is mostly where the access to finite element software is expensive, but it is limited to some structures with non-uni-

formity and it is time consuming. This paper explains the results from classical and finite element analysis of water tank by considering 

fixed base and free base loading condition. Thereafter, there are the comparison of the results (hoop stresses) obtained from finite element 

method with those obtained from classical approach. The comparison shows that the good results of finite element analysis are obtained 

when the tank is meshed into more elements. 
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1. Introduction 

Both classical method and finite element method (FEM) are used to 

analyze cylindrical tanks. But classical method can be challenging 

for tanks with irregular shapes or with holes and fluid-structure-soil 

interaction on it.  

The main objective of this paper is to compare the use of finite ele-

ment method and classical method in analyzing semi-buried cylin-

drical water tanks. As the specific objectives, this project is con-

cerned with the assessment of the convergence of the approximate 

values from the finite element method to the reference value (or ex-

act value) from the classical approach as long as the tank is discre-

tized into small elements. The accuracy of finite element method 

with respect to classical method is assessed so that the engineers 

can reduce some complexity and errors when analyzing semi-bur-

ied cylindrical water tanks. The scope of this project is based on 

analysis of semi-buried cylindrical water tanks by using classical 

method and FEM (using LISA), and then showing the convergence 

and accuracy of FEM values to the reference value from classical 

method. 

2. Theory and classical approach 

2.1. Loading conditions 

The wall of the cylindrical tank is primarily designed to resist ring 

tensions (also called hoop tension) due to the horizontal pressures 

of the contained liquid [1]. 

If the wall is free at the top and free-to-slide at the bottom then, 

when the tank is full, the ring tension at depth z is given by n = γzr 

[2] 

Where γthe unit is weight of the liquid and r is the internal radius 

of the tank. In this condition, when the tank is full, no vertical bend-

ing or radial shear exists. 

The Underground water tank has three basic components; i.e., top 

slab, sidewalls and base slab. 

• The top slab will be designed as normal simply supported 

slab based on the self-weight and superimposed loads 

• The design of sidewalls and the base slab will be based on 

assuming (i) Tank full of water but no soil outside, (ii) No 

water inside tank but soil pressure from outside and (iii) Tank 

full of water and soil outside. 

• For the case of partially buried cylindrical water tank; the 

worst loading is due to combined effect of earth and water 

during operation of the tank. 

2.2. Deformation and stresses of cylindrical tank 

Generally, for thin walled cylinder, three types of stresses are de-

veloped in pressure: circumferential or ring stresses (σθ) longitudi-

nal or axial stresses (σL) and radial stresses (σr). 

 

 
Fig. 1: Thin-Walled Cylinder under Pressure. 

2.2.1. Ring stresses 

It is a type of mechanical stress of a cylindrically shaped part as a 

result of internal or external pressure. It can be defined as the aver-

age force exerted circumferentially (perpendicular both to the axis 

and to the radius) on every particle in the cylinder wall. 
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Fig. 2: Hoop Stress. 

 

So long as the wall thickness is small compared to the diameter then 

the force trying to split the cylinder due to the pressure is 

 

F = 2∫ prL cos θ
π

2
0

dθ = 2prL = pDiL                                                                                                                                                          

(1) 

 

The cross-section area which sustains this force is given by 

 

A = 2tL                                                                                                                                                                                                          
(2) 

 

Therefore, the ring stress is defined by 

 

σθ =
F

A
=

PDiL

2tL
=

pDi

2t
                                                                                                                                                                                      

(3) 

2.2.2. Axial stress 

In this case we consider the forces trying to split the cylinder along 

the length. The force due to pressure is 

 

F = ∫ 2pπrdr
r

0
= 2pπ

r2

2
= p

πDi
2

4
                                                                                                                                                                  

(4) 

 

The cross-section area which sustains the force in this case is given 

by: A = πDit 
This area has been approximated to a rectangle whose dimensions 

are the length of the circumference (πDi) and the thickness. 

Consequently, the axial stress is defined by: 

 

σL =
F

A
=

P
πDi

2

4

πDit
=

pDi

4t
                                                                                                                                                                                      

(5) 

2.2.3. Radial stresses 

The radial stresses are normal to the curved plane of the isolated 

element. In thin-walled cylinder theory, they are normally not con-

sidered, because they are too small compared to the other two 

stresses. 

3. Finite element method 

3.1. Introduction 

Mathematicians and researchers continue to put the finite element 

method on sound theoretical ground whereas the engineers continue 

to find interesting application of it in different engineering branches. 

Hence, the FEM Knowledge makes a good engineer better while 

just user without intensive knowledge of FEM may produce more 

dangerous results. 

3.2. Finite element equations 

In the problems of linear elasticity of the mechanics of solids and 

structures the most common formulation employed consists in ex-

pressing the equilibrium differential equation in terms of displace-

ment as the only independent field variable. The corresponding 

displacement formulation in the finite element method is based on 

the variation equation given by the minimum Total Potential En-

ergy (TPE) [3]. 

By considering three-dimensional finite element having the vector 

of nodal displacement{q}, 
 
{q} = {u1v1w1u2v2w2}                                                                                                                                                                                
(6) 

 

Displacement at any point of finite element {u} can be determined 

with the use of nodal displacement {q} and shape functionNi. 

 
{q} = [N]{q}                                                                                                                                                                                                  
(7) 

 

[N] = [

N1 0 0
0 N1 0
0 0 N1

N2 …
0…
0…

]                                                                                                                                                                            

(8) 

 

Strains are determined from nodal displacement as follows, 

 
{u} = [N]{q}                                                                                                                                                                                                  
(9) 

 
[B] = [D][N] = [B1 B2 … ]                                                                                                                                                                       
(10) 

 

[Bi] =

[
 
 
 
 
 
∂Ni ∂x⁄

0

0
∂Ni ∂y⁄

0
0

0
∂Ni ∂y⁄

0
∂Ni ∂x⁄

∂Ni ∂z⁄

0
0

∂Ni ∂z⁄
∂Ni ∂z⁄

0

∂Ni ∂y⁄

∂Ni ∂x⁄ ]
 
 
 
 
 

                                                                                                                                                          

(11) 

 

By using the above equations, the total potential energy is expressed 

through nodal displacement as: 

 

∏ =∫
1

2𝑉
[𝐵]{𝑞} − {𝜀𝑡}[𝐸]([𝐵]{𝑞} − {𝜀𝑡})𝑑𝑉 −

∫ ([𝑁]{𝑞})𝑇
𝑉

{𝑃𝑉}𝑑𝑉 − ∫ ([𝑁]{𝑞})𝑇
𝑆

{𝑃𝑆}𝑑𝑆                                                                 

(12) 

 

The optimum nodal displacement is obtained by differentiating the 

equation [12] as{
𝝏∏.

𝝏𝒒
}=0, 

This gives 

 

∫ [𝐵]𝑇
𝑉

[𝐸][𝐵]𝑑𝑉{𝑞} − ∫ [𝐵]𝑇
𝑉

[𝐸][𝜀𝑡]𝑑𝑉 − ∫ [𝑁]𝑇
𝑉

{𝑃𝑉}𝑑𝑉 −

∫ [𝑁]𝑇
𝑆

{𝑃𝑆}𝑑𝑆 = 0                                                                                 

(13) 

 

And it can be presented in the form of: 

 
[𝑘]{𝑞} = {𝑓}, {𝑓} = {𝑝}                                                                                                                                                                               
(14) 

 
[𝑘] = ∫ [𝐵]𝑇

𝑉
[𝐸][𝐵]𝑑𝑉                                                                                                                                                                               

(15) 

 

{𝑃} = ∫ [𝑁]𝑇
𝑉

{𝑃𝑉}𝑑𝑉 + ∫ [𝑁]𝑇
𝑆

{𝑃𝑆}𝑑𝑆                                                                                                                                                     

(16) 

 

Here [𝑘] is the element stiffness matrix; {𝑓} is the load vector and 

{𝑃} is the vector of actual forces 

The total potential energy is the sum of elements potential energies: 

 

∏ = ∑∏𝑖 =∑
1

2
{𝑞𝑖}

𝑇[𝑘𝑖]{𝑞𝑖} − ∑{𝑞𝑖}
𝑇 {𝑓𝑖}                                                                                                                                                

(17) 
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To obtain the finite element stiffness equation, the variation of TPE 

functional is decomposed into contributions from individual ele-

ments. 

 

 
Fig. 3: Analysis of Slightly Curved Shell. 

 

Thus,  

∏(𝑢) = ∑ {
1

2
∫ (𝐷𝑢)𝑇
𝐵𝑒

𝐻(𝐷𝑢)𝑑𝑉 − ∫ (𝐷𝑢)𝑇𝐻𝜀𝑑𝑉 −
𝐵𝑒

𝑚
1

∫ 𝑢𝑇𝑃𝑑𝑉 − ∫ 𝑢𝑇𝑡𝑑𝑆
𝜕𝐵𝑡𝐵𝑒

}                                                                               

(18) 

 

The finite element approximation for displacement is given by, 

 

𝑢 = ∑𝑁𝑖 𝑞𝑖                                                                                                                                                                                                  

(19) 

 

𝑁 = 𝑁𝑚, where 𝑁𝑚 is the shape function for membrane element 

and 𝑞 is the free parameter of displacement at the node to be deter-

mined. 

 

𝑢 = 𝑁 ∗ 𝑞 Then, 𝐷 ∗ 𝑢 = 𝐷 ∗ 𝑁 ∗ 𝑞 = 𝐷𝑁𝑞 = 𝐵𝑞  

 

𝐵 = 𝐷 ∗ 𝑁                                                                                                                                                                                                    

(20) 

 

Inserting [29] into [27], and taking ∏ for an element ∏𝑒 we get, 

 

∏𝑒(𝑢) ≅
1

2
∫ 𝑞𝑇
𝐵𝑒

(𝐵𝑇𝐻𝐵)𝑞𝑑𝑉 − ∫ 𝑞𝑇
𝐵𝑒

(𝐵𝐻𝜀)𝑑𝑉 −

∫ 𝑞𝑇
𝐵𝑒

(𝑁𝑇𝑃)𝑑𝑉 − ∫ 𝑞𝑇𝑁
𝜕𝐵𝑒𝑡

𝑡𝑑𝑆N  

 

∏𝑒(𝑞) ≅
1

2
∫ 𝑞𝑇
𝐵𝑒

𝐾𝑒𝑞 − 𝑞𝑇𝐺𝑒 − 𝑞𝑇𝐹𝑒 − 𝑞𝑇𝐹                                                                                                                                            

(21) 

 

Where, 

 

𝐾𝑒 = ∫ 𝐵
𝐵

𝐻 𝐵𝑑𝑉 Stiffness matrix of the element 

 

𝐺𝑒 = ∫ 𝐵
𝐵

𝐻 𝜀�̅�𝑉 Vector of equivalent nodal solution 

 

𝐹𝑒 = ∫ 𝑁𝑇
𝐵

𝑃𝑑𝑉 Equivalent applied nodal loads (volume). 

 

𝐹
𝑒

= ∫ 𝑁𝑇
𝐵

𝑡𝑑𝑉 Equivalent loads on nodal boundary 

 

Stationary condition of∏𝑒 respect to 𝑞 for such sub domain is 

 

∀𝑞, 𝜕𝑞, 𝛿∏(𝑞) = 𝐾𝑒𝑞 − 𝐺𝑒 − 𝐹𝑒 − 𝐹
𝑒 

 = 𝐾𝑒𝑞 − 𝑓 = 0                                                                                                                             

(22) 

 

Therefore, the consistent element nodal force vector is 

 

𝑓 = 𝐾𝑒𝑞, where 

 

𝑓 = 𝐺𝑒 + 𝐹𝑒 + 𝐹
𝑒
                                                                                                                                                                                        

(23) 

 

For the stiffness matrix of the element, we have 

 

𝐾
𝑒

= ∫ 𝐵𝑇
𝐵

𝐻 𝐵𝑑𝑉                                                                                                                                                                                      

(24) 

 

But 𝐵 = 𝐵𝑚where 

 

𝐵𝑚 = 𝐷𝑚 ∗ 𝑁𝑚                                                                                                                                                                                            

(25) 

 

𝐾𝑒 = ∫ 𝐵𝑚
𝑡

𝐵
𝐻𝑚𝐵𝑚𝑑𝑉                                                                                                                                                                                  

(26) 

 

Where,  

𝐾𝑒-Stiffness matrix of shell element 

And thus, the stiffness matrix of the shell element is the combina-

tion of stiffness matrix for plate in bending and the stiffness matrix 

for membrane. The resulting matrix has dimension of 20x20 and 

can be directly employed in the analysis of variety of shell structure 

like cylindrical tank. The governing equations for finite element 

method are as follow: 

1) Equilibrium:𝐷𝑇𝜎 + 𝑏 = 0 

2) Compatibility strain-displacement:𝑒 = 𝐷𝑢 

3) Hook’s law:𝜎 = 𝐸𝑒 

Where 𝜎 is the stress, 𝑒 is the strain and u the displacement. 

𝑫 Is the strain-displacement matrix, 𝑬 is the elastic modulus. 

4. Case study analysis 

4.1. Description of the model 

A semi buried reinforced concrete cylindrical purification tank with 

free at the top is used as model. 

The model has the following characteristics: 

• Total Height of vertical wall, H=6m 

• Underground Height of vertical wall, h=3m 

• Mean Diameter of tank, D=15m 

• Thickness of vertical wall, t=30cm 

The storage liquid (water) and construction materials have the fol-

lowing Properties: 

• Density of water,𝛾𝑤 = 9.81 𝑘𝑁 𝑚3⁄  

• Density of the soil, 𝛾𝑠 = 18𝑘𝑁 𝑚3⁄  

• Density of concrete, 𝛾𝑐 = 24𝑘𝑁 𝑚3⁄  

• Friction angle of the soil,∅ = 35° 
• Angle of internal friction, ,𝜑 = 30° 
• Coefficient of wall friction,𝑣 = 0.45 

• Young modulus of elasticity of concrete,𝐸 = 25𝐸6𝐾𝑝𝑎 

• Characteristic strength of concrete,𝑓𝑐𝑢 = 25𝑁 𝑚2⁄  

• Poison ratio of concrete,𝜇 = 0.2 

• Coefficient of thermal expansion of concrete 𝛼 = 10𝐸 −
6/°𝐹 

 
A) 
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B) 

 
Fig. 4: A) Cylindrical Water Tank; B) Section A-A. 

4.2. Analysis of semi buried cylindrical water tank by 

classical approach 

4.2.1. Tank with sliding base 

For the tank with sliding base, water pressure is fully resisted by 

ring action without developing any bending moment or shear. The 

wall of the cylindrical tank is primarily analyzed to resist hoop 

stresses due to the horizontal pressures of the contained liquid [1]. 

The hoop stresses at depth z is given by 

 

𝜎ℎ = 𝛾𝑧𝑟 𝑡⁄ ,𝐾𝑎 =
1−𝑠𝑖𝑛 ∅

1+𝑠𝑖𝑛 ∅
 

 
Table 1: Variation of Hoop Stresses along the Side Walls for Tank with 

Sliding Base 

Z from the top 
of the tank [m] 

Stresses due to 
water pressure 

𝜎ℎ𝑤 =
𝛾𝑤𝑍𝑟

𝑡⁄ [1] 

Stresses due to 
earth pressure, 

𝜎ℎ𝑒 =
−(𝛾𝑠𝑧𝐾𝑎𝑟 𝑡⁄ )[2] 

Combina-
tion 

𝜎ℎ

= [1] + [2] 

0.0H 0 - 0.00 

0.2H 294300 - 294300.00 

0.4H 588600 - 588600.00 

0.6H 882900 -73167.31 809732.69 

0.8H 1177200 -219501.94 957698.06 

H 1471500 -365836.57 1105663.43 

4.2.2. Tank with fixed base 

For the tank with fixed base, the water pressure will be resisted by 

hoop action in the horizontal direction and cantilever action in the 

vertical direction [1,7]. Due to fixity at base of wall, the upper part 

of the wall will have hoop stress and lower part will act as cantilever. 

For this paper, IS code method is used for analysis of circular water 

tank with rigid base. 

Coefficients to determine values of Hoop stresses are calculated 

based on Table 9 of IS 3370 part IV. 

 
𝐻2

𝐷𝑡
=

62

(15−0.3)∗0.3
= 8.16 ≈ 8  

 
Table 2: Variation of Hoop Stresses along the Side Walls for Tank with 

Fixed Base 

Z 

(From 
the 

top of 

the 
tank) 

[m] 

Hoop 

stresses 

due to 
water 

pres-

sure 

Hoop 

stresses 

due to 
earth 

pres-

sure 

Stresses 

due to wa-

ter pres-

sure𝜎ℎ𝑤 =
𝑐𝑜𝑒𝑓 ∗
𝛾𝑤𝐻𝑟

𝑡
 [1] 

Stresses due 

to earth 

pres-

sure𝜎ℎ𝑒 =
−(𝑐𝑜𝑒𝑓 ∗
𝛾𝑤𝐻𝑟

𝑡
) [2] 

Combi-

na-

tion𝜎ℎ =
(1) +
(2) 

0.0H -0.011  -16186.5  -16186.5 
0.2H 0.218  320787  320787.0 

0.4H 0.443  651874.5  651874.5 

0.6H 0.575 0.218 846112.5 -79752.37 766360.1 
0.8H 0.381 0.575 560641.5 -210356.03 350285.5 

1.0H 0 0 0 0.00 0.0 

 

Table 3 shows that the maximum hoop pressure is at 0.6H from the 

top. At the top, there is slight hoop compression in the wall. This is 

due to inward radial deflection at the top. 

4.3. Analysis of semi buried cylindrical water tank by fi-

nite element method 

The model is modeled and analyzed by using a finite element soft-

ware LISA. The square finite elements are used, and results are 

computed for different number of elements [4-5]. 

 
A) 

 
 

B) 

 
Fig. 5: Three-Dimensional View of the Tank Model (504 Elements) Show-

ing the Results (Stress) at the Bottom Edge: A) when the Base Is Fixed, B) 

when the Base is Sliding. 

 
A) 

 
B) 

 
Fig. 6: Three-Dimensional View of the Tank Model (504 Elements) Show-
ing the Results (Stress Vv) at the Top Edge: (A) when the Base is Fixed, (B) 

When the Base is Sliding. 
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Interpretation of results 

The hoop stress is the resultant obtained from horizontal and verti-

cal stress. The error is calculated by the formula: 

 

𝐸𝑟𝑟𝑜𝑟 = (
(𝐸𝑥𝑎𝑐𝑡 𝑣𝑎𝑙𝑢𝑒−𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝑣𝑎𝑙𝑢𝑒)

𝐸𝑥𝑎𝑐𝑡 𝑉𝑎𝑙𝑢𝑒
∗ 100)%  

 

The exact values are the values obtained by analyzing cylindrical 

water tank with use of classical approach and approximate values 

are the values obtained by analyzing cylindrical water tank with use 

of finite element software LISA. 

4.4. Comparison of the results from classical method and 

finite element method 

The comparison is done by comparing hoop stresses results at the 

bottom edge and top edge from finite element and classical method. 

Also two cases of the base (fixed and sliding) [6] are considered. 

The hoop stresses [8] from classical approach are considered as the 

benchmark and compared with that from finite element approach 

from different nodes. 

The results are presented graphically as follows 

4.4.1. Full tank with sliding base 

 
Fig. 7: “Hoop Stress Due to Both Water Pressure and Earth Pressure” Var-

iation with Number of Meshing Elements at Point A for Tank with Sliding 

Base. 

 

 
Fig. 8: “Hoop Stress Due to Both Water Pressure and Earth Pressure” Var-

iation with Number of Meshing Elements at Point B for Tank with Sliding 
Base. 

4.4.2. Tank with fixed base 

 
Fig. 9: “Hoop Stress Due to Both Water Pressure and Earth Pressure” Var-

iation with Number of Meshing Elements at Point A for Tank with Fixed 

Base. 

 

 
Fig. 10: “Hoop Stress Due to Both Water Pressure and Earth Pressure” 
Variation with Number of Meshing Elements at Point B for Tank with 

Fixed Base. 

5. Discussion of the results 

As the number of elements increases, the results from finite element 

Method approach the exact solution (classical approach results). 

Since in analysis of semi buried cylindrical tanks, engineers the 

mesh must be increased to infinite number of elements. 

Even though the results show that as elements increase FEM results 

approach the exact solution, there are some errors that were mostly 

due to the fact that the whole finite element is assumed to be loaded 

with the same load. This is different from the real situation [9, 10] 

where the pressure distribution of water and soil in the side of the 

walls is triangular with the maximum of  

 

𝑝 = 𝑤ℎ and 𝑝 = 𝛾𝑠ℎ (
1−𝑠𝑖𝑛 ∅

1+𝑠𝑖𝑛 ∅
)respectively. 

6. Conclusion and recommendations 

Based on the results obtained, it can be concluded that if the inter-

polation functions satisfy certain mathematical requirements, a fi-

nite element solution for a problem converges to the exact solution 

of the problem. That is, as the number of elements is increased, the 

finite element solutions changes incrementally. The incremental 

changes decrease with the mesh refinement process and approach 

the exact solution asymptotically. 

As recommendation; by analyzing the above graphs, it is clear that 

the quad 4 elements is more accurate than other elements like quad 

8 and quad 9. That is using quad 4 in analyzing cylindrical water 

tank is recommended. Also, the good results of finite element anal-

ysis are obtained when the tank is meshed into more elements. It is 

recommended to mesh the cylindrical tank as much as possible so 

that the hoop stresses can significantly approach the exact solution. 
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