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Abstract 
 

The numerical investigation is carried out for the MHD free convection laminar boundary layer flow that allows heat transfer of an elec-

trically conducting Fe3O4–kerosene and Fe3O4–water-based ferrofluids. For this, an inclined plate is employed that has aligned effect as 

well as transverse magnetic field effect. Suitable similarity transformations are used to convert governing partial differential equations 

into a coupled nonlinear ordinary differential equation. The Keller Box method, a well-known explicit finite difference scheme is then 

employed to solve transformed equations numerically. For different values of physical parameters, a detailed parametric study is con-

ducted. Means of graphs are extrapolated to determine the effects of all these parameters over temperature and the flow field. For various 

values of physical parameters, the numerical values are obtained and tabulated for skin friction coefficient and the rate of heat transfer as 

well. Comparisons with previously published work are performed and excellent agreement is obtained. 
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1. Introduction 

Nanofluids have wide application in various fields and have pro-

vided significant importance towards enhancement of heat transfer. 

Their applications include desalination, cavity problem, solar 

thermal collector and so on [1-2]. Ferrofluids are magnetic 

nanofluids, which consist of a colloidal mixture of magnetic nano-

particles with size in the range of 10–20 nm and base liquid. Fer-

rofluids’ magnetic features are comparable to those of bulk mag-

netic materials and the yallow retaining common Newtonian flu-

ids’ flow characteristic. As indicated by several studies, outstand-

ing heat transfer enhancement can be achieved by employing 

nanofluids as coolants when compared with ordinary fluids [3-4].  

Magnethohydrodynamic (MHD) deals with the study of electrical-

ly conducting fluids that can move around in a magnetic field. An 

electric current is induced in the fluid when there is a change in 

the magnetic field that cuts the moving fluid. Studies have been 

reviewed for laminar flow over an inclined plate. It should be 

noted that in this line, various investigations are conducted. An 

incompressible nanofluid’s steady mixed convection boundary 

layer flow was investigated by [5] along an inclined plate that was 

embedded in a porous medium. In their study, it was observed that 

Nusselt number decreased with rise in thermophoresis number or 

Brownian motion number whereas increasing the plate’s angle led 

to increase in Nusselt number. Also, the free convection flow from 

an isothermal plate that was inclined horizontally at a small angle 

was studied by [6]. Recently, the numerical solution of MHD 

mixed convection nanofluid flow was analysed by [7] over an 

inclined stretching plate. They considered the heat generation and 

suction effects. Numerous authors [8-9] have investigated the 

issues associated with the MHD boundary layer by considering 

different effects. 

Many industrial applications, natural processes and chemical pro-

cessing systems are faced with the free convection processes that 

involve combination mechanism of mass and heat transfer. In [10] 

who started the convection flow study, used an integral method to 

make a technical note on transient free convection flow’s similari-

ty solution past a semi-infinite vertical plate. In [11] studied the 

unsteady free convection flow on an isothermal surface near the 

attachment’s three-dimensional stagnation point.  

However, to the extent of authors’ knowledge, attempts are yet to 

be made to address the issues of aligned MHD free convection 

heat transfer flow regarding ferrofluids over an inclined plate with 

convective boundary condition. Hence, a study was conducted in 

an attempt to understand free convection boundary layer flow over 

an inclined plate for two ferrofluids, namely Fe3O4-kerosene and 

Fe3O4-water. 

2. Mathematical Formulation 

Consider the steady two-dimensional, incompressible, laminar, 

hydromagnetic free convection of ferrofluids flow over an inclined 

plate with aligned and transverse magnetic field. The plate is in-

clined at an angle of inclination  measured in the clockwise direc-

tion and situated in an otherwise quiescent ambient fluid at tem-

perature T . The gravitational acceleration g is acting downward. 

The physical coordinates ( )x, y  are chosen such that x-axis is cho-

sen along the plate and the y-axis is measured normal to the sur-

face of the plate (Figure 1). Water and kerosene are used as the 

base fluids with magnetite ( )3 4Fe O as a nanoparticles. The base 

fluids and nanoparticles are in thermal equilibrium and no slip 
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occurs between them. The spherical shaped nanoparticles are con-

sidered. The viscous dissipation and radiation are neglected in the  

analysis. 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1: Geometry of the problem 

 

Under the above assumptions and following [12], the equations of 

MHD boundary layer flow are   
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The boundary conditions for the velocity and temperature of this 

problem are given by 
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where u and v are the x (along the plate) and the y (normal to the 

plate) component of velocities respectively T  is the temperature of  

the ferrofluids, wT  is the ambient temperature of  the ferrofluids, 

U  is the constant free stream velocity and   is the electrical 

conductivity. The transverse magnetic field assumed to be a func-

tion of the distance from the origin is defined as ( )
1

2
0

−

=B x B x  

with 0 0B , where x is the coordinate along the plate and 0B  is the 

magnetic field strength. The effective properties of ferrofluids 

may be expressed in terms of the properties of base fluids, nano-

particles and the volume fraction of solid nanoparticles as follow 

[13, 18] 

 

 ( )
( )

( ) ( )( ) ( ) ( ) ( )( ) ( )

( )
( )
( )

2 5
1

1

1 1

2 2

2

f
nf f s nf .

p p p nf f snf f s

s f f snf nf
nf

fp s f f s
nf

, ,

C C C , ,

k k k kk k
, .

kC k k k k


    



         




 

= − + =
−

= − + = − +

+ − −
= =

+ + −

 

(5) 

 

where nf  is the effective density,   is the solid volume fraction,
 

 f  and s  are the densities of pure fluid and nanoparticles re-

spectively
 
 f  is the dynamic viscosity of the base fluids, nf  is 

the effective dynamic viscosity, ( )p nf
C  is the heat capacity of the 

ferrofluids, ( ) p
f

C  is specific heat parameters of the base fluids, 

( ) p
s

C  is the specific heat parameters of nanoparticles, ( )
nf

is 

the thermal expansion coefficient, nf  is the thermal diffusivity of 

the ferrofluids, nfk  is the thermal conductivity of the ferrofluids, 

( ) p nf
C  is the heat capacity of the ferrofluids, fk  and 

sk  are 

thermal conductivities of the ferrofluids and nanoparticles. The 

continuity in (1) is satisfied by introducing a stream function 

( ), x y  below 
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The following similarity variables are introduced 
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where   is the similarity variable,

 

Re /=x fU x  is the Reynolds 

number, ( )f  the non-dimensional stream function and ( )  the 

non-dimensional temperature. 

On the use in (5), (6) and (7), (2) and (3) reduce to the following 

nonlinear system of ordinary differential equations: 
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subjected to the boundary conditions in (4) which become 
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where primes denote differentiation with respect to  , 

2
0 /  =M B U is the magnetic parameter, 

( ) 2/  = −x f wGr g T T x U  is the local Grashof number and  

( )Pr /= p f
f

C k  is the Prantl number.  In order to have a true simi-

larity solution, the parameter Grx must be constant and independ-

ent of x. This condition will be satisfied if the thermal expansion 

coefficient  f  proportional to 1−x . Hence, assume [14] 1 −=f ax  

where a is a constant but have the appropriate dimension. Substi-

tuting 1 −=f ax into the parameter xGr  will result  

 
 ( )

2
.

wag T T
Gr

U





−
=

 
 

The quantities of engineering interest are the skin-friction coeffi-

cient, fC  at the surface of the plate and local Nusselt number, 

x
Nu  which are defined as: 
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where w  is the wall skin friction or shear stress at the plate and 

wq  is the heat flux from the plate which given by: 
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Substituting in (10) into (15) and using (14) 
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3. Results and Discussion 

To solve the normalised boundary layer equations, an efficient 

Keller Box method is employed and an elaborate discussion is 

provided for the effects of material parameters on the heat transfer 

characteristics and flow field. To the system’s pertinent parame-

ters, physically realistic numerical values were assigned to gain 

meaningful insights from the flow structure relating to temperature, 

velocity, reduced Nusselt number and skin friction coefficient. For 

this, two different base fluids are considered namely kerosene and 

water with magnetic nanoparticles,
3 4

Fe O . Table 1 is referred to 

know the thermophysical properties of kerosene, water and 

3 4
Fe O . 

 
Table 1: Thermophysical properties of base fluids and nanoparticles [3, 

15] 

Physical Properties Water Kerosene Fe3O4 

( )3/kg m  997.1 780 5200 

( )/pC J kgK  4179 2090 670 

( )/k W mK  0.613 0.149 6 

( )5 110 K − −  21 99 1.3 

 

To validate the numerical method’s accuracy, a direct comparison 

was made with the previously reported numerical results of [3, 16] 

for Fe3O4-kerosene and Fe3O4-water and aligned magnetic field 

parameter and in the absence of free convection parameter. Based 

on Table 2, the present results are observed to be in good agree-

ment with those of the earlier findings. 

 
Table 2: Comparison of the skin friction coefficient 

 

Volume 

Fraction 

Skin Friction 

( )0, 90 , 0 , 0xGr M  = = = =
 

 [19] [3] Present 

Pure Water 0 0.3321 0.33206 0.332059 

Fe3O4-water 0.01 - 0.34324 0.343271 
 0.2 - 0.59517 0.595192 

Pure Kerosene 0 - - 0.332059 

Fe3O4-kerosene 0.01 - 0.34557 0.345611 
 0.2 - 0.63950 0.640265 

 

As illustrated in Figure 2, the influence of magnetic field’s in-

clined angle on temperature and velocity profiles of both 

Fe3O4−kerosene and Fe3O4−water ferrofluids are observed. It is 

concluded that enhanced velocity profiles and reduced tempera-

ture profiles in the aligned angle are achieved for both ferrofluids. 

Further , a decline in the momentum boundary layer and the ther-

mal boundary layer is seen with increasing  in the case of both 

ferrofluids. This could be due to the strengthening of the applied 

magnetic field causing an increase in the value of aligned angle 

( 0 90   ) in the plate. At 90 =  , this aligned magnetic field 

behaves like a transverse magnetic field and the magnetic field 

attracts nanoparticles as a result of change in the aligned magnetic 

field’s positions. 

 

 
Fig. 2: Effect of aligned magnetic field parameters on the (a) velocity and 

(b) temperature profiles. 

 

 

 

 

 

 

 

 

 

 
(a) (b) 

Fig. 3: Effect of magnetic strength parameters on the (a) velocity and (b) 
temperature profiles. 

 

 

 

 
 

 

 
 

 

 
 

(a) (b) 

Fig. 4: Effect of inclined plate parameters on the (a) velocity and (b) tem-
perature profiles. 

 

 
 

 

 
 

 

 
 

 

 
(a) (b) 

Fig. 5: Effect of local Grashof number on the (a) velocity and (b) tempera-

ture profiles. 

 

As observed in Figure 3, increase in magnetic field parameter 

causes monotonic rise in the fluid velocity profiles along with a 

decrease in temperature. Moreover, for both ferrofluids, a decrease 

in thermal boundary layer and momentum can be seen for both 

ferrofluids. 

Figure 4 shows a deceleration occurring in the velocity of ferroflu-

ids with increase in the inclination of plate  . The plate assumes a 

vertical position if 0 =   while it is horizontal if 90 =  . For 

90 =  , the gravitational effect is minimum while it is maximum 

for 0 =  . This behavior in the flow velocity is accompanied by 

strong increases in the fluid temperature. An increase of   causes 

increase in the momentum and thermal boundary layer.  

For computations, positive values of local Grashof number 0xGr  

are employed which corresponds to the cooling issue with regards 

to the application. Most engineering applications often encounter 

the cooling issue. From Figure 5, the thicknesses of thermal and 
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momentum boundary layers decrease with rise in xGr due of the 

buoyancy effect.  

Figure 6 presents a graphical representation with respect to the 

velocity for different volume fraction values. For both ferrofluids 

(Fe3O4−kerosene and Fe3O4−water), the velocity in the boundary 

layer decreases with increase in volume fraction. This is caused by 

the increase in the number of collisions amongst solid particles, 

which consequently result in the velocity reduction of ferrofluids. 

For temperature distribution, temperature as well as the thermal 

boundary layer thickness are enhanced with increase in solid vol-

ume fraction values of nanoparticles. As the distance increases 

from the boundary, the distribution asymptotically moves towards 

zero. This is in agreement with the physical behaviour that states 

increase in thermal conductivity as well as thickness of the ther-

mal boundary layer with increase in the volume fraction of 

Fe3O4−kerosene and Fe3O4−water. 

 
 

 

 

 

 

 

 

 

 

 

(a) (b) 
Fig. 6: Effect of volume fraction of nanoparticles on the (a) velocity and 

(b) temperature profiles. 

 
 

 

 

 

 

 

 

 

 

 

(a) (b) 

Fig. 7: Effect of Biot number on the (a) velocity and (b) temperature pro-

files. 

 

Figure 7 shows the effect of Biot number on velocity and tempera-

ture field. Velocity increase when Bix increases while momentum 

boundary layer decreases. It is also found that both the plate sur-

face and the nanofluids temperature increase when Bix is increased. 

This leads to an increase in thermal boundary layer thickness. As 

the value of parameter Bix increases, the intensity of convective 

heating on the plate surface increases which leads to an increasing 

rate of convective heat transfer from the hot fluid on the lower 

surface of the plate to the ferrofluids on the upper surface. The 

graph also reveals that temperature increases rapidly near the sur-

face due to the increasing values of Bix. Thermal boundary layer 

for Fe3O4-water is higher compare to Fe3O4-kerosene.   

From Table 3, one can notice that the skin friction coefficient at 

the wall increase in magnitude with an increase in 

, , , , ,   x xM Gr Bi of nanoparticles for both ferrofluids. It is noticed 

that, the highest wall shear stress occurs when magnetic strength 

increase. It is observed from Table 4, similar pattern occurs for 

Nusselt number and the highest rate of heat transfer occurs when 

volume fraction of nanoparticles increase. Heat transfer rate in 

Fe3O4- kerosene is more compare to Fe3O4- water based on 

Nusselt Number.   

4. Conclusion  

The problem of MHD free convection boundary layer flow of a 

ferrofluids through an inclined plate subjected to magnetic field 

has been analyzed. The following results were investigated 

(i) The velocity profiles of both ferrofluids increase with an 

increase in , , , x xM Gr Bi . An increase in angle of  and    of 

nanoparticles results in decline of the velocity profiles for 

both ferrofluids. 

(ii) An increase in , ,  xBi  of nanoparticles enhances the tem-

perature profiles of both ferrofluids. The temperature pro-

files of both ferrofluids decrease with an increase in 

, , xM Gr . 

(iii) Increasing of all parameters except for angle of inclined 

plate increase the skin friction and heat transfer rate of both 

ferrofluids. 

(iv) In general, heat transfer rate in Fe3O4- kerosene ferrofluid is 

more compare with Fe3O4- water ferrofluid.     

 
Table 3: Variation in skin friction coefficient and Nusselt number for 

Fe3O4-water ferrofluids. 

  M  


 
 xGr

 xBi
 ( )

1

2Ref xC
 

( )
1

2Re
−

x xNu
 

0o 2 45o 0.05 1.5 2 0.919410 0.597104 
45o      1.456871 0.654261 
90o      1.823751 0.679963 
90o 0     0.919410 0.597104 
90o 2     1.823751 0.679963 
90o 4     2.382136 0.708723 
90o  0o    1.933399 0.686825 
90o  45o    1.823751 0.679963 
90o  60o    1.744614 0.674854 
90o   0   1.708704 0.634514 
90o   0.05   1.823751 0.679963 
90o   0.20   2.260842 0.818886 
90o    0  1.547370 0.661491 
90o    1.5  1.823751 0.679963 
90o    3  2.084362 0.695890 
90o     0.1 1.590073 0.099837 
90o     4 1.871876 0.806364 
90o     10 1.910155 0.908556 

 
Table 4: Variation in skin friction coefficient and Nusselt number for 

Fe3O4-kerosene ferrofluids. 

  M  
 

 xGr
 xBi

 ( )
1

2Ref xC
 

( )
1

2Re
−

x xNu
 

0o 2 45o 0.05 1.5 2 0.738405 0.795059 
45o      1.337266 0.893361 
90o      1.725440 0.932941 
90o 0     0.738405 0.795059 
90o 2     1.725440 0.932941 
90o 4     2.304673 0.975976 
90o  0o    1.795721 0.938137 
90o  45o    1.725440 0.932941 
90o  90o    1.549813 0.919347 
90o   0   1.616130 0.836034 
90o   0.15   1.986612 1.143616 
90o   0.20   2.14440 1.258602 
90o    0  1.549813 0.919347 
90o    1.5  1.725440 0.932941 
90o    3  1.892935 0.945114 
90o     0.1 1.570624 0.106673 
90o     4 1.769136 1.176416 
90o     10 1.808015 1.396788 
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